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ABSTRACT. Let F be a number field or a p-adic field. We introduce in Chapter 2 of this
work two reductive rank one F -groups, H1 , H2, which are twisted endoscopic groups of
GSp(2) with respect to a fixed quadratic character ε of the ide`le class group of F if F is
global, F× if F is local. When F is global, Langlands functoriality predicts that there ex-
ists a canonical lifting of the automorphic representations of H1, H2 to those of GSp(2).
In Chapter 4, we establish this lifting in terms of the Satake parameters which parametrize
the automorphic representations. By means of this lifting we provide a classification of
the discrete spectrum automorphic representations of GSp(2) which are invariant under
tensor product with ε.
The techniques through which we arrive at our results are inspired by those of Kazh-
dan’s in [K], which introduced the trace formula twisted by a character. In particular, our
techniques involve comparing the spectral sides of the trace formulas for the groups un-
der consideration. We make use of the twisted extension of Arthur’s trace formula, and
Kottwitz-Shelstad’s stabilization of the elliptic part of the geometric side of the twisted
trace formula.
When F is local, in Chapter 5 we provide a classification of the irreducible admissible
representations of GSp(2, F ) which are invariant under tensor product with the quadratic
character ε of F×. More precisely, we use the global results from Chapter 4 to express the
twisted characters of these invariant representations in terms of the characters of the ad-
missible representations of Hi(F ) (i = 1, 2). These (twisted) character identities provide
candidates for the liftings predicted by the conjectural local Langlands functoriality. The
proofs are inspired by [K] and rely on Sally-Tadic´’s classification of the irreducible admis-
sible representations of GSp(2, F ), and on Flicker’s results on the lifting from PGSp(2)
to PGL(4).
In both the global and local cases, our results depend on the conjectural statement that
there exist smooth functions on the groups which have matching (twisted) orbital integrals.
In particular, these results depend on the validity of the (twisted) Fundamental Lemma in
the context of GSp(2) and H1, H2. We prove in Appendix B the Fundamental Lemma
in our case, making use of Flicker’s work on the twisted Fundamental Lemma for GL(4)
and GSp(2), and Hales’ reduction of the Fundamental Lemma to unit elements.
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Technical Preface
ε-Endoscopic Groups
Let F be a number field. Let ε be a quadratic character of the ide`le class group CF
of F . Let E be the quadratic extension of F which corresponds to ε via global class field
theory. The quasi-split ε-endoscopic groups of G over F are as follows:
(1) H1 =
(
GL(2)× RE/FGm
)′
, where RE/F is the restriction of scalars (from
E to F ) functor. The prime denotes the condition that the determinant of the
GL(2)-factor is equal to the norm of the RE/FGm-factor in Gm. In particular,
the group of F -points of H1 is
H1(F ) =
{
(g, x) ∈ GL(2, F )× E× : det g = NE/Fx
}
.
(2) H2 is the unique quasi-split reductive F -group whose group of F -points is
H2(F ) =
(
GL(2, E)× F×) /{(diag(z, z),NE/F z−1) : z ∈ E×}.
Global Lifting
We say that an automorphic representation π of GL(2,AF ) is E-monomial if it is the
monomial representation π(θ) associated with a character θ of CE . For a representation π,
let ωπ denote its central character. Let BE/Fπ denote the GL(2,AE)-module which is the
base change of a GL(2,AF )-module π.
1. Proposition. Let π be an irreducible automorphic GL(2,AF )-module which is either
cuspidal non-E-monomial or one dimensional. The packets π ⊗1 1 of H1(AF ) and
BE/Fπ ⊗2 ωπ of H2(AF ) lift to an unstable (quasi-)packet {Π} of GSp(2,AF ), which
in turn lifts to the induced representation I(2,2)(π, επ) of GL(4,AF ).
REMARK. If π is one dimensional, {Π} belongs to a class of quasi-packets constructed by
Howe, Piatetski-Shapiro.
For an automorphic representation τ of GL(2,AE), let π(τ) denote the GL(4,AF )-
module which is obtained from τ via the twisted endoscopic lifting from RE/FGL(2) to
GL(4). let στ denote the representation
στ : (gij) 7→ τ(σgij), ∀(gij) ∈ GL(2,AE).
1. Proposition. Let π be an irreducible, cuspidal, automorphic representation ofGL(2,AE),
µ a character of CF , such that π 6= σπ and ωπ = µ ◦ NE/F . The representation π ⊗2 µ
of H2(AF ) lifts to a stable packet {Π}, which in turn lifts to the cuspidal automorphic
representation π(τ) of GL(4,AF ). No discrete spectrum packet of H1(AF ) lifts to the
packet {Π}.
2. Proposition. Suppose {Π} is a global packet of GSp(2,AF ) which is the lift of some
automorphic representation/packet of one of the ε-endoscopic groups. Then, {Π} contains
vii
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at least one representation which is ε-invariant. If {Π} is a discrete spectrum global
packet of GSp(2,AF ) which is not the lift of any discrete spectrum representation/packet
of the ε-endoscopic groups, then {Π} does not contain any discrete spectrum automorphic
representation which is ε-invariant.
Local Lifting
Let F , E now be local nonarchimedean fields, with [E : F ] = 2. Let ε be the
nontrivial quadratic character of F× corresponding to K/F . Let G = GSp(2, F ), H1 =
H1(F ), H2 = H2(F ).
Let Z be the center of G. For an irreducible ε-invariant admissible representation π of
G, and a smooth function f on G, put
〈π, f〉A := tr
∫
Z\G
π(g)f(g)A dg,
where A is an intertwining operator in HomG(π, επ) such that A2 = 1.
For i = 1, 2, let Z0(Hi) denote the maximal F -split component of the center of Hi.
For an admissible representation πi of Hi, and a smooth function fi on Hi, put
〈πi, fi〉 := tr
∫
Z0(Hi)\Hi
πi(hi)fi(hi) dhi.
2. Proposition. Let τ be an irreducible, cuspidal, non-K-monomial, admissibleGL(2, F )-
module whose central character ωτ is trivial. Let {π+, π−} be the local packet of G which
lifts to the induced representation I(2,2)(τ, ετ) of PGL(4, F ) according to [F4]. There
exist intertwining operators A+ in HomG(π+, επ+), and A− in HomG(π−, επ−), such
that the following holds for matching functions:〈
π+, f
〉
A+
+
〈
π−, f
〉
A−
= 〈τ ⊗1 1, f1〉 ,〈
π+, f
〉
A+
− 〈π−, f〉
A−
=
〈
BK/F τ ⊗2 ωτ , f2
〉
.
3. Proposition. Let τ be an irreducible, cuspidal, non-K-monomial, admissible represen-
tation of GL(2, F ), χ be a character of K×, such that: There does not exist a character
ε′ of F× such that σχ/χ = ε′ ◦ NK/F and τ ∼= ε′τ . Then, there exist a collection
[π] of distinct ε-invariant, irreducible, cuspidal, admissible G-modules, and an operator
A(π′) ∈ HomG(π′, επ′) for each π′ ∈ [π], such that the following holds for matching
functions: ∑
π′∈[π]
〈π′, f〉A(π′) = 〈τ ⊗1 χ, f1〉 .
4. Proposition. Let τ be an irreducible, cuspidal, admissible representation of GL(2,K),
not fixed by the action of Gal(K/F ), such that its central characterωτ is equal to µ◦NK/F
for some character µ of F×. Then, there exist a collection [π] of distinct ε-invariant,
irreducible, cuspidal, admissible G-modules, and an operator A(π′) in HomG(π′, επ′)
for each π′ ∈ [π], such that the following holds for matching functions:∑
π′∈[π]
〈π′, f〉A(π′) = 〈τ ⊗2 µ, f2〉 .
Ping Shun Chan
November 20, 2018
Columbus, Ohio, USA
CHAPTER 1
Introduction
1.1. An Overview
1.1.1. Langlands Functoriality. In the 1960’s, Robert Langlands conjectured that
there exists a canonical (not necessarily one-to-one) correspondence between Galois rep-
resentations and automorphic representations of reductive algebraic groups, and that this
correspondence coincides with the Artin reciprocity law when the underlying group is
GL(1). More precisely, for every reductive group H over a number field F with Langlands
dual LH , it is believed that each homomorphism from the Langlands group LF—a conjec-
tural group generalizing the Galois and Weil groups—to LH parametrizes an L-packet of
automorphic representations of H.
Suppose there are two reductive groups H, G with L-groups LH , LG, respectively,
such that there is a homomorphism from LH to LG. Then, each homomorphism from the
Langlands group to LH induces one from the Langlands group to LG. Consequently, one
should expect a canonical lifting of the automorphic representations of H to those of G. A
more precise formulation of this principle is as follows:
Conjecture (Langlands Functoriality). Let H, G be reductive groups over a number field
such that there is an L-homomorphism ξ of the L-group of LH of H into that of G. Then,
for every automorphic representation π of H, there is a packet {Π} of automorphic repre-
sentations of G, parametrized by the same Frobenius-Hecke classes at all but finitely many
places, such that the Frobenius-Hecke classes in LH parametrizing π are mapped by ξ to
those parametrizing {Π} in LG.
Over the years, various examples of Langlands functorial lifting have been proved via
the comparison of trace formulas, a technique introduced by Langlands and his collabora-
tors ([JL], [L], [LL]). We list here a few notable cases which are of particular interest in
relation to our work. They are all examples of (twisted) endoscopic liftings (see [KS]).
• The lifting from RE/FGL(1) to GL(2), where [E : F ] = 2, proved by Jacquet
and Langlands [JL].
• Cyclic base change lifting for GL(2), proved by Langlands [L], and for GL(n),
by Arthur and Clozel [AC].
• The lifting from elliptic algebraic tori to SL(2), by Labesse and Langlands [LL].
• The lifting from RE/FGL(1) to GL(n), E/F cyclic of order n, by Kazhdan
[K].
• The lifting from RE/FGL(m) to GL(n), where m[E : F ] = n, by Waldspurger
[Wa].
• The lifting from PGSp(2) to PGL(4), by Flicker [F4].
• Endoscopic lifting for GSp(2), by Arthur [A3].
The first half of this work uses the trace formula technique to establish the lifting of
automorphic representations of two rank one twisted endoscopic groups H1 and H2 to the
1
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symplectic group of similitudes GSp(2) (4× 4 matrices). At the same time, we show that
the lifting provides a classification of the automorphic representations of GSp(2) which
are invariant under tensor product with a fixed quadratic character.
To a great extent, the conception of this project and the methodology employed are
inspired by the work of Kazhdan’s [K], which uses the trace formula technique both to
establish Langlands functorial lifting from RE/FGm to GL(n), where E/F is cyclic of
degree n, and to classify the automorphic representations of GL(n,AF ) which are invari-
ant under tensor product with a fixed character of order n. In particular, he showed that
each ide`le class character θ of E lifts to an automorphic representation π(θ) ofGL(n,AF ).
Moreover, an automorphic representation of GL(n,AF ) is invariant under tensor product
with an order n character ε if and only if it is equal to π(θ) for some character θ of the
cyclic field extension E of F defined by ε via class field theory. That Kazhdan was able to
obtain these spectacular results is a testament to the power of the trace formula technique.
In this work, we have an analogous situation for GSp(2), except that in this case
there are nonsingleton (quasi-)L-packets, and there are two twisted endoscopic groups in-
stead of one. Modulo the conjectural existence of matching functions and certain technical
conditions on the local components of the automorphic representations, we show that the
automorphic representations of the two twisted endoscopic groups ([E : F ] = 2)
H1 =
(
GL(2)× RE/FGm
)′
and H2 =
(
RE/FGL(2)×Gm
)
/RE/FGm
lift to the (quasi-)packets of GSp(2) containing at least one automorphic representation
which is invariant under tensoring with the quadratic character ε associated with E/F .
Moreover, all such packets are the lifts of the automorphic representations of the twisted
endoscopic groups. Naturally, an important question is whether every representation in
such a packet is invariant under tensoring with ε, but that remains unanswered in this
work.
The presence of nonsingleton packets for GSp(2) also raises interesting questions
regarding the stability of the packets. Thanks to the classification results of [A3] and [F4],
we show that a packet containing an invariant representation is stable if and only if it is the
lift of exactly one of the twisted endoscopic groups.
Another interesting phenomenon is that each discrete spectrum automorphic represen-
tation π of GSp(2) which is invariant under tensoring with ε in turn lifts to an automorphic
representationΠ ofGL(4) which is invariant under tensor product with the same character.
Moreover, Π is induced if and only if π belongs to an unstable (quasi-)packet.
It is also worth mentioning that the lifting from H2 to GSp(2) may be viewed as
follows: Let E/F be the quadratic field extension which corresponds to the character ε.
Each automorphic representation π of H2(AF ) may be constructed from an automorphic
representation τ of GL(2,AE) whose central character is invariant under the action of
Gal(E/F ). Let ϕ : LE → GL(2,C) be the representation of the Langlands group of
E which corresponds to τ . Then, the representation of LF (the Langlands group of F )
induced from ϕ factors through GSp(2):
IndLFLEϕ : LF
//
""F
FF
FF
FF
FF
GL(4,C)
GSp(2)
99ssssssssss
,
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and the automorphic representation of GL(4,AF ) corresponding to IndLFLEϕ is the lift of
π. This is beautifully analogous to the construction of the monomial representations π(θ)
of GL(2) in [JL] and [K].
It should be noted here that automorphic representations of GSp(2) have received
the attentions of mathematicians for quite some time. In addition to those cited above,
it suffices to mention Siegel, Shimura, Weissauer, Howe, Piatetski-Shapiro, Vigneras, D.
Prasad, B. Roberts, and R. Schmidt. Note that many mathematicians prefer to use GSp(4)
rather than GSp(2) to denote the same group.
1.1.2. Local Lifting. Langlands Functoriality as stated above has a local analogue.
Namely, it is conjectured that, for any reductive group H over a local p-adic field F , the
homomorphisms from the Weil group WF (or LF ) to LH correspond canonically to pack-
ets of admissible representations of H(F ). Consequently, analogously to the global case, a
homomorphism between L-groups should parallel the lifting of admissible representations
from one p-adic group to another.
Since each square integrable admissible representation is a local component of an
automorphic representation, it is a general philosophy that one can derive a large class of
local liftings from global liftings. Works in the past which establish global lifting using
trace formulas typically also derive local lifting. More precisely, they express the local
lifts in the form of trace identities among admissible representations. For example, for
each admissible representation π of GL(n, F ) which is invariant under tensor product with
a character ε of F× of order n, Kazhdan establishes in [K] an expression of the ε-twisted
Harish-Chandra character of π in terms of the Galois orbit of a character of E×, where E
is a degree n cyclic extension of F determined by ε via local class field theory.
The second half of this work is occupied with deriving local twisted trace identities
among admissible representations of GSp(2) and those of its twisted endoscopic groups.
We arrive at these identities using our global lifting results.
1.2. ε-Invariant Automorphic Representations
Let F be a number field. Let AF denote the ring of ade`les of F and CF the ide`le
class group F×\A×F . Let V denote the set of places of F . For each finite place v of F , let
Ov denote the ring of integers of Fv . Let H be a reductive algebraic group over F . Put
H := H(F ), Hv := H(Fv) for any place v of F .
For any element γ of any group, let subscript γ denote the centralizer of γ in that
group. For example, Hγ denotes the centralizer in H of γ. Let Z be the center of H. Let
Z0 be the maximal F -split component of Z. Put Z := Z(F ), Z0 := Z0(F ). For the
groups GSp(2) and GL(4), which are F -split, there is no distinction between Z and Z0.
Let ω be a character of Z0\Z0(AF ). Let L(H(AF ), ω) be the space of measurable
functions φ on H\H(AF ) such that φ(zg) = ω(z)φ(g) for all z ∈ Z0(AF ) and∫
Z0(AF )H\H(AF )
|φ(h)|2 dh <∞.
Let ρ, or ρω to emphasize the dependence on ω, be the right regular representation of
H(AF ) on L(H(AF ), ω), that is:
(ρω(h)φ) (g) = φ(gh), ∀h, g ∈ H(AF ), φ ∈ L(H(AF ), ω).
In particular, the restriction of the central character of ρω to Z0(AF ) is equal to ω. We say
that a representation of H(AF ) is automorphic if it occurs in ρω for some character ω of
Z0\Z0(AF ). LetA(H, ω) denote the set of equivalence classes of irreducible automorphic
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representations π of H(AF ) with the property that their central characters restrict to ω on
Z0(AF ).
Write π ∈ A(H, ω) as a tensor product ⊗v∈V πv of representations πv of Hv. Since
ρω is continuous, π too is continuous with respect to the topology on H(AF ) (see [PR]).
Consequently, at almost every finite place v, the local representation πv is unramified , i.e.
it contains a nonzero vector fixed by the hyperspecial maximal compact subgroup H(Ov).
As an H(AF )-module, L(H(AF ), ω) decomposes into a direct sum
Ld(H(AF ), ω)⊕ Lc(H(AF ), ω).
Here, Ld(H(AF ), ω) is the closed span of the irreducible, closed, invariant subspaces
of L(H(AF ), ω) and Lc(H(AF ), ω) is its orthogonal complement. Let ρd, ρc denote the
restrictions of ρ = ρω toLd(H(AF ), ω),Lc(H(AF ), ω), respectively. We call theH(AF )-
module Ld(H(AF ), ω) (resp. Lc(H(AF ), ω)) the discrete (resp. continuous) spectrum
of H(AF ).
We say that the algebraic group H has the multiplicity one property if each automor-
phic representation of H(AF ) with central character ω on Z0(AF ) occurs at most once in
the discrete spectrum of ρω. By the multiplicity one theorem for GL(2) and a result in
[LL], the multiplicity one property holds for the twisted endoscopic groups studied in this
work. In the case of GSp(2), the multiplicity one property for automorphic representations
with trivial central characters is established in [F4]. For arbitrary central characters, Arthur
has announced in [A3] that multiplicity one holds at least for those representations which
are associated with semisimple Arthur parameters.
REMARK. An automorphic representation is really a representation which occurs in the
space of slowly increasing functions called automorphic forms . This space is not the
same as L2(H(AF ), ω). However, the discrete spectrum of this space (as an H(AF )-
module) consists ofL2 functions; thus, it coincides with the discrete spectrum ofL2(H(AF ), ω);
see [BJ].
For any place v ∈ V , let C(Hv, ωv) be the space of smooth functions fv on Hv such
that fv is compactly supported modulo Z0,v and fv(zh) = ω−1v (z)f(h) for all z in Z0,v
and h in Hv .
If v is finite, and H is defined over Ov, let Kv denote the hyperspecial maximal com-
pact subgroup H(Ov) of Hv . Let H(Hv, ωv) denote the Hecke algebra of Kv-biinvariant
functions in C(Hv, ωv). The algebra H(Hv, ωv) is nonzero if and only if ωv is trivial
on Z0,v ∩ Kv. If v is archimedean, we fix a maximal compact subgroup Kv of Hv . Let
H(Hv, ωv) be the set of Kv-finite functions in C(Hv, ωv).
Let C(H(AF ), ω) be the span of the smooth functions f = ⊗v∈V fv on H(AF ) which
are compactly supported modulo Z0(AF ) such that fv ∈ C(Hv, ωv) for all v ∈ V and fv
is the unit element in the Hecke algebraH(Hv, ωv) for almost all finite v.
Fix a Tamagawa measure (see [PR]) on H(AF ). For any f ∈ C(H(AF ), ω) and
π ∈ A(H, ω), let π(f) denote the following convolution operator on the space of π:
π(f) :=
∫
Z0(AF )\H(AF )
π(h)f(h) dh
=
∫
Z(AF )\H(AF )
π(h)
(∫
Z0(AF )\Z(AF )
ω(z)f(zh) dz
)
dh.
It has finite rank. Let 〈π, f〉 denote the trace of π(f).
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1.2.1. The ε-Twisted Trace Formula. Recall that ρω is the right regular representa-
tion of H(AF ) in L(H(AF ), ω). Let ε be a homomorphism in Hom(H(AF ),C×) which
is trivial on Z(AF )H . Let π be an automorphic representation in A(H(AF ), ω). Let Vπ
be the space of π. By definition, π is a subquotient of ρω. Let επ be the representation of
H(AF ) on the space Vπ of π defined as follows:
επ := ε⊗ π : h 7→ ε(h)π(h), ∀h ∈ H(AF ).
Note that the space Vεπ = Vπ of επ is a subquotient of L(H(AF ), ω), but επ is not the
right regular representation of H(AF ) on Vεπ .
We say that π is ε-invariant if π ∼= επ; i.e. there exists an automorphism A on Vπ
such that Aπ(h) = επ(h)A for all h ∈ H(AF ). By Schur’s lemma, A2 is a scalar, and we
normalize A (multiplying it by (A2)−1/2 if necessary) so that A2 = 1. By this choice of
normalization, the operator A is unique up to a sign.
Define an operator ρω(ε), or ρ(ε) for brevity, on L(H(AF ), ω) as follows:
(ρω(ε)φ)(h) := φ(h)ε(h), ∀φ ∈ L(H(AF ), ω), h ∈ H(AF ).
The restriction of ρ(ε) to the space Vπ is a nontrivial intertwining operator of επ into ρ. In
particular, επ is equivalent to the automorphic representation ρ|ρ(ε)Vπ of H(AF ).
Assuming that multiplicity one holds for H, any two irreducible inequivalent sub-
modules of ρω in L(H(AF ), ω) are either orthogonal or equal to each other, each being
generated by ρ(H(AF )) from a single vector.
Suppose π is irreducible, and π ∼= επ. In principle, ρω(ε) needs not intertwine π with
επ, namely ρω(ε)Vπ may be equivalent to Vπ as an H(AF )-module but different from it as
a subspace ofL(H, ω). However, since we assume that the multiplicity one property holds,
we have ρω(ε)Vπ = Vπ. It then follows that the restriction of ρω(ε) to Vπ is a nontrivial
intertwining operator in HomH(AF )(π, επ). By Schur’s lemma, ρω(ε)|Vπ is a nontrivial
scalar multiple of A; hence, it is A or −A.
For an irreducible automorphic representation π and a function f in C(G(AF ), ω),
put
〈π, f〉ε := tr π(f)ρω(ε) = tr ρω(ε)π(f).
If π ≇ επ, then the spaces Vπ and ρω(ε)Vπ are disjoint, and hence 〈π, f〉ε = 0. Conversely,
if π is ε-invariant, we shall show in Lemma 4.39 that the distribution f 7→ 〈π, f〉ε is
nonzero.
By definition, ρω is the direct sum of all automorphic representations with Z0(AF )-
character ω. If we could express 〈ρω, f〉ε as the sum (discrete plus continuous)∑
π∈A(H,ω)
〈π, f〉ε ,
then those automorphic representations which are not ε-invariant would drop out from
the sum. Thus, at least formally, the distribution 〈ρω, ·〉ε : f 7→ 〈ρω, f〉ε on the space
C(H(AF ), ω) detects those automorphic representations which are ε-invariant. However,
the situation is more delicate.
For f ∈ C(H(AF ), ω), ρω(f)ρω(ε) is an integral operator on L(H(AF ), ω). Let
Kf,ε : H(AF )×H(AF )→ C be the kernel of ρω(f)ρω(ε). The trace 〈ρω, f〉ε is obtained
by integratingKf,ε(h, h) over h ∈ Z0(AF )H\H(AF ). The function h 7→ Kf,ε(h, h) may
be expressed as a sum over conjugacy classes in H , and also as a sum over automorphic
representations of H(AF ). For applications, we would like to change the order of summa-
tion and integration in
∫
Z0(AF )H\H(AF )Kf,ε(h, h) dh. However, this change of order is
not justified unless H is anisotropic over F . Extending Arthur’s results in [A], the authors
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of [CLL] introduce a truncation KTf,ε(h) of Kf,ε(h, h). They show that we may pull the
sum out of the integral in
∫
Z0(AF )H\H(AF )K
T
f,ε(h). The ε-twisted Arthur trace formula
(or ε-trace formula) is the following equality of two different ways to express the integral∫
Z0(AF )H\H(AF )K
T
f,ε(h) dh: ∑
{O}
JTO,ε(f) =
∑
{χ}
JTχ,ε(f).
The left hand side of the equation is a sum of (weighted) orbital integrals over the set of
semisimple conjugacy classes in H . It is called the O-expansion or the geometric side of
the trace formula. The right hand side is a sum of traces of automorphic representations
over a set of spectral data of H(AF ). These are data which catalogue the ε-invariant
automorphic representations of H(AF ). We call
∑
{χ} J
T
χ,ε(f) the fine χ-expansion or
the spectral side of the trace formula.
1.2.2. The Case of GSp(2). Let J = ( w−w ) ∈ GL(4), where w = ( 11 ) ∈ GL(2).
Let G = GSp(2), the symplectic group of similitudes of rank 2, be the algebraic group
over Z defined as follows:
GSp(2) =
{
g ∈ GL(4) : tgJg = λ(g)J for some λ(g) ∈ Gm
}
.
We call λ the similitude character.
Let F be a number field, and consider G as a reductive F -group. For any g ∈ G, we
call λ(g) its similitude factor . The center of G is Z = {diag(z, z, z, z) : z ∈ Gm}. It is
F -split. Fix a character ω of Z\Z(AF ). Let ε be a quadratic character of G\G(AF ) which
factors through the similitude factor. Since ε is quadratic, and λ(diag(z, z, z, z)) = z2, ε
is trivial on Z\Z(AF ). Consider the ε-twisted Arthur trace formula for G(AF ). As a
distribution on C(G(AF ), ω), the O-expansion
∑
{O} J
T
O,ε(f) of the ε-trace formula is
not invariant with respect to stable conjugacy. In [KS], Kottwitz and Shelstad express the
elliptic regular part of
∑
{O} J
T
O,ε(f) (i.e. the part of the sum which is indexed by the
elliptic regular conjugacy classes O) in terms of stably invariant O-expansions of lower
rank groups. We call these lower rank groups the ε-endoscopic groups of G. We compute
them in Chapter 2.
On the other hand, Arthur’s trace formula for the endoscopic groups equate their O-
expansions with their fine χ-expansions. We impose in Section 3.2.1 a condition on the
test function f ∈ C(G(AF ), ω) so that all nonelliptic or singular terms in the geometric
expansion of the ε-trace formula vanish. Using Kottwitz-Shelstad’s formula, we obtain a
global trace identity relating the fine χ-expansion of the ε-trace formula of G(AF ) with
the fine χ-expansions of the trace formulas of the ε-endoscopic groups. We compute in
Section 3.1 the fine χ-expansions of the groups, and we obtain in Section 3.3 a global trace
identity relating these spectral expansions. We then use the global trace identity to deduce
global lifting results in Sections 4.4 and 4.5
1.3. Local Character Identities
Let k now be a local p-adic field. Let G = G(k) denote the group of F -points of G.
Let ε be a quadratic character of k×. Then ε defines a character of G as follows:
ε(g) := ε(λ(g)), ∀g ∈ G.
For any admissible ([BZ]) representation π of G, define a representation επ on the space
of π by
επ := ε⊗ π : g 7→ ε(g)π(g), ∀g ∈ G.
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We are interested in irreducible admissible representations of G which are ε-invariant: A
representation π of G is said to be ε-invariant if π ∼= επ, namely there is an invertible
linear operator A : Vπ → Vπ on the space Vπ of π such that Aπ(g) = ε(g)π(g)A for all
g ∈ G.
We fix a character ω of the center Z of G. Let C(G,ω) be the space of smooth
functions f on G which are compactly supported modulo Z and satisfy:
f(zg) = ω−1(z)f(g), ∀z ∈ Z, g ∈ G.
We fix once and for all a right-invariant Haar measure ([BZ]) dg on G. For any admissible
representation π of G with central character ω, the following convolution operator on the
space of π has finite rank:
π(f) :=
∫
Z\G
π(g)f(g) dg.
Suppose π is an irreducible, admissible ε-invariant representation. Let A be a nontrivial
intertwining operator in HomG(π, επ). By Schur’s lemma ([BZ]), A2 is a scalar multi-
plication on π. Replacing A with
(
A2
)−1/2
A if necessary, we assume that A satisfies
A2 = 1. Then, A is unique up to a sign.
Put 〈π, f〉A := tr
∫
Z\G π(g)f(g)A dg. We call the distribution f 7→ 〈π, f〉A the
ε-character of π. The ε-character depends on the choice of the intertwining operator A.
Since A2 = 1, the ε-character is unique up to a sign.
Chapter 5 is devoted to the classification of the ε-invariant representations of G. More
precisely, we utilize the global lifting results established in Chapter 4 to express the ε-
characters of these representations in terms of the (nontwisted) characters of representa-
tions of the twisted endoscopic groups.
1.4. Statement of Main Results
1.4.1. ε-Endoscopic Groups. Let F be a number field, let ε be a quadratic character
of the ide`le class groupCF of F . Let E be the quadratic extension of F which corresponds
to ε via global class field theory. In Chapter 2, we compute the quasi-split ε-endoscopic
groups of G over F . They are as follows:
(1) H1 =
(
GL(2)× RE/FGm
)′
, where RE/F is the restriction of scalars (from
E to F ) functor. The prime denotes the condition that the determinant of the
GL(2)-factor is equal to the norm of the RE/FGm-factor in Gm. In particular,
the group of F -points of H1 is
H1(F ) =
{
(g, x) ∈ GL(2, F )× E× : det g = NE/Fx
}
.
(2) H2: the unique quasi-split reductive F -group whose group of F -points is
H2(F ) =
(
GL(2, E)× F×) /{(diag(z, z),NE/F z−1) : z ∈ E×}.
1.4.2. Global Lifting. The global lifting results are expressed in terms of global
(quasi-)packets. A global (quasi-)packet consists ofade`lic representations which share
the same unramified local components (with respect to fixed maximal compact subgroups)
at almost every finite place. Equivalently, a global (quasi-)packet may be expressed as a
restricted tensor product of local (quasi-)packets. We say that a global packet is a discrete
spectrum packet if it contains a representation which occurs in the discrete spectrum. We
say that a discrete spectrum global packet is stable if all its members occur with the same
nonzero multiplicity in the discrete spectrum. Otherwise we say that it is unstable.
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Associated with any algebraic F -group H is an L-group, denoted LH (see [Bo]). It
is a split extension of a complex Lie group by the Weil group WF of F (see [T]). Each
unramified local component of a global (quasi-)packet of H(AF ) is parametrized by a
conjugacy class in LH , called a Frobenius-Hecke class (see [Bo]). We compute these
conjugacy classes for the ε-endoscopic groups in Chapter 4.2.
As we shall discuss in Chapter 2, associated with each ε-endoscopic group H is an L-
group embedding ξH : LH → LG. We say that a global packet {ΠH} of an ε-endoscopic
group H(AF ) lifts to a packet {Π} of G(AF ), if ξH maps the Frobenius-Hecke classes in
LH parametrizing {ΠH} to the Frobenius-Hecke classes in LG parametrizing {Π}.
Let π be an irreducible automorphic representation of GL(2,AF ), χ a character of
CE . Let V be the set of places of F . For any place v ∈ V , let πv ⊗1 χv denote the
representation of H1(Fv) defined as follows.
πv ⊗1 χv : (g, x) 7→ χv(x)πv(g), ∀(g, x) ∈ H1(Fv).
Then, πv ⊗1 χv may be a reducible representation of H1(Fv) with at most two irreducible
constituents ([LL]). The set of irreducible constituents of πv ⊗1 χv form a local packet. If
πv⊗1χv is reducible, we name its two constituents π+v , π−v . For each finite place v, letK1,v
be the hyperspecial maximal compact subgroup H1(Ov), where Ov is the ring of integers
in Fv . We say that a representation of H1(Fv) is unramified if it contains a nonzero K1,v-
fixed vector. If πv ⊗1 χv is unramified, we let π+v denote its unique irreducible unramified
constituent. If πv ⊗1 χv is irreducible, we put π+v := πv ⊗1 χv and π−v := 0. From [LL],
a global packet of H1(AF ) has the form
π ⊗1 χ :=
{⊗vπv : πv ∈ {π+v , π−v }, ∀v; πv = π+v for almost all v} .
For f1 ∈ C(H1(AF ), ω), we have 〈π ⊗1 χ, f1〉 =
∑
π′∈π⊗1χ
〈π′, f1〉.
The group H2(AF ) is a quotient of GL(2,AE) × A×F . Since rigidity, or strong mul-
tiplicity one theorem, holds for GL(2) and GL(1), it also holds for H2. Consequently,
each global packet of H2(AF ) consists of a single irreducible automorphic representation.
For any automorphic representation π of GL(2,AE) and character µ of CF such that the
central character ωπ of π is equal to µ ◦NE/F , let π ⊗2 µ denote the representation
π ⊗2 µ : (g, x) 7→ µ(x)π(g), ∀(g, x) ∈ H2(AF ).
1.4.2.1. Summary of Global Lifting. We now give a summary of our global lifting
results. For simplicity’s sake, some of these statements are accurate only up to certain nu-
anced conditions. We mark them with an *. The full, accurate versions of these statements
may be found in Sections 4.4, 4.5, and 4.6.
A more concise version of this summary is in Appendix A.
We classify packets of GSp(2,AF ) by stating what automorphic representations of
GL(4,AF ) they lift to via the natural L-group embedding GSp(2,C) → GL(4,C). This
classification is not one to one. There are cases in which two inequivalent packets of
GSp(2,AF ) lift to the same representation in GL(4,AF ).
We say that an automorphic representation π of GL(2,AF ) is E-monomial if it is
the monomial representation π(θ) associated with a character θ of CE , or more precisely
with the induced two-dimensional representation IndWE/FWE/E (θ) of WF (see [JL], [K]). The
first global lifting result which we examine involves global packets of H1 of the form
π1 = π ⊗1 χ, where π is a cuspidal non-E-monomial or one dimensional automorphic
representation of GL(2,AF ), and χ = µ ◦ NE/F for some character µ of CF . From
the way H1 is defined, π ⊗1 µ ◦ NE/F is equal to µπ ⊗1 1; hence, we assume without
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loss of generality that π1 = π ⊗1 1. Let ωπ be the central character of π. Let BE/Fπ
be the representation of GL(2,AE) which is the base change of π (see [L], [F1]). Then,
ωBE/Fπ = ωπ ◦NE/F .
1.1. Proposition. The packets π⊗1 1 of H1(AF ) and BE/Fπ⊗2 ωπ of H2(AF ) lift to a
packet {Π} of GSp(2,AF ), which in turn lifts to the induced representation I(2,2)(π, επ)
of GL(4,AF ).
REMARK. (i) According to [A3, Sect. 5], the packet {Π} is unstable. In the case where
the central character of {Π} is trivial, the instability of {Π} is proven in [F4, V. 10.]. (ii)
In [A3], Arthur denotes {Π} by the symbol (π ⊠ 1) ⊞ (επ ⊠ 1) if π is cuspidal non-E-
monomial and calls it a Yoshida type packet. If π = µ1GL(2,AF ) for some character µ of
CF , Arthur calls {Π} a Howe, Piatetski-Shapiro type packet and denotes it by the symbol
(µ⊠ ν(2)) ⊞ (εµ⊠ ν(2)), where ν is the (normalized) absolute value function on AF .
Let σ be the generator of Gal(E/F ). For any character θ of CE , put σθ := θ ◦ σ.
1.2. Proposition. Let θ, χ be characters of CE such that none of θ, χ, θχ, θ σχ is fixed
by the action of Gal(E/F ). Let π(θ), π(χ) be the cuspidal monomial representations of
GL(2,AF ) associated with θ, χ, respectively. The global packets
• π(θ)⊗1 χ,
• π(θ)⊗1 σχ,
• π(χ)⊗1 θ,
• π(χ)⊗1 σθ
all lift to an unstable packet {Π}, which in turn lifts to the induced representation
I(2,2)(π(θχ), π(θ
σχ))
of GL(4,AF ). Moreover, no discrete spectrum representation of H2(AF ) lifts to {Π}.
REMARK. Under the notation of [A3], {Π} is the unstable Yoshida type packet denoted
by (π(θχ) ⊠ 1)⊞ (π(θ σχ)⊠ 1).
For an automorphic representation τ of GL(2,AE), let π(τ) denote the automorphic
representation of GL(4,AF ) which is obtained from τ via the twisted endoscopic lifting
from RE/FGL(2) to GL(4) (see [AC, Sect. 3.6]).
1.3. Proposition*. Let χ be a character of CE not fixed by Gal(E/F ). Let π be an ir-
reducible, cuspidal, automorphic representation of GL(2,AF ) which is not E-monomial.
Suppose there does not exist a character ε′ of CF such that σχ/χ is equal to ε′ ◦ NE/F
and π ∼= ε′π. The packet π⊗1 χ lifts to a stable packet {Π} which lifts to the cuspidal au-
tomorphic representation π(χBE/F τ) of GL(4,AF ). No discrete spectrum representation
of H2(AF ) lifts to {Π}.
1.4. Proposition*. Let χ be a character of CE not fixed by Gal(E/F ). The one dimen-
sional representation 1GL(2,AF ) ⊗1 χ lifts to a stable quasi-packet, denoted by
{L(νε, ν−1/2π(χ))},
which lifts to the Langlands quotient representation J(ν1/2π(χ), ν−1/2π(χ)) ofGL(4,AF ).
No discrete spectrum representation of H2(AF ) lifts to {L(νε, ν−1/2π(χ))}.
For a representation π of GL(2,AE), let σπ denote the representation
σπ : (gij) 7→ π(σgij), ∀(gij) ∈ GL(2,AE).
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1.5. Proposition*. Let π be an irreducible discrete spectrum automorphic representation
of GL(2,AE), µ a character of CF , such that π 6= σπ and ωπ = µ ◦NE/F .
• If π is cuspidal, the representation π⊗2µ of H2(AF ) lifts to a stable packet {Π}
which in turn lifts to the cuspidal automorphic representation π(τ) ofGL(4,AF ).
• Suppose π = χ1GL(2,AE), where χ is a character of CE such that χ 6= σχ and
σχ/χ = ε′ ◦ NE/F for some nontrivial quadratic character ε′ of CF . Let ζ be
either ε′ or εε′. Then, π ⊗2 χ|A×F · ζ lifts to a stable quasi-packet {Π} which in
turn lifts to the Langlands quotient representation J(ν1/2π(χ), ν−1/2π(χ)) of
GL(4,AF ). We denote {Π} by {L(νεζ, ν−1/2π(χ))}.
In either case, no discrete spectrum packet of H1(AF ) lifts to the (quasi-)packet {Π}.
Additional global lifting results involving parabolically induced representations of
G(AF ) are stated in Section 4.5.
1.6. Proposition*. Suppose {Π} is a global packet of GSp(2,AF ) which is the lift of some
automorphic representation/packet of one of the ε-endoscopic groups. Then, {Π} contains
at least one representation which is ε-invariant.
If {Π} is a discrete spectrum global packet of GSp(2,AF ) which is not the lift of any
discrete spectrum representation/packet of the ε-endoscopic groups, then {Π} does not
contain any discrete spectrum automorphic representation which is ε-invariant.
1.4.3. Local Lifting. Let k be a local nonarchimedean field. Let ε be a nontrivial
quadratic character of k×. Let K be the quadratic extension of k which corresponds via
local class field theory to ε. Let G = GSp(2, k). Let Z = {diag(z, z, z, z) : z ∈ k×} be
the center of G. Let
(1) H1 =
(
GL(2, k)×K×)′ = {(g, x) ∈ GL(2, k)×K× : det g = NK/kx} ,
(2) H2 =
(
GL(2,K)× k×) /{(diag(z, z),NK/kz−1) : z ∈ K×} .
Recall that the character ε defines a character of G via ε(g) := ε(λ(g)), ∀g ∈ G. For any
representation π of G, we say that π is ε-invariant if π ∼= επ.
Fix a character ω of Z . Recall that C(G,ω) is the space of smooth functions on G
which are compactly supported moduloZ and transform underZ via ω−1. We fix once and
for all a Haar measure dg on G. For any irreducible ε-invariant admissible representation
π of G with central character ω, and for any function f ∈ C(G,ω), recall that
〈π, f〉A := tr
∫
Z\G
π(g)f(g)A dg,
where A is an intertwining operator in HomG(π, επ) such that A2 = 1.
For i = 1, 2, let Z0(Hi) denote the maximal k-split component of the center of Hi.
We shall see in Section 2.4 thatZ0(Hi) is isomorphic to Z; thus, ω is defines a character on
Z0(Hi). Let C(Hi, ω) denote the space of smooth functions on Hi which are compactly
supported modulo Z0(Hi) and transform under Z0(Hi) via ω−1. Fix once and for all a
Haar measure dhi on Hi. For any admissible representation πi of Hi, and for any function
fi ∈ C(Hi, ω), put
〈πi, fi〉 := tr
∫
Z0(Hi)\Hi
πi(hi)fi(hi) dhi.
Using global lifting results, we deduce in Chapter 5 local character identities relating quan-
tities of the form 〈π, f〉A and 〈πi, fi〉 for matching functions f, fi. Functions are matching
if their orbital integrals are compatible with the norm correspondence between G and its
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ε-endoscopic groups. We shall discuss norm correspondence in Section 2.4. In general,
the existence of matching functions is conjectural. It is related to a conjecture called the
Fundamental Lemma. We prove the Fundamental Lemma in the context of G and its ε-
endoscopic groups in Appendix B.
1.4.3.1. Notations: For a character θ of K×, let π(θ) denote the cuspidal monomial
representation of GL(2, k) associated with θ, or more precisely with the representation
IndWK/kWK/K(θ) of Wk. If θ is invariant under the action of Gal(K/k), π(θ) is induced;
otherwise, π(θ) is cuspidal ([JL]).
Let ν be the normalized absolute value function on k; that is, ν(x) = q−ord x, where
q is the cardinality of the residue field of k and ordx is the p-adic valuation of x.
Let P0 be the minimal upper triangular parabolic subgroup of G. It has a decompo-
sition P0 = TN , where T is the maximal diagonal torus of G and N is the unipotent
component of P0. For characters µ1, µ2, µ of k×, let µ1×µ2⋊µ denote the representation
of GL(2, k) (normalizedly) parabolically induced from the following representation of P0:
µ1 ⊗ µ2 ⊗ µ :
( a
b
λ/b
λ/a
)
n 7→ µ1(a)µ2(b)µ(λ), ∀a, b, λ ∈ k×, n ∈ N.
Let Pβ be the standard Heisenberg parabolic subgroup of G containing P0. Its Levi
component is
Mβ =

a g
det g
a
 : a ∈ k×, g ∈ GL(2, k)
 .
Let Nβ be the unipotent component of Pβ . It is a Heisenberg group. For a character µ of
k× and an admissible representation π of GL(2, k), let µ⋊ π denote the representation of
G (normalizedly) parabolically induced from the following representation of Pβ :
µ⊗ π :
(
a
g
det g
a
)
n 7→ µ(a)π(g), ∀a ∈ k×, g ∈ GL(2, k), n ∈ Nβ.
1.4.3.2. Summary of Local Character Identities. Below is a summary of our twisted
character identities for the ε-invariant representations of G = GSp(2, k).
1. Let τ be an irreducible, cuspidal, non-K-monomial, admissibleGL(2, k)-module whose
central character ωτ is trivial. Let {π+, π−} be the local packet of G which lifts to the in-
duced representation I(2,2)(τ, ετ) ofPGL(4, k) according to [F4]. There exist intertwining
operators A+ in HomG(π+, επ+), and A− in HomG(π−, επ−), such that the following
holds for matching functions:〈
π+, f
〉
A+
+
〈
π−, f
〉
A−
= 〈τ ⊗1 1, f1〉 ,〈
π+, f
〉
A+
− 〈π−, f〉
A−
=
〈
BK/kτ ⊗2 ωτ , f2
〉
.
2. Let θ, χ be characters of K× such that none of θ, χ, θχ, θ σχ is fixed by the action
of Gal(K/k) = 〈σ〉. Suppose (θχ)|k× = (θ σχ)|k× = ε, then the distinct K-monomial
representations π(θχ), π(θ σχ) are cuspidal with trivial central characters.
Let {π+, π−} be the local packet which lifts to the induced PGL(4, k)-module
I(2,2)(π(θχ), π(θ
σχ)).
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There exist intertwining operators A+ in HomG(π+, επ+), A− in HomG(π−, επ−), and
a constant ǫ = ±1, such that the following holds for matching functions:〈
π+, f
〉
A+
+
〈
π−, f
〉
A−
= 〈π(θ) ⊗1 χ, f1〉 ,〈
π+, f
〉
A+
− 〈π−, f〉
A−
= ǫ 〈π(χ)⊗1 θ, f1〉 .
3. Let χ be a character ofK× not fixed by Gal(K/k). Let π+, π− be the two inequivalent,
tempered, irreducible subrepresentations of 1 ⋊ π(χ) ([ST]). There exist intertwining
operators A+ in HomG(π+, επ+) and A− in HomG(π−, επ−), such that the following
holds for matching functions:〈
π+, f
〉
A+
+
〈
π−, f
〉
A−
= 〈π(χ)⊗1 1, f1〉 .
4. Let 12,l (l = k,K) denote the nontempered trivial representation of GL(2, l). Let St2,l
denote the square integrable Steinberg representation of GL(2, l).
Suppose ε is unramified. Let ξ be a (possibly trivial) quadratic character of k×.
Let δ = δ(ν1/2εSt2,k, ν−1/2ξ) be the unique square integrable constituent of the in-
duced G-module ν1/2εSt2,k ⋊ ν−1/2ξ. Let δ− = δ−(ν1/2εSt2,k, ν−1/2ξ) be the cuspidal
member of the local packet containing δ. In particular, the local packet {δ, δ−} lifts to
I(2,2)(ξ St2,k, εξ St2,k) of PGL(4, k).
LetL = L(νε, ε⋊ν−1/2ξ) be the nontempered quotient of ν1/2ε12,k⋊ν−1/2ξ ([ST]).
The local quasi-packet {L, δ−} lifts to I(2,2)(ξ12,k, εξ12,k) of PGL(4, k).
There exist intertwining operators AL ∈ HomG(L, εL), Aδ ∈ HomG(δ, εδ), and
A− ∈ HomG(δ−, εδ−), such that the following holds for matching functions:
〈L, f〉AL +
〈
δ−, f
〉
A−
= 〈ξ12,k ⊗1 1, f1〉 ,
〈L, f〉AL −
〈
δ−, f
〉
A−
=
〈
(ξ ◦NK/k) 12,K ⊗2 1, f2
〉
;
〈δ, f〉Aδ −
〈
δ−, f
〉
A−
= 〈ξ St2,k ⊗1 1, f1〉 ,
〈δ, f〉Aδ +
〈
δ−, f
〉
A−
=
〈
(ξ ◦NK/k) St2,K ⊗2 1, f2
〉
.
5. Let τ be an irreducible, cuspidal, non-K-monomial, admissible representation of the
group GL(2, k), χ a character of K×, such that: There does not exist a character ε′ of
k× for which σχ/χ = ε′ ◦ NK/k and τ ∼= ε′τ . Then, there exists a collection [π] of dis-
tinct ε-invariant, irreducible, cuspidal, admissible G-modules, and an intertwining opera-
tor A(π′) ∈ HomG(π′, επ′) for each π′ ∈ [π], such that the following holds for matching
functions: ∑
π′∈[π]
〈π′, f〉A(π′) = 〈τ ⊗1 χ, f1〉 .
REMARK. From the proof of the above twisted character identity, one should expect that
[π] is a subset of a local packet which lifts to π(χBK/kτ), the cuspidal GL(4, k)-module
which is the twisted endoscopic lift of the representation χBK/kτ of GL(2,K) (see [AC]).
6. Let χ be a character ofK× which is not fixed by Gal(K/k). Let L = L(νε, ν−1/2π(χ))
be the nontempered quotient of the parabolically induced G-module νε⋊ ν−1/2π(χ). Let
δ = δ(νε, ν−1/2π(χ)) be the square integrable subrepresentation of νε ⋊ ν−1/2π(χ).
There exist intertwining operators AL in HomG(L, εL), and Aδ in HomG(δ, εδ) such that
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the following holds for matching functions:
〈L, f〉AL = 〈12,k ⊗1 χ, f1〉 ,
〈δ, f〉Aδ = 〈St2,k ⊗1 χ, f1〉 .
7. Let τ be an irreducible, cuspidal, admissible representation of GL(2,K), not fixed by
the action of Gal(K/k), such that its central character ωτ is equal to µ ◦ NK/k for some
character µ of k×. Then, there exists a collection [π] of distinct ε-invariant, irreducible,
cuspidal, admissible G-modules, and an intertwining operator A(π′) in HomG(π′, επ′)
for each π′ ∈ [π], such that the following holds for matching functions:∑
π′∈[π]
〈π′, f〉A(π′) = 〈τ ⊗2 µ, f2〉 .
REMARK. From the proof of the above twisted character identity, one should expect that
[π] is a subset of a local packet which lifts to π(τ), the cuspidal GL(4, k)-module which is
the twisted endoscopic lift of τ .
8. Let τ be a cuspidal non-K-monomial, or one dimensional, irreducible, admissible rep-
resentation of GL(2, k). There exists an operator A, intertwining the induced G-module
ε⋊ τ with ε⋊ ετ , such that
〈ε⋊ τ, f〉A =
〈
BK/kτ ⊗2 ωτε, f2
〉
for matching functions.
9. Suppose the field extension K/k is unramified. Let χ be a character of K× such that
χ 6= σχ and σχ/χ = ε′ ◦NK/k for some nontrivial quadratic character ε′ of k×. Let ζ = ε′
or ε′ε. Let L = L(εζν, ν−1/2π(χ)) and δ = δ(εζν, ν−1/2π(χ)). There exist intertwining
operators AL in HomG(L, εL), and Aδ in HomG(δ, εδ), such that the following holds for
matching functions:
〈L, f〉AL = 〈χ12,K ⊗2 χ|k× · ζ, f2〉 ,
〈δ, f〉Aδ = 〈χ St2,K ⊗2 χ|k× · ζ, f2〉 .
Additional character identities involving parabolically induced G-modules are stated in
Sections 5.5.1 and 5.5.2.
1.5. Assumptions and Restrictions
Before we continue further, we list here the assumptions on which this work rests and
the restrictions on our results:
Assumptions.
(1) The multiplicity one theorem for the discrete spectrum of GSp(2). As men-
tioned earlier in this chapter, the multiplicity one theorem has been established
for PGSp(2) by Flicker in [F4].
(2) The results of Arthur’s announced in [A3], including the multiplicity one the-
orem for the automorphic representations of GSp(2) which are associated with
semisimple Arthur parameters.
(3) The existence of the transfer of functions from GSp(2) to its ε-twisted endo-
scopic groups, and the precise forms which matching functions take (see re-
marks after the proofs of Theorem 4.10 and Corollary 4.16). In the nontwisted
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case, Waldspurger has shown that the Fundamental Lemma implies the trans-
fer of functions [Wa1]. In all likelihood, the twisted analogue of Waldspurger’s
theorem also holds.
Restrictions. We are only able to classify those discrete spectrum, ε-invariant, auto-
morphic representations of GSp(2) which have at least two elliptic local components. The
restriction “two elliptic components” could presumably be reduced to “one elliptic com-
ponent,” through a technique developed in [F2] which involves a class of test functions
called regular functions. It also seems likely that the work of Arthur’s announced in [A3]
contains a method to do away with any restriction on the automorphic representations.
CHAPTER 2
ε-Endoscopy for GSp(2)
2.1. Endoscopic Data
In this chapter, F is either a local field of characteristic zero or a number field. If F is
a number field, let CF denote the ide`le class group of F . For a reductive F -group H, let Hˆ
denote the identity component of the L-group LH of H (see [Bo]). Let G be the reductive
F -group GSp(2).
Kottwitz and Shelstad have defined in [KS] the endoscopic data attached to a triple
(G, θ, a), where θ is an automorphism of G over F . We now recall this definition in the
special case where θ is trivial.
2.1. Definition. The quadruple (H,H, s, ξ) is a set of ε-endoscopic data (or in the termi-
nology of [KS], the endoscopic data attached to the triple (G, 1, a)) if it satisfies each of
the following conditions:
(1) H is a quasi-split reductive group over F .
(2) H is a split extension of WF by Hˆ such that the L-action ρH of WF on Hˆ
determined by this extension coincides with the Weil group action determined
by LH (see [Bo]).
(3) s is a semisimple element in Gˆ.
(4) ξ : H → LG is an L-homomorphism satisfying the following two conditions.
(a) Int(s) ◦ ξ = a · ξ;
(b) ξ maps Hˆ isomorphically onto the identity component of Cent(s, Gˆ), the
centralizer of s in Gˆ.
We call H an ε-endoscopic group of G.
REMARK. The action ρ of WF on Hˆ determined by H may not fix any choice of splitting
for Hˆ . However, there exists a set {hw ∈ Hˆ}w∈WF such that the action ρH : w 7→
Int(hw)ρ(w) does fix a choice of splitting for Hˆ . As such, ρH constitutes an L-action. For
our purpose,H may be taken to be LH ; hence, condition 2 is largely moot.
2.1.1. Elliptic ε-Endoscopic Data of G. In general, an L-group is a semidirect prod-
uct Hˆ ⋊WF . As we shall show, every group considered in this work is split over some
quadratic extension of F . For simplicity, we let LH denote the finite Galois form Hˆ ⋊
Gal(K/F ) of the L-group, where K is the smallest extension of F over which H splits.
In particular, since G is F -split, we let LG denote Gˆ, which we identify with GSp(2,C)
(see [Bo], [A3]).
Let Γ be the absolute Galois group Gal(F¯ /F ). Since WF is dense in Γ, the action of
WF on any group Hˆ extends to an action of Γ on Hˆ . A set of endoscopic data (H,H, s, ξ)
is said to be elliptic if ξ(Z(Hˆ)Γ)0 is contained in Z(Gˆ) (Here, upper 0 denotes identity
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component). We may take Γ to be Gal(K/F ) if H splits over some finite extension K of
F .
Two sets of ε-endoscopic data (H,H, s, ξ) and (H ′,H′, s′, ξ′) are said to be equiva-
lent if there exists g ∈ Gˆ such that:
(1) gξ(H)g−1 = ξ′(H′),
(2) gsg−1 ≡ s′ mod Z(Gˆ).
With regard to the application of Kottwitz-Shelstad’s stabilization of the trace formula, we
will compute elliptic endoscopic data only up to equivalence (hence the earlier remark that
we may take H to be LH).
Let ε be a nontrivial quadratic character of F× if F is local, or of CF if F is global.
Let WF denote the Weil group of F (see [T]). As explained in [KS], corresponding
via Langlands correspondence to ε is a cocycle a in H1(WF , Z(Gˆ)) if F is local, or in
H1(WF , Z(Gˆ))/ker1(WF , Z(Gˆ)) if F is global.
Let E be the quadratic extension of F which corresponds to ε via local or global class
field theory (see [La]). Then, a|WE is trivial, and we identify a with a representative in
H1(Gal(E/F ), Z(Gˆ)).
Since G is F -split, the Galois action of Gal(E/F ) on Z(Gˆ) = C× is trivial. Let σ
be the generator of Gal(E/F ). The cohomology class of a consists of a single character
a ∈ Hom(Gal(E/F ),C×), defined by a(σ) = −1.
Suppose (H,H, s, ξ) is a set of ε-endoscopic data. Then, for any hw ∈ H with image
w in WF , we have:
ξ(hw)
−1sξ(hw) =
{
−s if w ≡ σ mod WE ,
s otherwise.
Since we shall list the sets of endoscopic data only up to equivalence, we may as-
sume that the semisimple element s lies in the diagonal torus Tˆ of Gˆ. Since LG = Gˆ, if
ξ(hw)
−1sξ(hw) = −s for some hw ∈ H, then Int(ξ(hw)) must correspond to an element
of the Weyl group W =W (Tˆ , Gˆ) of Tˆ in Gˆ.
Given any t = diag(a, b, λ/b, λ/a) in Tˆ , let the numbers 1, 2, 3, 4 represent the entries
a, b, λ/b, λ/a, respectively. Then, the actions of W on t are represented by the following
set of permutations on {1, 2, 3, 4}:
{1, (12)(34), (23), (3421), (2431), (42)(31), (23)(41), (14)}.
Hence, W is isomorphic to D4, the dihedral group of order 8.
By going through all possible images of s under W , we see that, up to equivalence of
endoscopic data, s must be equal to one of:
(1) s1 = diag(1, 1,−1,−1),
(2) s2 = diag(1,−1,−1, 1),
(3) s3 = diag(1,−1,−d, d) for some d 6= ±1.
2.2. Claim. No elliptic ε-endoscopic data is of the form (H,H, s3, ξ).
PROOF. Suppose (H,H, s3, ξ) constitutes a set of endoscopic data. Then, Hˆ is iso-
morphic to
Cent(s, Gˆ)0 = Tˆ = {diag(a, b, λ/b, λ/a) : a, b, λ ∈ C×}.
By condition 4a in Definition 2.1, if w ∈ WF is equivalent to σ modulo WE , then the
action of w on Hˆ must correspond to the permutation (12)(34). If w is not equivalent to σ
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modulo WE , then the action of w on Hˆ is trivial. Consequently,
Z(Hˆ)Γ = HˆΓ = {diag(a, a, λ/a, λ/a) : a, λ ∈ C×},
which is connected and not contained in Z(Gˆ), which means (H,H, s3, ξ) is not elliptic.

In the following sections, we consider the ε-endoscopic data (H,H, s, ξ) where s is
equal to s1 or s2. It turns out that there is only one quasi-split H such that (H,H, s, ξ) is
elliptic for each choice of s.
2.2. Endoscopic group H1
2.2.1. The data (H1,H1, s1, ξ1). We now construct a set of elliptic ε-endoscopic
data (H1,H1, s1, ξ1), where
s1 =
(
1
1
−1
−1
)
.
Let
Hˆ1 =
(
GL(2,C)× C× × C×) /{(diag(z, z)−1, z, z) : z ∈ C×} .
Fix a splitting splHˆ1 = {Bˆ1, Tˆ1, {X1}} of Hˆ1, where Bˆ1 = {(( ∗ ∗∗ ) , ∗, ∗)} is a Borel
subgroup of Hˆ1, Tˆ1 is the diagonal torus of Hˆ1, and {X1} is a singleton consisting of the
image of the vector X1 = (( 0 10 0 ) , 0, 0) ∈ gl(2,C)×C×C in the Lie algebra of Hˆ1. Here,
lower case, gothic type denotes the Lie algebra of a Lie group.
Let σ be the generator of Gal(E/F ). Define an action of WF on Hˆ1 by
w(A, x, y) =
{
(A, y, x) if w ≡ σ mod WE ,
(A, x, y) otherwise.
This defines a semi-direct product H1 = Hˆ1 ⋊WF . Since the action of WF fixes splHˆ1 ,
H1 is an L-group with Hˆ1 as its identity component.
Let e =
(
1
−1
)
. For any A ∈ GL(2,C), x, y ∈ C×, let d(A, x, y) be the element(
xA
yeAe
)
in Gˆ. Then, d induces an isomorphism
d : Hˆ1→˜ Cent(s1, Gˆ)0.
Define an L-embedding ξ1 : H1 → Gˆ by ξ1|Hˆ1 = d and
ξ1(1⋊ w) =
{
( ee ) if w ≡ σ mod WE ,
1 otherwise.
Let H1 be the unique quasi-split reductive group over F whose L-group LH1 is equal to
H1. One can check to see that (H1,H1, s1, ξ1) is a set of elliptic ε-endoscopic data.
2.3. Claim. Up to equivalence, (H1,H1, s1, ξ1) is the unique elliptic ε-endoscopic data
attached to s1.
PROOF. If (H,H, s1, ξ) is another set of elliptic ε-endoscopic data attached to s1,
then ξ(H) = ξ1(H1). It follows from the definitions that (H,H, s1, ξ) is equivalent to
(H1,H1, s1, ξ1). 
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2.2.2. Explicit Description of H1. We now describe explicitly the quasi-split reduc-
tive F -group H1. Let σ be the generator of Gal(E/F ). Recall that H1 = Hˆ1 ⋊WF , and
the action of WF factors through WF /WE = Gal(E/F ). Consequently, H1 must split
over E.
To construct H1, we make use of the fact that there exists a maximal torus T1 of
H1 dual to the maximal diagonal torus Tˆ1 of Hˆ1; namely, X∗(T1) = X∗(Tˆ1), where
X∗(T1) := Hom(Gm,T1) and X∗(Tˆ1) := Hom(Tˆ1,C×). We have:
X∗(Tˆ1) = {(x, y; z, t) ∈ Z2 × Z2 : x+ y = z + t},
where (x, y; z, t)(diag(a, b), c, d) := axbyczdt for all (diag(a, b), c, d) ∈ Tˆ1.
The Galois action of σ on Tˆ1 is given by σ(diag(a, b), c, d) = (diag(a, b), d, c). This
induces an action on X∗(Tˆ1) and consequently on X∗(T1), namely:
σ(x, y; z, t) = (x, y; t, z), ∀(x, y; z, t) ∈ X∗(T1).
We conclude that
T1 = (Gm ×Gm × RE/FGm)′,
where RE/FGm is the F -group obtained fromGm on restricting scalars from E to F , and
the prime indicates that the product of the first two factors is equal to the norm of the third
factor in Gm.
The algebraic group H1 is defined by its root datum, which is the dual of the root
datum of Hˆ1 (see [Sp]). Having found the dual of Tˆ1, it remains to find the dual of the root
lattice and make a choice of splitting. We skip this routine procedure. The resulting group
is
H1 = (GL(2)× RE/FGm)′,
where the prime indicates that the determinant of the first factor is equal to the norm of the
second factor in Gm.
Since H1 is split over E and the group of E-points of RE/FGm is E× × E×, the
group of E-points of H1 is H1(E) =(
GL(2, E)× E× × E×)′ := {(g, γ, δ) ∈ GL(2, E)× E× × E× : det g = γδ} .
For any γ ∈ E, put γ¯ := σγ. For g = (gij) ∈ GL(2, E), put g¯ := (gij). The action of σ
on H1(E) is induced by the action of σ on Hˆ1, namely:
σ∗ : (g, γ, δ) 7→ (g¯, δ¯, γ¯) , ∀(g, γ, δ) ∈ (GL(2, E)× E× × E×)′ .
The F -points of H1 are the elements in H1(E) which are fixed by σ∗; thus,
H1(F ) = (GL(2, F )× E×)′ := {(g, γ) ∈ GL(2, F )× E× : det g = NE/F γ} .
Suppose F is a number field. The norm mappingNE/F : E → F induces a norm mapping
NE/F : AE → AF on the ade`les , and the group of AF -points of H1 is
H1(AF ) = (GL(2,AF )× A×E)′ := {(g, γ) ∈ GL(2,AF )× A×E : det g = NE/F γ} .
At each place v of F , the Galois action on H1 as an Fv-group is compatible with the Galois
action on H1 as an F -group. At a place v which does not split in E, Ev := E ⊗F Fv is
a field and Gal(Ev/Fv) embeds isomorphically into Gal(E/F ). Consequently, the Fv-
group H1 splits over Ev and its group of Fv-points is as follows:
H1(Fv) =
(
GL(2, Fv)× E×v
)′
:=
{
(g, γ) ∈ GL(2, Fv)× E×v : det g = NE/F γ
}
.
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If v splits into two places v1, v2 in E, then Ev1 = Ev2 = Fv and the Galois action on H1
as an Fv-group is trivial, i.e. H1 is split over Fv. We have H1(Fv) =(
GL(2, Fv)× F×v × F×v
)′
:=
{
(g, a, b) ∈ GL(2, Fv)× F×v × F×v : det g = ab
}
.
2.3. Endoscopic group H2
2.3.1. The Data (H2,H2, s2, ξ2). We now construct a set of elliptic ε-endoscopic
data (H2,H2, s2, ξ2), where
s2 =
(
1
−1
−1
1
)
.
Let
Hˆ2 =
{
(A,B, λ) ∈ GL(2,C)2 × C× : detA = detB = λ} .
Fix a splitting splHˆ2 = {Bˆ2, Tˆ2, {Xa, Xb}} of Hˆ2, where
Bˆ2 = {(( ∗ ∗∗ ) , ( ∗ ∗∗ ) , ∗)} ⊂ Hˆ2,
Tˆ2 is the maximal diagonal torus of Hˆ2, and
Xa = (( 0 10 0 ) , (
0 0
0 0 ) , 0) , Xb = ((
0 0
0 0 ) , (
0 1
0 0 ) , 0)
are elements in the Lie algebra of Hˆ2.
Define an action of WF on Hˆ2 by
w(A,B, λ) =
{
(B,A, λ) if w ≡ σ mod WE ,
(A,B, λ) otherwise.
This defines a semi-direct product H2 = Hˆ2 ⋊WF . Since the action of WF fixes splHˆ2 ,
H2 is an L-group, with Hˆ2 as its identity component.
We define an L-group embedding ξ2 : H2 → Gˆ as follows: Put[(
a b
c d
)
,
(
e f
g h
)]
:=
(
a b
e f
g h
c d
)
.
Define the restriction of ξ2 to Hˆ2 by
ξ2|Hˆ2(A,B, λ) = [A,B], ∀(A,B, λ) ∈ Hˆ2.
Then, Hˆ2 is isomorphic to Cent(s2, Gˆ)0 via ξ2|Hˆ2 . Put w0 := ( 11 ) ∈ GL(2,C). Let
ξ2(1⋊ w) =
{
( w0 w0 ) if w ≡ σ mod WE ,
1 otherwise.
Let H2 be the unique quasi-split reductive group over F whose L-group LH2 is H2. One
can check to see that (H2,H2, s2, ξ2) is a set of elliptic ε-endoscopic data.
2.4. Claim. Up to equivalence, (H2,H2, s2, ξ2) is the unique elliptic ε-endoscopic data
attached to s2.
PROOF. As in the case of s1, if (H,H, s2, ξ) is another set of elliptic ε-endoscopic
data attached to s2, then ξ(H) = ξ2(H2). It follows from the definitions that (H,H, s2, ξ)
is equivalent to (H2,H2, s2, ξ2). 
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2.3.2. Explicit Description of H2. We now give an explicit description of the quasi-
split, reductive F -group H2. The action of WF on Hˆ2 factors through WF /WE =
Gal(E/F ). Consequently, the group H2 is split over the quadratic extension E.
To find H2, let T2 be the maximal torus of H2 which is dual to the maximal diagonal
torus Tˆ2 of Hˆ2. Thus, X∗(T2) is equal to
X∗(Tˆ2) = {(x, y; z, t;w) ∈ Z2 × Z2 × Z}/{(n, n;m,m;−n−m) : m,n ∈ Z},
where
(x, y; z, t;w)(diag(a, b), diag(c, d), λ) = axbyczdtλw ,
∀(diag(a, b), diag(c, d), λ) ∈ Tˆ2.
The action of σ on Tˆ2 induces an action on X∗(Tˆ2); namely,
σ(x, y; z, t;w) = (z, t;x, y;w), ∀(z, t;x, y;w) ∈ X∗(Tˆ2).
We conclude that T2 is a torus whose group of E-points is{((
ζ1
ζ2
)
, ( γ1 γ2 ) , η
)
: ζ1, ζ2, γ1, γ2, η ∈ E×
}
/{(αI2, βI2, (αβ)−1) : αβ ∈ E×},
where I2 is the 2× 2 identity matrix. Put γ¯ := σγ for γ ∈ E. The action of σ on Tˆ2 gives
rise to an action of σ on T2(E) define by:
σ∗(diag(ζ1, ζ2), diag(γ1, γ2), η) = (diag(γ¯1, γ¯2), diag(ζ¯1, ζ¯2), η).
Having found the the dual of Tˆ2, we conclude without going through the details here that:
H2(E) =
(
GL(2, E)×GL(2, E)× E×) /{(αI2, βI2, (αβ)−1) : α, β ∈ E×} .
For g = (gij) ∈ GL(2, E), let g¯ = (gij). The Galois action on Hˆ2 induces an action
on H2(E) defined by:
σ∗ : (g1, g2, ζ) 7→ (g¯2, g¯1, ζ¯), ∀(g1, g2, ζ) ∈ H2(E).
2.5. Claim. The group of F -points of H2 is
H2(F ) = {(g, g¯, c) : g ∈ GL(2, E), c ∈ F×}/{(zI2, z¯I2,NE/F z−1) : z ∈ E×}
∼=
(
GL(2, E)× F×) /{(zI2,NE/F z−1) : z ∈ E×} .
PROOF. The group of F -points of H2 consists of the set of equivalence classes rep-
resented by (g, h, ζ) ∈ GL(2, E)×GL(2, E)×F× such that (g, h, ζ) ≡ (h¯, g¯, ζ¯) modulo{(
αI2, βI2, (αβ)
−1) : α, β ∈ E×}.
Suppose (g, h, ζ) ≡ (h¯, g¯, ζ¯), then there exist α, β ∈ E× such that
αg = h¯,
βh = g¯,
(αβ)−1ζ = ζ¯ .
This implies that α = β¯−1 and β−1ζ ∈ F×. Since
(g, h, ζ) ≡ (g, g¯, b−1ζ) = (g, h, ζ)(1, β, β−1) mod {(αI2, βI2, (αβ)−1)} ,
the claim follows. 
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Suppose F is a number field. The norm mapping NE/F : E → F induces a mapping
NE/F : AE → AF . The group of AF -points of H2 is:
H2(AF ) =
(
GL(2,AE)× A×F
)
/{(zI2,NE/F z−1) : z ∈ A×E}.
At a place v of F which does not split in E, the Galois group Gal(Ev/Fv) is isomorphic
to Gal(E/F ). Consequently, we have:
H2(Fv) = (GL(2, Ev)× F×v )/{(zI2,NE/F z−1) : z ∈ E×v }.
At a place v which splits in E, H2 is split over Fv, and H2(Fv) is equal to{
(g1, g2, c) ∈ GL(2, Fv)×GL(2, Fv)× F×v
}
/
{(
aI2, bI2, (ab
−1)
)
: a, b ∈ F×v
}
.
2.3.2.1. Summary. In summary, we work with the the following quasi-split reductive
F -groups:
• G = GSp(2) := {g ∈ GL(4) : tgJg = λ(g)J for some λ(g) ∈ Gm} , where
J =
(
1
1−1
−1
)
.
• H1 = (GL(2)× RE/FGm)′, whose group of F -points is:
H1(F ) = {(g, γ) ∈ GL(2, F )× E× : det g = NE/F γ}.
• The reductive group H2, whose group of F -points is:
H2(F ) =
(
GL(2, E)× F×) /{(zI2,NE/F z−1) : z ∈ E×}.
2.4. Norm Correspondence
Let F be a local field or a number field.
Terminology:
• For any algebraicF -groupH, we say that two elements h, h′ in H(F ) are conju-
gate (orF -conjugate) if there exists an element g ∈ H(F ) such that g−1hg = h′.
A conjugacy class in H(F ) consists of all elements in H(F ) which are conjugate
to one another.
• We say that h, h′ ∈ H(F ) are stably conjugate (or F¯ -conjugate) if there exists
an element g ∈ H(F¯ ) such that g−1hg = h′. A stable conjugacy class in H(F )
consists of all elements in H(F ) which are stably conjugate to a given one. We
say that a conjugacy class is stable if it coincides with the stable conjugacy class
which contains it.
• For our purpose, an element in H(F ) is semisimple if it is diagonalizable over
F¯ . A semisimple element is regular if its centralizer in H(F ) is a maximal
torus.
• A torus in H(F ) is elliptic if it is not contained in any proper parabolic subgroup
of H(F ). An element in H(F ) is elliptic if it is contained in an elliptic torus.
The goal of this work is to relate admissible representations of G(F ),H1(F ), and
H2(F ) if F is local, or automorphic representations of G(AF ),H1(AF ), and H2(AF )
if F is a number field. To do so, we need to introduce the notion of transfer of stable
conjugacy classes from H1,H2 to G.
Let H be an ε-endoscopic group of G with L-group embedding ξ : LH → LG. Let
CLss(H),CLss(G) denote the set of stable conjugacy classes of semisimple elements in
H(F ),G(F ), respectively.
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Let T = {diag(a, b, l/b, l/a) : a, b, l ∈ Gm} be the maximal diagonal torus of G. Let
TH be a maximal torus of H defined over F . Let λ be the unique map from X∗(TH) to
X∗(Tˆ ) such that the following diagram commutes:
X∗(TH)
λ //

X∗(T)

X∗(TˆH)
ξ
// X∗(Tˆ )
Here, the vertical isomorphisms are given by the correspondence between root data and
dual root data (see [Bo]).
Any semisimple δH ∈ H(F ) is F¯ -conjugate to some tH ∈ TH(F¯ ). Likewise, any
semisimple δ ∈ G(F ) is F¯ -conjugate to some t ∈ T(F¯ ). Let δ˜H ∈ CLss(H) denote
the stable conjugacy class of δH ∈ H(F ). Let δ˜ denote the stable conjugacy class of
δ ∈ G(F ).
Define a map AH\G : CLss(H) → CLss(G) as follows: AH\G(δ˜H) = δ˜ if there
exists tH ∈ TH(F¯ ), t ∈ T(F¯ ) such that
• tH is conjugate to δH in H(F¯ ), t is conjugate to δ in G(F¯ );
• χ(tH) = (λ(χ))(t) for all χ ∈ X∗(TH).
2.6. Definition. We say that δH ∈ H(F ) is a norm of δ ∈ G(F ) if δ˜ = AH/G(δ˜H).
If F is global, we say that δH = (δH,v) ∈ H(AF ) is a norm of δ = (δv) ∈ G(AF ) if
δH,v ∈ H(Fv) is a norm of δv ∈ G(Fv) for every place v of F .
In general, AH/G may not be one-to-one. Moreover, a regular element in H may be
a norm of a non-regular element in G. If δH ∈ H is a norm of a regular element in G, we
say that δH is G-regular. (Remark: A G-regular element in H is necessarily regular).
Note that AH/G is equivalent to a map
N : TH(F¯ )/WH → T(F¯ )/W,
whereW,WH are the Weyl groups associated with T(F¯ ),TH(F¯ ), respectively. More pre-
cisely, given any class t˜H ∈ TH(F¯ )/WH represented by tH ∈ TH(F¯ ), the class N(t˜H)
is represented by some t ∈ T(F¯ ) such that (λ(χ))(t) = χ(tH) for all χ ∈ X∗(TH). We
shall describe N explicitly in the next two sections.
In this work, we identify Gˆ with GSp(2,C) (see [Bo]). Write:
X∗(T) = {(x, y, z, t) ∈ Z4}/{(m,−m,−m,m) : m ∈ Z},
where (x, y, z, t)δ := axby(l/b)z(l/a)t for all δ = diag(a, b, l/b, l/a) ∈ T. Write:
X∗(Tˆ ) = {(x, y, z, t) ∈ Z4 : x+ t = y + z},
where (x, y, z, t)ζ := diag(ζx, ζy, ζz , ζt) ∈ T for all ζ ∈ Gm.
The isomorphism ι : X∗(T)→ X∗(Tˆ ), determined from the identification of Gˆ with
GSp(2,C), is defined as follows:
ι : (x, y, z, t) 7→ (x+ y, x+ z, t+ y, t+ z),
ι−1 : (x, y, z, t) 7→ (x− z, z, t, 0).
For i = 1, 2, let Ti denote the maximal diagonal torus of Hi. Let Wi be the Weyl
group of Ti(F¯ ) in Hi(F¯ ). Let Ni denote the map N from Ti(F¯ )/Wi to T(F¯ )/W defined
above.
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2.4.1. Norm Correspondence for H1. Recall that
Hˆ1 =
(
GL(2,C)× C× × C×) /{(diag(z, z), z−1, z−1) : z ∈ C×}.
We have chosen the embedding ξ1 : Hˆ1 → Gˆ to be ξ1 : (A, u, v) 7→ ( uA veAe ), where
e :=
(
1
−1
)
. Write:
X∗(T1) = {(x1, y1; z1, t1) ∈ Z4}/{(z, z,−z,−z) : z ∈ Z},
where
(x1, y1; z1, t1)(diag(a, b), c, d) := a
x1by1cz1dt1 , ∀(diag(a, b), c, d) ∈ T1.
2.7. Claim. The map N1 : T1(F¯ )/W1 → T(F¯ )/W is given by
N1 : (diag(a, l/a); b, l/b) 7→ diag(b, a, l/a, l/b).
PROOF. The lattice X∗(T1) is isomorphic to X∗(Tˆ1) in the following way: For any
(x1, y1; z1, t1) ∈ X∗(T1), its image in X∗(Tˆ1) is the homomorphism which maps any
ζ ∈ C× to diag((ζx1 , ζy1), ζz1 , ζt1). The embedding of X∗(Tˆ1) in X∗(Tˆ ) is given by
ξ1 : (x1, y1; z1, t1) 7→ (z1 + x1, z1 + y1, t1 + x1, t1 + y1).
The map λ : X∗(T1)→ X∗(T) is therefore given by
λ : (x1, y1; z1, t1) 7→ ι−1 ◦ ξ1(x1, y1; z1, t1) = (z1 − t1, t1 + x1, t1 + y1, 0)
Suppose an element t1 = (diag(a1, l1/a1); b1, l1/b1) in T1(F¯ ) is a norm of an ele-
ment t = (a, b, l/b, l/a) in T(F¯ ). By definition, this means that χ(t1) = (λ(χ))(t′) for
some t′ conjugate to t and for all χ ∈ X∗(T1). Without loss of generality, assume t′ = t.
We have:
a1
x1(l1/a1)
y1b1
z1(l1/b1)
t1 = a1
x1−y1bz1+t1(l/b)t1+y1 = az1−t1bx1−y1(l/b)t1+y1
for all (x1, y1, z1, t1) ∈ X∗(T1); hence, a = b1, b = a1, l = l1, which completes the
proof. 
2.4.2. Norm Correspondence for H2. To compute the norm correspondence be-
tween G and H2, we carry out the same procedure employed for H1. Let I2 be the
2× 2 identity matrix. Write:
H2(F¯ ) =
(
GL(2, F¯ )×GL(2, F¯ )× F¯×) /{(aI2, bI2, (ab)−1) : a, b ∈ F¯×}.
A typical element in T2(F¯ ) is represented by
(diag(a, b), diag(c, d), 1) ∈ GL(2, F¯ )×GL(2, F¯ )× F¯×.
2.8. Claim. The map N2 : T2(F¯ )/W2 → T(F¯ )/W is given by
N2 : (diag(a, b), diag(c, d), 1) 7→ diag(ac, ad, bc, bd).
PROOF. We have:
X∗(T2) = {(x2, y2; z2, t2) ∈ Z4 : x2 + y2 = z2 + t2},
where
(x2, y2; z2, t2)(diag(a, b), diag(c, d), 1) := a
x2by2cz2dt2 ,
∀(diag(a, b), diag(c, d), 1) ∈ T2.
The embedding of X∗(Tˆ2) = X∗(T2) in X∗(Tˆ ) is given by
ξ2 : (x2, y2; z2, t2) 7→ (x2, z2, t2, y2).
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Thus, λ : X∗(T2)→ X∗(T) is given by
λ : (x2, y2; z2, t2) 7→ ι−1(x2, z2, t2, y2) = (x2 − t2, t2, y2, 0).
Suppose an element t2 = (diag(a2, b2), diag(c2, d2), 1) in T2(F¯ ) is a norm of some
t = (a, b, l/b, l/a) ∈ T(F¯ ). Then by definition we must have χ(t2) = (λ(χ))(t′) for
some t′ conjugate to t and for all χ ∈ X∗(T2). Without loss of generality, assume that
t′ = t. We have:
ax22 b
y2
2 c
z2
2 d
t2
2 = (a2c2)
x2(b2c2)
y2(d2/c2)
t2 = ax2−t2bt2(l/b)y2 = ax2(b/a)t2(l/b)y2
for arbitrary (x2, y2, z2, t2;w) ∈ X∗(T2) (The first equality is valid because of the condi-
tion that x2 + y2 = z2 + t2). We conclude that:
a = a2c2, l/b = b2c2, b/a = d2/c2;
hence, t = diag(a2c2, a2d2, b2c2, b2d2). 
2.4.3. Norm Correspondence for F -Points. Let G = G(F ), Hi = Hi(F ) (i =
1, 2). We have described the norm correspondence among the F¯ -points of the groups.
We now describe the norm correspondence among non-elliptic or central elements in G,
H1, H2. Knowing the norm correspondence for these types of elements is a prerequisite to
stating certain useful character identities in Chapter 5. The norm correspondence among
elliptic regular elements is addressed in Appendix B.
Recall that E is the quadratic extension of F which corresponds to ε. Suppose E =
F (
√
A) for some element A ∈ F× − F×2. For any element γ = a+ b
√
A in E×, where
a, b ∈ F , put
φA(γ) :=
(
a bA
b a
)
∈ GL(2, F ).
The (not necessarily distinct) eigenvalues of φA(γ) are γ, σγ, where σ is the generator
of Gal(E/F ). Observe that detφA(γ) = a2 − b2A = NE/F γ, and φA defines an em-
bedding of E× onto a maximal elliptic torus in GL(2, F ). Moreover, φA(σγ) is equal to(
1
−1
)−1
φA(γ)
(
1
−1
)
.
2.9. Claim. Let δ1 = (diag(a, b), γ) be an element inH1. Then, δ1 is a norm of
( a
φA(γ)
b
)
∈
G.
PROOF. The image of δ1 in T1(F¯ ) is (diag(a, b), γ, σγ). The rest follows from Claim
2.7. 
Note that since norm correspondence is defined up to stable conjugacy, the elements
(diag(a, b), γ) and (diag(a, b), σγ) in H1 are both norms of the same element in G.
2.10. Claim. Let (diag(α, β), c) be an element in GL(2, E)×F×, and δ2 its image in H2.
Then, δ2 is a norm of
( cNE/Fα
cφA(ασβ)
cNE/Fβ
)
∈ G.
PROOF. The image of δ2 in T2(F¯ ) is represented by
(( α β ) , c (
σα
σβ ) , 1) ∈ GL(2, F¯ )×GL(2, F¯ )× F¯×.
The rest follows from Claim 2.8. 
Note that the elements (diag(α, β), c) and (diag(σα, σβ), c) in H2 are both norms of
the same element in G.
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2.4.3.1. Central Elements. The center of G is Z = {diag(z, z, z, z) : z ∈ F×}. The
maximal F -split component of the center of H1 is
Z0(H1) =
{
(diag(z, z), z) : z ∈ F×} .
The maximal F -split component of the center of H2 is
Z0(H2) =
{
(diag(1, 1), z)∗ : z ∈ F×
}
,
where lower * denotes the equivalence class of the element modulo the group
{(diag(x, x),NE/F x−1) : x ∈ E×}.
2.11. Corollary. The elements (diag(z, z), z) in Z0(H1) and (diag(1, 1), z)∗ in Z0(H2)
are norms of diag(z, z, z, z) ∈ Z .
2.4.3.2. Split Case. Suppose F is a number field. Let v be a place of F where εv = 1.
Then, H1(Fv) = {(g, a, b) ∈ GL(2, Fv)× F×v × F×v : det g = ab}, and H2(Fv) is
{(g1, g2, c) ∈ GL(2, Fv)×GL(2, Fv)× F×v }/{(aI2, bI2, (ab)−1) : a, b ∈ F×v }.
2.12. Claim. The element δ1 = (diag(c, d), a, b) ∈ H1(Fv) is a norm of the element
diag(c, a, b, d) ∈ G(Fv).
PROOF. This follows from Claim 2.7. 
2.13. Claim. The element δ2 = (diag(a, b), diag(c, d), 1)∗ ∈ H2(Fv) is a norm of
diag(ac, ad, bc, bd) ∈ G(Fv).
PROOF. This follows from Claim 2.8. 
2.5. Matching Functions
Suppose F is a local field. Let G = G(F ). Let ε be a quadratic character of F×.
Fix a character ω of the center of G. For any regular element t ∈ G, let ZG(t) denote the
centralizer of t inG. In particular, since t is regular,ZG(t) is a maximal torus. LetC(G,ω)
denote the space of functions on G which are smooth, compactly supported modulo center,
and transform under the center of G via ω−1. For f ∈ C(G,ω), put
OG(f, t) :=
∫
ZG(t)\G
f(g−1tg)ε(g) dg.
Let H be either H1 or H2. Let H = H(F ). The character ω defines a character of
Z0(H) ∼= Z . Let C(H,ω) denote the space of functions on H which are smooth, com-
pactly supported modulo Z0(H), and transform under Z0(H) via ω−1. For any G-regular
element tH ∈ H and function fH ∈ C(H,ω), put
OH(fH , tH) :=
∫
ZH(tH )\H
fH(h
−1tHh) dh
and
SOH(fH , tH) :=
∑
t′H
OH(fH , t
′
H),
where the sum is taken over a set of representatives for the conjugacy classes of elements
t′H ∈ H in the stable conjugacy class of tH .
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Let H ′ denote the subgroup of G-regular elements in H . A conjecture of Langlands
asserts that there exists a function∆G/H on H ′×Gwith the following property: For every
f ∈ C(G,ω), there exists a function fH ∈ C(H,ω) such that
(2.1) SOH(fH , tH) =
∑
t
∆G/H(tH , t)OG(f, t), ∀ tH ∈ H ′,
where the sum is over a set of representatives for the F -conjugacy classes of regular ele-
ments t ∈ G. We say that f, fH are matching functions if the above identity holds. The
function ∆G/H , called the transfer factor, is defined in [LS] in the standard case (where
ε = 1) and in [KS] in a more general twisted context. In certain special cases, one may
find a description of it in [H], [H1]. The transfer factor is expected to satisfy a host of
properties (see [KS]). A full discussion of the transfer factor is beyond the scope of this
work, but we do specify it explicitly in the unramified case, which is needed for the Fun-
damental Lemma (see below). We list here some properties of ∆G/H which are of interest
to us:
• ∆G/H(tH , t) = 0 if tH is not a norm of t.
• For all g ∈ G, ∆(tH , g−1tg) = ε(g)∆(tH , t).
Note that, without the second property, the right hand side of (2.1) is not well defined.
Suppose now that F is a number field. Let ε be a quadratic character of CF . Let
H be an elliptic ε-endoscopic group of G over F . Let G = G(F ) and Gv = G(Fv)
for any place v of F . Define H,Hv likewise. Suppose f ∈ C(G(AF ), ω) and fH ∈
C(H(AF ), ω) are products of local functions fv, fH,v, respectively. We say that f and fH
are matching functions if fv and fH,v are matching for all v ∈ V .
2.5.1. The Fundamental Lemma. An ingredient in the conjecture on the existence
of matching functions is the “Fundamental Lemma”, which is actually a conjecture. Let F
be a local field. Let ε be a quadratic character of F×. Let H be an elliptic ε-endoscopic
group of G over F . Let O be the ring of integers in F . Assume that H is defined over
O. Let K = G(O), KH = H(O). Let H(G) be the Hecke algebra of smooth, compactly
supported, K-biinvariant functions on G. Define H(H) likewise, with K replaced with
KH . The L-group embedding ξ : LH → Gˆ induces a map
bξ : H(G)→ H(H).
The Fundamental Lemma asserts that f and bξ(f) are matching functions for any f in
H(G).
Suppose F is a number field. Hales shows in [H2] that if one can show that the
unit elements of H(Gv) and H(Hv) have matching orbital integrals for almost all finite
places v, then the Fundamental Lemma follows. Note that even though the title of [H2]
reads “standard endoscopy,” the paper does in fact cover our situation. Using this result
of Hales’ and the results of Flicker’s in [F3], we prove in Appendix B the Fundamental
Lemma in the context of G and its ε-endoscopic groups.
CHAPTER 3
The Trace Formula
3.1. The fine χ-expansion
3.1.1. An Overview. Let F be a number field. Let V be the set of places of F . For
any finite place v, let Ov be the ring of integers of Fv . Let H be a reductive F -group. Let
Z0 be the maximalF -split component of the center Z of H. Let ε be a character of H(AF )
whose restriction to Z(AF ) is trivial. From now on, by a group we mean an F -group.
Fix a character ω of Z0(F )\Z0(AF ). For any place v of F , let Hv = H(Fv). Let
C(Hv, ωv) be the space of smooth functions fv on Hv such that fv is compactly supported
modulo Z0,v and fv(zh) = ω−1v (z)f(h) for all z ∈ Z0,v, h ∈ Hv .
At a finite place v where H is defined over Ov , let Kv denote the hyperspecial, max-
imal compact subgroup H(Ov) of Hv. Let H(Hv, ωv) denote the Hecke algebra of Kv-
biinvariant functions in C(Hv, ωv). If v is archimedean, fix a maximal compact subgroup
of Hv, and let H(Hv, ωv) be the set of Kv-finite functions in C(Hv, ωv).
Let C(H(AF ), ω) denote the span of the smooth, compactly supported functions on
H(AF ) which are of the form ⊗vfv, where fv ∈ C(Hv, ωv) for all v and fv is a unit in
the Hecke algebra H(Hv, ωv) for almost all finite v. In this work, whenever we mention
a function f ∈ C(H(AF ), ω), we assume that f is the product of local components fv.
Since such functions span C(H(AF ), ω), our assumption has no ill effect on our attempt
to understand the spectrum of H(AF ).
Fix a minimal (F -)parabolic subgroup P0 of H. Let A0 be the maximal F -split
component of the (F -)Levi subgroup of P0. Let W (A0, H) be the Weyl group of A0 in
H. For any Levi subgroup M of H, let AM denote the split component of the center of
M. Let X∗(AM ) = Hom(Gm,AM ). Let aM denote X∗(AM )⊗Z R. Let a∗M denote the
dual of aM . Let P(M) denote the set of all (F -)parabolic subgroups of H containing M.
We fix a maximal compact subgroup K = ⊗v∈VKv in H(AF ), where Kv = H(Ov)
for every finite place v such that H is defined overOv, and Kv is a fixed maximal compact
subgroup in H(Fv) for the rest of the places v.
Let M be a Levi subgroup in H. For any ζ ∈ a∗M , let χζ denote the character of
M(AF ) associated with ζ. For any m ∈ M(AF ), let HP (m) be the element in aM
uniquely defined by the condition: e〈ζ,HP (m)〉 = χζ(m) for all ζ ∈ a∗M .
For any parabolic subgroup P ∈ P(M), representation τ of M(AF ), and element
ζ ∈ a∗M , let IP,τ (ζ) denote the H(AF )-module normalizedly induced from the M(AF )-
module which sends an element m in M(AF ) to τ(m)e〈ζ,HP (m)〉. In other words, IP,τ (ζ)
is the right regular action on the space of smooth functions φ on H(AF ) which satisfy:
φ(mg) = (δ1/2τ)(m)φ(g) for all m ∈ M(AF ) and g ∈ H(AF ). Here, δ(m) is defined
as |det (Ad m|n)|, where n denotes the Lie algebra of the unipotent component of P. For
any function f in C(H(AF ), ω), let IP,τ (ζ, f) denote the convolution operator∫
Z0(AF )\H(AF )
(IP,τ (ζ)) (h)f(h) dh,
27
28 3. THE TRACE FORMULA
where dh is a fixed Tamagawa measure on H(AF ).
Let WH(M) denote the group of automorphisms of aM obtained by restricting ele-
ments s ∈ W (A0, H) which satisfy s(M) = M. We define an action of WH(M) on the
set of all M(AF )-modules as follows: For any element s in WH(M) and any M(AF )-
module τ , let sτ denote the M(AF )-module:
m 7→ τ((s′)−1m), ∀m ∈M(AF ),
where s′ is a preimage of s in W (A0, H). Up to equivalence of representations, sτ is
independent of this choice of preimage.
Suppose τ is equivalent to sετ for some s ∈ WG(M). Let IP,τ (ε) be the operator on
the space of IP,τ which sends φ(g) to ε(g)φ(g). Then, IP,τ (ε) intertwines IP,τ (ζ) with
εIP,ετ (ζ) for any ζ ∈ aM . Let MP (s, ζ) be an operator which intertwines IP,τ (ζ) with
IP,sτ (sζ). Then, IP,sτ (ε)MP (s, ζ) intertwines IP,τ (ζ) with εIP,sετ (sζ) = εIP,τ (sζ). Put
IP,τ (ζ, f × ε) := IP,τ (ζ, f)IP,ζ(ε).
The ε-twisted trace formula ([CLL]) is the equality
(3.1)
∑
{O}
JTO,ε(f) =
∑
{χ}
JTχ,ε(f),
where the left (resp. right) hand side of the equation is the integral over the diagonal
subgroup of the modified geometric (resp. spectral) kernel of the operator ρ(f)ρ(ε) (see
Chapter 1 for the definitions of symbols). The modification depends on an element T ,
called a truncation parameter, in the Lie algebra of a fixed minimal Levi subgroup of
H. Each side of (3.1) is defined only when T is sufficiently regular (see [CLL]). The sum∑
{χ} J
T
χ,ε(f) is called the (twisted-)fine χ-expansion of H.
It is important to note that the authors of [CLL] have skipped giving a precise form of
the fine χ-expansion for the twisting by ρ(ε). We take the liberty here to describe without
proof the sum
∑
{χ} J
T
χ,ε(f) (For instance, we can bypass the twisting by considering the
untwisted trace formula for the group described in Lemma 4.39).
For f inC(H(AF ), ω), the fine χ-expansion is a sum over the set of quadruples {χ} =
(M,L, τ, s) consisting of Levi subgroups M,L of H, an element s ∈ WG(M), and a
discrete spectrum automorphic representation τ of M(AF ) such that:
• M ⊂ L;
• aL is the subspace of aM fixed pointwise by s;
• τ is trivial on exp aM ;
• the restriction of τ to Z0(AF ) is equal to ω;
• sτ is equivalent to ετ .
We say that a parabolic subgroup is standard if it contains the fixed minimal parabolic
subgroup P0. Let P ∈ P(M) be the standard parabolic subgroup with Levi component
M. The term associated with (M,L, τ, s) in the fine χ-expansion is the product of
(3.2) |W (A0,M)||W (A0, H)|
∣∣det(1− s)|aM/aL ∣∣−1
and
(3.3) (2π)− dim(aL/aH)
∫
ia∗L/ia
∗
H
trMTL(P, ζ)IP,τ (ζ, f × ε)MP (s, ζ)dζ.
Here, MTL(P, ζ) is the logarithmic derivative of an intertwining operator. We will not
reproduce here the defintion of MTL(P, ζ). We only use the fact that MTL(P, ζ) = 1 when
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L is equal H. In particular, the term in the expansion associated with a quadruple of the
form (M,H, τ, s) is
(3.4) |W (A0,M)||W (A0, H)|
∣∣det(1− s)|aM/aL ∣∣−1 tr IP,τ (ζ, f × ε)MP (s, 0).
We call the sum of all the terms in the form (3.4) the discrete part of the fine χ-expansion
of the ε-twisted trace formula. We denote it by Id(H, f, ε). We call the sum of the rest
of the terms the continuous part and denote it by Ic(H, f, ε). If ε = 1, we simply write
Id(H, f) (resp. Ic(H, f)) for Id(H, f, 1) (resp. Ic(H, f, 1)). Observe that the ε-twisted
trace of a discrete spectrum representation π of H(AF ) corresponds to the the quadruple
(H,H, π, 1). For any quadruple of the form (M,H, τ, s) and parabolic subgroup P in
P(M), we say that the (normalizedly) parabolically induced representation IP,τ occurs
ε-discretely in the spectrum of H(AF ).
In this work, we only study the discrete parts of the spectral expansions of the groups.
We now list the terms which occur in Id(GSp(2), f, ε) and Id(Hi, fi) (i = 1, 2).
Notation:
• For any number field L, let CL denote the ide`le class group L×\A×L .
• For any character θ of CE , put σθ(x) := θ(σx) for all x ∈ A×E . We say that θ is
σ-invariant if θ = σθ.
• Let ωπ denote the central character of a representation π.
Terminology:
• Let L be a quadratic extension of F . We say that an automorphic representation
π of GL(2,AF ) is L-monomial if it is the monomial representation π(θ) asso-
ciated with a character θ of CL. In particular, if µ is the class field character of
L/F , then µπ(θ) is equivalent to π(θ), and the central character ωπ(θ) is equal
to θ|
A
×
F
· µ (see [JL, Thm. 4.6], [K]).
• Let (ε-)DOR stand for “(ε)-discretely occurring representation.”
3.1.2. ε-DOR of GSp(2,AF ). Let G = GSp(2). Let Z be the center of G. It is
isomorphic to Gm. In particular, the maximal F -split component Z0 of the center is Z
itself. We fix a character ω of Z0(F )\Z0(AF ).
Recall that we have fixed a quadratic character ε of CF . It induces a character of
GSp(2,AF ) defined by ε(g) = ε(λ(g)). In this section, we list all quadruples (M,G, τ, s)
which satisfy the conditions mentioned in the previous section.
If the quadruple has the form (G,G, τ, s), then s is necessarily trivial, and τ can
be any discrete spectrum automorphic representation of G(AF ) with the property that
ωτ = ω. In this case, the intertwining operator MG(1, 0) is equal to 1. The contribution to
the fine χ-expansion corresponding to (G,G, τ, 1) is therefore
tr τ(f × ε),
where τ(f × ε) denotes τ(f)ρ(ε).
We now list all the valid quadruples for the proper Levi subgroups M of G. There are
5 proper Levi subgroups: A0,Mα,M′α,Mβ ,M′β , which we shall describe shortly.
We choose P0 to be the upper triangular subgroup in G. Its Levi subgroup is A0 =
{diag(a, b, λ/b, λ/a) : a, b, λ ∈ Gm}. The F -split component of the center of A0 is A0
itself. A basis of the root system associated with the pair (G,A0) is
∆ = ∆(G,P0,A0) = {α, β},
30 3. THE TRACE FORMULA
where α(t) := a/b, β(t) := b2/λ for all t = diag(a, b, λ/a, λ/b). The root system is
R = R+ ∪ −R+, where R+ = R+(G,P0,A0) = {α, β, α + β, 2α + β} is a fixed set
of positive roots. Let X∗(A0) = Hom(Gm,A0). Let a0 = X∗(A0) ⊗ R. We identify a0
with the real vector space {(x, y, t− x, t− y) : x, y, t ∈ R} ∼= R3.
Let V be the space of weights ([Sp]) associated with the pair (G,A0). The Weyl
group W (A0, G) of A0 in G corresponds to the group of automorphisms of V which are
generated by reflections associated with the roots in R+. For a root γ ∈ R+, let sγ denote
the Weyl group element which corresponds to the reflection over γ.
The Weyl groupW (A0, G) is isomorphic toD4, the dihedral group of order 8. Viewed
as a permutation group on four letters (corresponding to the four entries of an element in
A0), it consists of the following elements:
• sα = (12)(34),
• sβ = (23),
• s2α+βsα = (1243),
• ρ := sβsα = (1342),
• sα+β = (24)(13),
• s2α+βsβ = (23)(14),
• s2α+β = (14).
Note that ρ = sβsα has order 4, and W (A0, G) = 〈sβ, ρ〉 .
Let e denote the element diag(1,−1) in GL(2). The proper Levi subgroups of G
which strictly contain A0 are:
Mα =
{
blockdiag
(
g,
λ
det g
ege
)
: g ∈ GL(2), λ ∈ Gm
}
, M′α = sβMαsβ,
Mβ = {blockdiag(a, g, (det g)/a) : a ∈ Gm, g ∈ GL(2)}, M′β = sαMβsα.
3.1.2.1. ε-DOR associated with A0. Suppose (A0,G, τ, s) is a quadruple satisfying
the conditions outlined in Section 3.1.1. The discrete representation τ of A0(AF ) has the
form:
τ = µ1 ⊗ µ2 ⊗ µ : diag(a, b, λ/b, λ, a) 7→ µ1(a)µ2(b)µ(λ)
for some characters µ1, µ2, µ of CF . Let µ1 × µ2 ⋊ µ denote the (normalizedly) paraboli-
cally induced representation IP0 (µ1 ⊗ µ2 ⊗ µ) of G(AF ).
For as0 to equal aG, the element s in WG(A0) = W (A0, G) must be one of ρ, ρ2, ρ3.
By assumption, sτ ∼= ετ and ωτ = ω, which implies that the following holds:
• If s = ρ or ρ3, then τ must have the form ε⊗ ε⊗ µ for some character µ of CF
such that µ2 = ω.
• If s = ρ2, then τ must have the form ε′ ⊗ ε′ε ⊗ µ for some characters ε′, µ of
CF such that (ε′)2 = 1 and εµ2 = ω.
We have: |W (A0, A0)| = 1, |W (A0, G)| = 8. For s = ρ, ρ3, det
(
(1− s)|a0/aG
)
is equal
to 2, while
∣∣det(1− ρ2)|a0/aG ∣∣ = 4.
Notation: For any representation τ of M(AF ) and element w in the Weyl group
W (A0, G), let wτ denote τ ◦w.
The orbit of ε ⊗ ε ⊗ µ under W (A0, G) = D4 is of order 2. Consequently, the
set of quadruples {(A0,G,wτ, s) : s = ρ, ρ2, w ∈ W (A0, G)} has 4 distinct elements,
and they all give rise to the same representation IP0 (ε⊗ ε⊗ µ) = ε × ε ⋊ µ. Since
ε × ε ⋊ µ is irreducible, by Schur’s lemma we may normalize the intertwining operators
so that MP0(ρ, 0) =MP0(ρ2, 0) = 1.
3.1. THE FINE χ-EXPANSION 31
We conclude that the contribution from ε× ε⋊ µ to the fine χ-expansion is
4 · 1
8
1
2
· tr (ε× ε⋊ µ) (f × ε).
Similarly, the orbit of ε′⊗ε′ε⊗µ under W (A0, G) is of order 8, and the irreducibility
of ε′×ε′ε⋊µ implies thatMP0(ρ2, 0) = 1. Consequently, the contribution from ε′×ε′ε⋊µ
to the fine χ-expansion is
8 · 1
8
1
4
· tr (ε′ × ε′ε⋊ µ) (f × ε).
To summarize, the contribution to the fine χ-expansion from quadruples of the form
(A0,G, τ, s) is:
(3.5) 1
4
∑
µ2=ω
tr (ε× ε⋊ µ) (f × ε) + 1
4
∑
ε′2=1,
ε′µ2=ω
tr (ε′ × ε′ε⋊ µ) (f × ε).
3.1.2.2. ε-DOR associated with Mα. Suppose (Mα,G, τ, s) is a quadruple satisfy-
ing the conditions outlined in Section 3.1.1. The discrete spectrum representation τ of
Mα(AF ) has the form:
τ = π2 ⊗ µ : blockdiag
(
g,
λ
det g
ege
)
7→ µ(λ)π2(g),
where π2 is a discrete spectrum representation of GL(2,AF ) and µ is a character of CF .
Let Pα be the standard parabolic subgroup of G whose Levi component is Mα. Put
π2 ⋊ µ := IPα(π2 ⊗ µ).
The group WG(Mα) is represented by the elements {1, (24)(13)} in W (A0, G), and
aMα is equal to {(x, x, t − x, t − x) : x, t ∈ R} ∼= R2. For asM to equal aG, the element
s ∈WG(Mα) must be the restriction of sα+β = (24)(13). The following statements hold:
• π2 is ε-invariant; i.e., π2 is equivalent to the representation
επ2 : g 7→ ε(det g)π2(g), ∀g ∈ GL(2,AF ).
• ωπ2 = ε and εµ2 = ω.
By [JL, Thm. 4.6], there exists a character η of CE such that η 6= ση and π2 is the cuspidal
monomial representation π(η) associated with η. Moreover, since ωπ(η) is equal to η|A×F ·ε,
the character η|
A
×
F
must be trivial.
We have: |W (A0,Mα)| = 2,
∣∣det ((1− sα+β)|aMα/aG)∣∣ = 2. The orbit of the
representation τ = π(η) ⊗ µ under W (AMα , G) is of order 2, and both elements in the
orbit give rise to the same induced representation π(η) ⋊ µ of G(AF ). Since π(η) ⋊ µ is
irreducible ([ST]), we may normalize the intertwining operator MPα(sα+β , 0) to be 1.
For each {χ} = (Mα,G, τ, s), there is a representation τ ′ of M′α(AF ) and an element
s′ in WG(M ′α) such that the quadruple (M′α,G, τ ′, s′) contributes a term which is equal
to the contribution from {χ}. The contribution of tr (π(η)⋊ µ) (f × ε) to the fine χ-
expansion is therefore:
(3.6) 2 · 2 · 1
4
· 1
2
∑
η|
A
×
F
=1, εµ2=ω
tr (π(η) ⋊ µ) (f × ε).
32 3. THE TRACE FORMULA
3.1.2.3. ε-DOR associated with Mβ . Suppose (Mβ ,G, τ, s) is a quadruple satisfying
the conditions listed in Section 3.1.1. The discrete representation τ of Mβ(AF ) has the
form:
τ = µ⊗ π2 : blockdiag
(
a, g,
det g
a
)
7→ µ(a)π2(g),
where π2 is a discrete spectrum representation of GL(2,AF ) and µ is a character of CF .
Let Pβ be the standard parabolic subgroup of G whose Levi component is Mβ . Put
µ⋊ π2 := IPβ (µ⊗ π2).
The group WG(Mβ) is represented by {1, (14)} in W (A0, G), and aMβ is equal to
{(x, y, y, 2y− x) : x, y ∈ R} ∼= R2. For asM to equal aG, the element s ∈ WG(Mα) must
be the restriction of s2α+β = (14). The following statements hold:
• µ2 = 1.
• π2 is µε-invariant.
• µωπ2 = ω.
The classification can be refined further:
• If µ = 1, then π2 = π(χ) for some character χ of CE such that χ 6= σχ and
χ|
A
×
F
· ε = ω (see [JL], [K]). Observe that the orbit of 1⊗ π(χ) under WG(Mβ)
is of order 1.
• If µ 6= 1, ε, let Eµε be the quadratic extension of F corresponding to µε via
global class field theory. Suppose Gal(Eµε/F ) = 〈σ′〉. Then, π2 = π(θ) for
some character θ of CEµε such that θ 6= σ
′
θ and θ|
A
×
F
· ε = ω.
Let Eµ be the quadratic extension of F corresponding to µ. The orbit of
µ ⊗ π(θ) under WG(Mβ) is of order 2 if π(θ) is not Eµ-monomial (i.e., not a
monomial representation associated with a character of CEµ ). It is of order 1 if
π(θ) is Eµ-monomial.
• If µ = ε, then π2 can be any cuspidal or one dimensional automorphic represen-
tation of GL(2,AF ) with central character ωπ2 = εω. The orbit of ε⊗ π2 under
WG(Mβ) is of order 1 if π2 is E-monomial and of order 2 otherwise.
We have: |W (A0,Mβ)| = 2,
∣∣det ((1− s2α+β)|aMα/aG)∣∣ = 2. As in the case
of Mα, for every contribution to the spectral expansion from a quadruple of the form
(Mβ,G, τ, s), there is an equal contribution from a quadruple of the form (M′β,G, τ ′, s′).
Moreover, the elements in the orbit of τ = µ⊗π2 under WG(Mβ) all give rise to the same
representation µ ⋊ π2. Consequently, the contribution from representations of the form
µ⋊ π2 to the fine χ-expansion is the sum of the following terms:
(1) 2 · 1
4
· 1
2
∑
tr (1⋊ π(χ)) (f × ε)MPβ (s2α+β , 0), where the sum is over the
characters χ of CE such that χ|A×F = εω.
(2) 2 · 2 · 1
4
· 1
2
∑
tr (µ⋊ π(θ)) (f × ε)MPβ (s2α+β , 0). The sum is over the
nontrivial quadratic characters µ 6= ε of CF and cuspidal Eµε-monomial repre-
sentations π(θ) of GL(2,AF ), where θ is a character of CEµε , such that: π(θ) is
not Eµ-monomial and θ|A×F · ε = ω. Let σ
′ be the generator of the Gal(Eµε/F ).
It is known that π(θ) is Eµ-monomial if and only if σ
′
θ/θ = µ ◦ NE/F (see
[LL]).
(3) 2 · 1
4
· 1
2
∑
tr (µ⋊ π(θ)) (f×ε)MPβ (s2α+β , 0). The sum is over the nontrivial
quadratic characters µ 6= ε of CF , cuspidal Eµε-monomial representations π(θ)
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of GL(2,AF ), where θ is a character of CEµε , such that: σ
′
θ/θ is equal to µ and
θ|
A
×
F
· ε = ω.
(4) 2·2·1
4
·1
2
∑
tr (ε⋊ π) (f×ε)MPβ (s2α+β , 0). The sum is over all cuspidal non-
E-monomial, or one dimensional, automorphic representations π of GL(2,AF )
with central character ωπ = εω.
(5) 2 · 1
4
· 1
2
∑
tr (ε⋊ π) (f × ε)MPβ (s2α+β , 0). The sum is over all cuspidal E-
monomial automorphic representations π of GL(2,AF ) with central character
ωπ = εω.
Suppose an automorphic representation π = ⊗vπv of G(AF ) is ε-invariant. Assum-
ing that the multiplicity one theorem holds for GSp(2), the intertwining operator ρ(ε)
maps the space of π back to itself. Consequently, ρ(ε) defines at each place v a local op-
erator ρ(ε)v which intertwines πv with εvπv. Hence, for f ∈ C(G(AF ), ω), the twisted
character tr π(f × ε) may be expressed as the product∏v tr πv(fv × εv) of twisted local
characters. Here, tr πv(fv × εv) := tr πv(fv)ρ(ε)v .
We now examine the behavior of the intertwining operator MPβ (s2α+β , 0). Let π be
the induced representation µ ⋊ π2, where µ is a character of CF , and π2 is a cuspidal or
one dimensional automorphic representation of GL(2,AF ). At any place v of F for which
µv = 1 and π2,v is square integrable or one dimensional, the local representation πv is of
length two, with constituents π+v , π−v (tempered if π2,v is square integrable, nontempered
otherwise) (see [ST]). We normalize intertwining operators so that the local component
MPβ (s2α+β , 0)v of MPβ (s2α+β , 0) acts trivially on π+v , and via scalar multiplication by
−1 on π−v . At a place v where π2,v is parabolically induced and/or µv 6= 1, the representa-
tion πv is irreducible. For convenience, for such v we put π+v := πv and π−v := 0. Hence,
MPβ (s2α+β , 0)v acts trivially on π+v and via scalar multiplication by −1 on π−v , for all v.
Using the above notation, we write (recall that we assume f = ⊗vfv):
(3.7) tr π(f × ε)MPβ (s2α+β , 0) =
∏
v∈V
[
tr π+v (fv × εv)− tr π−v (fv × εv)
]
.
3.1.3. DOR for H1(AF ). The norm mapping NE/F : E → F induces the norm
mapping NE/F : AE → AF on the ade`les . Let GL(2,AF )E denote the subgroup of
GL(2,AF ) consisting of elements whose determinants lie in NE/FA×E . For any repre-
sentation τ of GL(2,AF ) and character χ of CE , let τ ⊗1 χ denote the representation of
H1(AF ) in the space of τ defined as follows:
τ ⊗1 χ : (g, x) 7→ χ(x)
(
τ |GL(2,AF )E
)
(g), ∀(g, x) ∈ H1(AF ).
Since any (g, x) ∈ H1(AF ) satisfies det g = NE/Fx, the representations τ ⊗1 χ and
µ−1τ ⊗1 (µ ◦NE/F )χ are equal to each other for any quasicharacter µ of CF . Moreover,
since the representation τ ⊗1 χ is defined by χ and the restriction of τ to the subgroup
GL(2,AF )
E of GL(2,AF ), it may be reducible even if τ is an irreducible representation
of GL(2,AF ) (see [LL]).
3.1.3.1. Discrete Spectrum Representations. Let (H1,H1, π, 1) be a quadruple for
the group H1. Then, π is an irreducible, discrete spectrum, automorphic representation
of H1(AF ), and it is an irreducible constituent of τ ⊗1 η for some irreducible, discrete
spectrum, automorphic representation τ of GL(2,AF ) and character µ of CE .
For any place v of F which remains prime in E, let
GL(2, Fv)
E = {g ∈ GL(2, Fv) : det g ∈ NE/FE×v }.
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If v splits in E, let GL(2, Fv)E = GL(2, Fv). The ade`lic group GL(2,AF )E is equal to
the restricted tensor product⊗v∈VGL(2, Fv)E (namely, almost all local components lie in
GL(2,Ov) ∩GL(2, Fv)E), and τ |GL(2,AF )E = ⊗vτv|GL(2,Fv)E .
Let v be any place of F . From [LL], the restriction of τv to GL(2, Fv)E is reducible
if and only if v is prime in E, and τv is the Ev-monomial representation associated with
some character θv of E×v . In this case, the representation τv|GL(2,Fv)E has length two, with
constituents τ+v and τ−v . For convenience, if τv is irreducible, we let τ+v = τv and τ−v = 0.
If τv|GL(2,Fv)E is unramified, we let τ+v be the constituent which contains the (unique up
to scalar multiple) GL(2,Ov)-fixed vector. If τv|GL(2,Fv)E has length two and is ramified,
then which constituent to label π+v and which to label π−v is irrelevant for our purpose.
We let π+v = τ+v ⊗1 ηv and π−v = τ−v ⊗1 ηv for any place v of F . Let τv ⊗1 ηv denote
the local packet {π+v , π−v }. We define the global packet τ ⊗1 η to be the restricted tensor
product
⊗v∈V {τv ⊗1 ηv} := {⊗vπ′v : π′v ∈ {π+v , π−v }, π′v = π+v almost all v}.
Recall our assumption that the global test functions are tensor products of local compo-
nents. For f1 = ⊗v∈V f1,v in C(H1(AF ), ω), put
tr (τ ⊗1 η) (f1) :=
∏
v∈V
[
tr π+v (fv) + π
−
v (fv)
]
.
The distribution f1 7→ tr (τ ⊗1 η) (f1) defines a distribution on C(H1(AF ), ω) which is
invariant under stable conjugacy.
If τ is not an E-monomial representation, then by [LL] each member of τ ⊗1 η occurs
with multiplicity one in the discrete spectrum of H1(AF ). Thus, the contribution of the
packet τ ⊗1 η to the spectral side of the trace formula of H1(AF ) is
tr (τ ⊗1 η) (f1).
If τ is cuspidal E-monomial, the multiplicity m(π′) with which each member π′ of
{π} occurs in the discrete spectrum of H1(AF ) is given by the following formula:
m(π′) =
1
2
(
1 + (−1)n(π′)
)
,
where n(π′) is the number of places v for which π′v = π−v ([LL]). Taking into account the
nontrivial multiplicity formula, the contribution of τ ⊗1 η to the spectral side of the trace
formula of H1(AF ) is equal to D(τ ⊗1 η, f1) :=
1
2
∏
v∈V
[
tr π+v (f1,v) + tr π
−
v (f1,v)
]
+
1
2
∏
v∈V
[
tr π+v (f1,v)− tr π−v (f1,v)
]
.
Note that the first term in the above sum is equal to 12 · tr (τ ⊗1 η) (f1). If v is prime in
E, there exists an h ∈ H1(Fv) such that conjugation by h swaps π+v with π−v . Hence,
1
2 · tr (τ ⊗1 η) (f1) defines a stable distribution on C(H1(AF ), ω), whereas the second
term in the sum defines an unstable distribution. We call 12 · tr (τ ⊗1 η) (f1) the stable
part of D(τ ⊗1 η, f1).
3.1.3.2. Induced Representations. There is one proper Levi subgroup in H1; namely,
the diagonal torus
M1 = {(diag(a, b), c) : a, b ∈ Gm, c ∈ RE/FGm, ab = NE/F c}.
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Suppose (M1,H1, τ, s) is a quadruple in the fine χ-expansion of H1(AF ). Any discrete
spectrum representation of M1(AF ) has the form:
τ = µ1 ⊗ µ2 ⊗1 η : (diag(a, b), c) 7→ µ1(a)µ2(b)η(c),
∀ (diag(a, b), c) ∈M1(AF ),
where µ1, µ2 are characters ofCF and η is a character ofCE . From the way M1 is defined,
for any quasi-character µ of CF , we have:
(3.8) µ1 ⊗ µ2 ⊗1 η = µµ1 ⊗ µµ2 ⊗1
(
µ−1 ◦NE/F
)
η.
The F -split component AM1 of M1 is {(diag(a, b), c) : a, b, c ∈ Gm, ab = c2}, and
aM1 = {(x, y; t) : x, y, t ∈ R, x+ y = 2t} ∼= R2. The group WH1(M1) is equal to Z/2Z,
generated by (12) : (diag(a, b), c) 7→ (diag(b, a), c). The F -split component of the center
of M1 is AH1 = {(diag(c, c),±c) : c ∈ Gm)}, and aH1 = {(z, z; z) : z ∈ R}.
If asM1 = aH1 for some s ∈ WH1(M1), then s must be equal to (12). Consequently,
τ = µ1 ⊗ µ2 ⊗1 η is equivalent to µ2 ⊗ µ1 ⊗1 η. In other words,
µ1(a)µ2(b)η(c) = µ2(a)µ1(b)η(c), ∀(diag(a, b), c) ∈M1(AF ).
Since ab = NE/F c, the above equality may be rewritten as
µ1
µ2
(a)
((
µ2 ◦NE/F
) · η) (c) = µ2
µ1
(a)
((
µ1 ◦NE/F
) · η) (c), ∀a ∈ A×F , c ∈ A×E .
Thus, µ1/µ2 is equal to either 1 or ε. By (3.8), we conclude that τ must have one of the
following forms:
• 1⊗ 1⊗1 η,
• 1⊗ ε⊗1 η.
We have: |W (M1,M1)| = 1, |W (M1, H1)| = 2, and
∣∣∣det(1 − (12))|aM1/aH1 ∣∣∣ is
equal to 2.
Let P1 be the upper triangular parabolic subgroup of H1 whose Levi component is
M1. By (3.4), with ε = 1, the contribution to the fine χ-expansion of H1(AF ) from M1
is
1
2
· 1
2
∑
η|
A
×
F
=ω
[
tr (I(1, 1)⊗1 η) (f1)MP1((12), 0)
+ tr (I(1, ε)⊗1 η) (f1)MP1((12), 0)
]
.
The representation I(1, 1)⊗1 η is irreducible, and we normalize the intertwining op-
erator MP1((12), 0) to be 1. For any place v, the distribution on the space C(H1(Fv), ωv)
defined by f1,v 7→ tr (I(1, 1)⊗1 η)v (f1,v) is stable.
In the case of I(1, ε)⊗1η, the restriction of I(1, ε)v to GL(2, Fv)E is irreducible if the
place v splits in E, and it is reducible of length two, with constituents I+v , I−v , if v is prime
in E. We let I+v denote the unramified constituent of I(1, ε)v if I(1, ε)v is unramified, and
we let I+v = I(1, ε)v, I−v = 0 if v splits inE. Write the intertwining operatorMP1((12), 0)
for I(1, ε)⊗1 η as the tensor product⊗v∈VMP1((12), 0)v of local intertwining operators.
If v splits in E, we normalizeMP1((12), 0)v to be 1. If v is prime in E, we may normalize
MP1((12), 0)v so that it acts trivially on I+v and it acts via multiplication with −1 on I−v
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(see [LL, Sect. 5]). Hence, for f1 ∈ C(H1(AF ), ω), we have
tr (I(1, ε)⊗1 η) (f1)MP1((12), 0) =
∏
v∈V
(
tr I+v (f1,v)− tr I−v (f1,v)
)
.
If v is prime in E, there exists an element of h ∈ H1(Fv) such that the action of conjuga-
tion by h swaps I+v and I−v ([LL]), multiplying the trace by a factor of−1. The distribution
f1,v 7→ tr (I(1, ε)⊗1 η)v (f1,v)MP1((12, 0)v is therefore unstable.
3.1.3.3. Stable Spectrum. Recall that Id(H1, f1) is the discrete part of the fine χ-
expansion for H1(AF ). We let SId(H1, f1) denote the stable part of Id(H1, f1); namely,
SId(H1, f1) is the sum of the following:
•
∑
tr π(f1).
The sum is over representations π of the form τ ⊗1 η, where τ is a cuspidal
non-E-monomial or one dimensional representation of GL(2,AF ), and η is a
character of CE , such that η|A×F · ωτ = ω.
• 1
2
∑
tr π(f1).
The sum is over representations π of the form π = π(θ)⊗1 η, where θ, η are
characters ofCE , θ 6= σθ, (θη) |A×F ·ε = ω, and π(θ) is the cuspidal,E-monomial
automorphic representation of GL(2,AF ) associated with θ.
• 1
4
∑
tr (I(1, 1)⊗1 η) (f1).
The sum is over characters η of CE such that η|A×F = ω.
3.1.4. DOR for H2(AF ). For any representation π of GL(2,AE) and character µ of
CF such that ωπ = µ ◦NE/F , let π ⊗2 µ denote the representation of H2(AF ) defined as
follows:
π ⊗2 µ : (g, c) 7→ µ(c)π(g), ∀(g, c) ∈ H2(AF ).
There is one proper Levi subgroup in H2; namely, the diagonal torus whose group of
F -points is:
M2(F ) = {(diag(a, b), c)∗ : a, b ∈ E×, c ∈ F×},
where lower star denotes the equivalence class of the element in GL(2, E)× F× modulo
the subgroup
{(
diag(z, z),NE/F z
−1) : z ∈ E×}.
Suppose (M2,H2, τ, s) is a quadruple in the fine χ-expansion of H2. Any discrete
spectrum representation of M2(AF ) has the form:
τ = η1 ⊗ η2 ⊗2 µ : (diag(a, b), c)∗ 7→ η1(a)η2(b)µ(c), ∀ (diag(a, b), c)∗ ,
where η1, η2 are characters of CE and µ is a character of CF . Because of the equivalence
relation on H2(AF ), the characters must satisfy η1η2 = µ ◦NE/F .
The F -points of the split component AM2 of M2 is {(diag(a, b), c)∗ : a, b, c ∈ F×},
and
aM2 = {(x, y; t) : x, y, t ∈ R}/{(z, z,−2z) : z ∈ R} ∼= R2.
The group WH2(M2) = W (H2) is equal to Z/2Z, generated by the permutation (12) :
(diag(a, b), c)∗ 7→ (diag(b, a), c)∗. The F -points of the split component of the center of
H2 is AH2(F ) = {(diag(1, 1), c)∗ : c ∈ F×)}, and aH2 = {(0, 0; z) : z ∈ R}.
If asM2 = aH2 for some s ∈WH2 (M2), then s must be (12). Consequently,
τ = χ⊗ χ⊗1 ω
for some character χ of CE such that χ2 = ω ◦NE/F .
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We have: |W (M2,M2)| = 1, |W (M2, H2)| = 2, and
∣∣∣det(1 − (12))|aM2/aH2 ∣∣∣ is
equal to 2.
Let P2 be the upper triangular parabolic subgroup of H2 whose Levi component is
M2. Then, the contribution to the fine χ-expansion of H2(AF ) from M2 is:
1
2
· 1
2
∑
χ2=ω◦NE/F
tr (I(χ, χ)⊗2 ω) (f2)MP2((12), 0),
where f2 is a test function in C(H2(AF ), ω). Since I(χ, χ) ⊗2 ω is irreducible, we nor-
malize MP2((12), 0) to be 1.
3.1.5. Summary. In summary, Id(G, f, ε) is equal to the sum of following:
•
∑
π∈Ld(G(AF ),ω)
tr π(f × ε).
• 1
4
∑
µ2=ω
tr (ε× ε⋊ µ) (f × ε).
• 1
4
∑
ε′2=1, ε′µ2=ω
tr (ε′ × ε′ε⋊ µ) (f × ε)
• 1
4
∑
χ|
A
×
F
=1, εµ2=ω
tr (π(χ)⋊ µ) (f × ε)MPα(sα+β , 0).
• 1
4
∑
χ∈dCE ; χ|
A
×
F
·ε=ω
tr (1⋊ π(χ)) (f × ε)MPβ (ssα+β , 0).
• 1
2
∑
tr (µ⋊ π(θ)) (f × ε)MPβ (s2α+β , 0).
The sum is over the nontrivial quadratic characters µ of CF and cuspidal
monomial representations π(θ) of GL(2,AF ), where θ is a character of CEµε ,
such that: π(θ) is not Eµ-monomial and θ|A×F · ε = ω.
• 1
4
∑
tr (µ⋊ π(θ)) (f × ε)MPβ (s2α+β , 0).
The sum is over the nontrivial quadratic characters µ of CF and cuspidal
monomial representations π(θ) of GL(2,AF ), where θ is a character of CEµε ,
such that θ|
A
×
F
· ε = ω and π(θ) is E-monomial. In particular, we have σ
′
θ
θ = µ,
where σ′ is the generator of Gal(Eµε/F ).
• 1
2
∑
tr (ε⋊ π) (f × ε)MPβ (s2α+β , 0).
The sum is over all cuspidal non-E-monomial, or one dimensional, auto-
morphic representations π of GL(2,AF ) such that εωπ = ω.
• 1
4
∑
tr (ε⋊ π) (f × ε)MPβ (s2α+β , 0).
The sum is over all cuspidal E-monomial automorphic representations π of
GL(2,AF ) such that εωπ = ω.
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The stable spectral expansion SId(H1, f1) is equal to:∑
τ∈Ld(GL(2,AF )),
τ 6=ετ, η|
A
×
F
·ωτ=ω
tr (τ ⊗1 η) (f1) + 1
2
∑
θ 6=σθ,
(θη)|
A
×
F
·ε=ω
tr (π(θ)⊗1 η) (f1)
+
1
4
∑
η|
A
×
F
=ω
tr (I(1, 1)⊗1 η) (f1),
and Id(H2, f2) is equal to:∑
π∈Ld(H2(AF ),ω)
tr π(f2) +
1
4
∑
χ2=ω◦NE/F
tr (I(χ, χ)⊗2 ω) (f2).
3.2. Comparison of Geometric Sides of Trace Formulas
3.2.1. Weighted Orbital Integrals. Let H be a reductive F -group. Let Z0 be the
split component of the center Z of H. Let ε be a character of H trivial on Z. Fix a minimal
parabolic subgroup P0 of H. Let A0 be the split component of the Levi subgroup of P0.
Put a0 := X∗(A0)⊗Z R.
We say that a regular element in H(F ) is parabolic if it is not elliptic; in other words,
its centralizer in H(F ) is a maximal torus which is contained in a proper (F -)parabolic
subgroup. The terms in the geometric side of the (ε-twisted) trace formula associated with
the semisimple conjugacy classes of parabolic elements are ε-twisted-weighted orbital
integrals, defined as follows:
Suppose γ is a parabolic element in H(F ). Let M be the minimal Levi subgroup
of H containing γ. Let H(AF )γ be the centralizer of γ in H(AF ). The weighted orbital
integral associated with the semisimple conjugacy class of γ has the following form ([CLL,
Lecture 5]):
OT (γ, f) = c(γ)
∫
H(AF )γ\H(AF )
f(h−1γh)ε(h)v(h, T ) dh.
Here, c(γ) is some constant dependent on γ, T is the truncation parameter in a0, and
v(h, T ) is the volume of a certain convex hull in aH\aM determined by the projections of
T and HP0(h) onto aH\aM .
Let n be the real dimension of aH\aM . For each T , the volume function v(h, T ) is
a degree n polynomial in the coordinates of HP0(h). Let {h1, h2, . . . } be the eigenvalues
of h . The coordinates of HP0(h) ∈ aM are expressed in terms of log |h′i|, where h′i =
NLi/Fhi, Li is the smallest extension field containing hi, and |·| is the absolute value
function on AF . For any place v of F , let |·|v be the p-adic absolute value on Fv. Then,
|hi| =
∏
v |hi|v , and log |h′i| =
∑
v log |h′i|v. We rewrite OT (γ, f) as follows:
(3.1) c(γ)
∑
S
[ ∫
HS,γ\HS
fS(h
−1
S γhS)εS(hS)v(h, T, S) dhS
×
∏
w/∈S
∫
Hw,γ\Hw
fw(h
−1
w γhw)εw(hw) dhw
]
.
Here, the sum is over the sets S of n distinct places of F . The subscript S in HS , fS , εS
signifies the product of local components Hv, fv, εv over the places v in S. The term
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v(h, T, S) is a polynomial in the local components of v(h, T ) at the places in S. Observe
that the product over w /∈ S consists of non-weighted local εw-twisted orbital integrals.
We say that a local function fv on H(Fv) is elliptic if the orbital integral of fv van-
ishes at the parabolic elements in H(Fv). Matrix coefficients of cuspidal representations of
H(Fv) are examples of such functions. By choosing test functions f whose local compo-
nents at n+ 1 distinct places are elliptic, the weighted orbital integral OT (γ, f) vanishes.
We say that an element in H(F ) is singular if it has two equal eigenvalues. From
[A2], the weighted orbital integral at a singular element may be expressed as a limit of a
linear combination of weighted orbital integrals at parabolic elements. Hence, by choosing
f with n+1 elliptic components with n sufficiently large, the weighted orbital integrals at
singular elements also vanish. Here, n is sufficiently large if it is greater than or equal to
the semisimple rank of H.
Consider the case of G = GSp(2). Suppose γ is a parabolic element in G(F ) for
which the ε-twisted orbital integral is nonzero. Then, the centralizer of γ in G(AF ) must
necessarily lie in the kernel of ε. The centralizer of γ in G(AF ) is a maximal non-elliptic
torus, The following is a list of representatives of the conjugacy classes of the maximal
non-elliptic tori in G(AF ):
(1) T(AF ) = {diag(a, b, λ/b, λ/a) : a, b, λ ∈ A×F };
(2) T(AF ) =
{(
t2
λ
det t2
et2e
)
: t2 ∈ T2(AF ), λ ∈ A×F
}
,
where T2 is a maximal elliptic torus in GL(2) and e = diag(1,−1);
(3) T(AF ) =
{( a
t2
b
)
: a, b ∈ A×F , t2 ∈ T2(AF ), ab = det t2
}
,
where T2 is a maximal elliptic torus in GL(2).
In the first two cases, the similitude factors of the elements in the torus range over all of
A×F ; hence these tori do not lie in the kernel of ε. In the third case, the similitude factor
is det t2. An elliptic maximal torus in GL(2,AF ) which lies in the kernel of ε ◦ det is
conjugate to {( c dAd c ) : c, d ∈ AF , (c, d) 6= (0, 0)}, where A is an element in F× − F×2
such that E = F (
√
A). Consequently, if the centralizer of γ must be conjugate to
T(AF ) =

a c dA
d a
b
 : a, b ∈ A×F , c, d ∈ AF , ab = c2 − d2A
 .
Since the semisimple rank of T is 1, using test functions with two elliptic components
suffices to eliminate the weighted orbital integrals from the geometric side of the ε-twisted
trace formula for G.
As for the ε-endoscopic groups H1, H2, their semisimple F -ranks are equal to 1.
Hence, using test functions with two elliptic components suffices to eliminate the weighted
orbital integrals.
Fix two places u1, u2 of F which are prime in E. Let E(u1, u2,G(AF ), ω) denote
the space of functions in C(G(AF ), ω) whose local components at u1, u2 are elliptic. For
i = 1, 2, define E(u1, u2,Hi(AF ), ω) likewise for Hi. Since elliptic regular elements in
Hi(Fv) are norms of elliptic regular elements in G(Fv) for any place v which is prime in
E, it is reasonable to expect that, for any function f in E(u1, u2,G(AF ), ω), there exists
matching functions fi ∈ E(u1, u2,Hi(AF ), ω).
Let H = G,H1 or H2. Let {O}e denote the set of F -conjugacy classes of elliptic
regular elements in H(F ). For each O ∈ {O}e, put
JO(f) := Oγ(f) =
∫
H(AF )γ\H(AF )
f(h−1γh)εH(h) dh/du,
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where γ is a representative in H(F ) of the conjugacy class O, and εH is ε if H = G, 1
if H = Hi (i = 1, 2). Here, dh, du are Tamagawa measures on H(AF )γ and H(AF ),
respectively.
3.1. Proposition. Let f be a function in E(u1, u2,H(AF ), ω). Then, the geometric side
of the εH -twisted trace formula for H is equal to∑
O∈{O}e
JO(f).
PROOF. This follows from [CLL, Lecture 5] and the previous discussion. 
3.2.2. Kottwitz-Shelstad’s Formula. Let i = 1 or 2. For any strongly G-regular
element δ ∈ Hi(F ) and test function fi ∈ C(Hi(AF ), ω), let
SOδ(fi) =
∑
{δ′}
Oδ′(fi),
where the sum is over a set of representatives for the Hi(AF )-conjugacy classes of ele-
ments δ′ ∈ Hi(AF ) in the Hi(AF )-conjugacy class of δ.
If we have an equation relating the geometric sides of the trace formulas for G and
its ε-endoscopic groups H1, H2, then we may deduce a relation of the spectral sides. The
tool with which we use to relate the geometric sides of the trace formulas is the following
formula of Kottwitz-Shelstad’s in [KS, Sect. 7.4] (applied to our situation):
(3.2) Te(G, f) = ι(G,H1)ST ∗∗e (H1, f1) + ι(G,H2)ST ∗∗e (H2, f2),
where:
• f and fi (i = 1, 2) are matching functions in C(G(AF ), ω) and C(Hi(AF ), ω),
respectively;
• Te(G, f) =
∑
O∈{O}e JO(f);
• ST ∗∗e (Hi, fi) := aHi
∑
{δi} SOδi(fi), where the sum is over a set of repre-
sentatives for the Hi(F¯ )-conjugacy classes of elliptic G-regular elements δi ∈
Hi(F );
• For any algebraic F -group H,
aH :=
∣∣∣π0 (Z(Hˆ)Γ)∣∣∣ · ∣∣∣ker1(F,Z(Hˆ))∣∣∣−1 ;
• For i = 1, 2,
ι(G,Hi) := aG |Out(Hi,Hi, si, ξi)|−1 · a−1Hi ,
where Out(Hi,Hi, si, ζi) is the group of outer automorphisms of Hi determined
by automorphisms of the endoscopic data (Hi,Hi, si, ξi) (see [KS, Sect. 2.1]).
The group Z(Gˆ) = C× is connected and the action of Gal(F¯ /F ) on Z(Gˆ) is triv-
ial; hence, aG = 1. For both endoscopic groups,
∣∣∣π0 (Z(Hˆi)Γ)∣∣∣ = 1; hence, aHi =∣∣∣ker1(F,Z(Hˆi))∣∣∣−1 .
3.2. Claim. For i = 1, 2, ker1(F,Z(Hˆi)) is trivial.
PROOF. By definition, for i = 1, 2, ker1(F,Z(Hˆi)) is the kernel of the natural em-
bedding
H1(ΓF , Z(Hˆi))→
∏
v
H1
(
ΓFv , Z(Hˆi)
)
,
3.3. APPLICATION OF KOTTWITZ-SHELSTAD’S FORMULA 41
where ΓF = Gal(F¯ /F ) and ΓFv is the decomposition group of v in Gal(F¯ /F ). Observe
that the action of ΓF onZ(Hˆi) factors throughGal(E/F ) = 〈σ〉. Let ΓE = Gal(F¯ /E) ⊂
ΓF , then H1
(
ΓE , Z(Hˆi)
)
= Homcts(ΓE , Z(Hˆi)) because ΓE acts trivially on Z(Hˆi).
For all but finitely many places w of E, w either lies above a place v of F which is
prime and unramified in E, or it lies above a place v of F which splits into two places
w,w′ of E. In the former case, we have Gal(Ew/Fv) = Gal(E/F ). In the later, we have
Gal(Ew/Fv) = Gal(Ew′/Fv) = 1.
Given any x ∈ ker1(F,Z(Hˆi)) ⊂ H1(ΓF , Z(Hˆi)), the restriction x|ΓE of x to ΓE
is a (continuous) homomorphism from ΓE to Z(Hˆi). By assumption, the image of x
in
∏
v H
1
(
ΓFv , Z(Hˆi)
)
is trivial, which means, in particular, that the image of x|ΓE
in H1
(
ΓEw , Z(Hˆi)
)
is trivial for all but finitely many places w of E. Since x|ΓE is a
continuous homomorphism, we conclude that x|ΓE = 1.
Fix an element σ0 ∈ ΓF − ΓE . Then, any x ∈ ker1(F,Z(Hˆi)) produces a cocy-
cle y ∈ H1(Gal(E/F ), Z(Hˆi)) defined by yσ := xσ0 . Since x|ΓE = 1, y is indepen-
dent of the choice of σ0. Pick a place v of F which remains prime in E. Since x is an
element of ker1(F,Z(Hˆi)), the image of y in H1(Gal(Ev/Fv), Z(Hˆi)) is trivial. But,
H1(Gal(Ev/Fv), Z(Hˆi)) is equal to H1(Gal(E/F ), Z(Hˆi)) because v is prime in E, so
y itself is trivial. The claim follows. 
3.3. Claim. |Out(Hi,Hi, si, ξi)| = 2 for i = 1, 2.
PROOF. For i = 1, 2, the only nontrivial element of Out(Hi,Hisi, ξi) comes from
the action of σ ∈ Gal(E/F ) on Hˆi. 
3.4. Corollary. The following holds for matching functions:
(3.3) Te(G, f) = 1
2
∑
{δ1}
SOδ1(f1) +
1
2
∑
{δ2}
SOδ2(f2)
where the sums are over stable conjugacy classes of elliptic G-regular elements in the
F -points of the ε-endoscopic groups.
3.3. Application of Kottwitz-Shelstad’s Formula
Recall, for f ∈ C(G(AF ), ω), Id(G, f, ε) denotes the ε-discrete part of the fine χ-
expansion of G, Ic(G, f, ε) denotes the continuous part of the expansion, and Id(Hi, fi),
Ic(Hi, fi) (i = 1, 2) denote analogous objects for Hi.
Fix a two places u1, u2 of F which are prime in E. By Proposition 3.1 and the trace
formula (3.1), for any function f in E(u1, u2,G(AF ), ω), we have
Te(G, f) = I
d(G, f, ε) + Ic(G, f, ε).
Since H2 is a quotient of RE/FGL(2) × Gm, there is no distinction between stable and
ordinary conjugacy classes. For any function f2 in E(u1, u2,H2(AF ), ω) which matches
a function in E(u1, u2,G(AF ), ω), the orbital integral of f2 is zero at any element in
H2(F ) which is not elliptic G-regular; hence, for such f2 we have
ST ∗∗e (H2, f2) = Te(H2, f2) = I
d(H2, f2) + I
c
H2(H2, f2).
For H1, where there is a distinction between stable and ordinary conjugacy, the situation
is more complicated.
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As in the case of H2, if the function f1 ∈ E(u1, u2,H1(AF ), ω) matches some f ∈
E(u1, u2,G(AF ), ω), then the orbital integral of f1 is zero at all elliptic regular elements
which are not G-regular. Hence, ST ∗∗e (H1, f1) = STe(H1, f1), where STe(H1, f1) is the
sum of stable orbital integrals over the stable conjugacy classes of elliptic regular elements
in H1(F ).
Applying Kottwitz-Shelstad’s formula in the context of standard endoscopy for H1,
we have:
(3.1) Id(H1, f1) + Ic(H1, f1) = Te(H1, f1) = STe(H1, f1) + 1
2
T κe (H1, f1),
where T κe (H1, f1) is a sum over stable conjugacy classes in H(F ) of κ-orbital integrals
OκδH1
(f1). In this case, there is only one nontrivial κ (in fact, κ = ε), and it is associated
with a unique (up to equivalence) standard endoscopic group T1 of H1. In particular, T1
is the F -torus whose F -points are:
T1(F ) = {(x, y) ∈ E× × E× : NE/Fx = NE/F y}.
We rewrite (3.1) as:
Id(H1, f1)− 1
2
T κe (H1, f1) + I
c(H1, f1) = STe(H1, f1).
Recall from Section 3.1.3.3 that SId(H1, f1) denotes the stable part of the discrete spectral
expansion Id(H1, f1). From the theory of [LL], 12T κe (H1, f1) is equal to the unstable part
of Id(H1, f1); thus, Id(H1, f1)− 12T κe (H1, f1) is equal to SId(H1, f1).
We conclude that the following equation holds for any f1 in E(u1, u2,H1(AF ), ω)
matching some function in E(u1, u2,G(AF ), ω):
(3.2) STe(H1, f1) = SId(H1, f1) + Ic(H1, f1).
In conclusion, the following equations hold for f ∈ E(u1, u2,G(AF ), ω) and match-
ing functions fi in E(u1, u2,Hi, ω) (i = 1, 2):
(3.3) Id(G, f, ε) + Ic(G, f, ε)
=
1
2
(
SId(H1, f1) + I
c(H1, f1) + I
d(H2, f2) + I
c(H2, f2)
)
.
CHAPTER 4
Global Lifting
4.1. The ε-Trace Identity
4.1.1. Some Notation and Terminology.
4.1.1.1. Global Data. Let F be a number field. Let H be a reductive group over F
with L-group LH . Let V be the set of places of F . Let S be a finite set of places of V . Let
{cv : v ∈ V − S} be a set of conjugacy classes in LH .
Define a (countably-)infinite-tuple as follows:
C(S, LH) := [cv]v∈V−S ⊂
∏
v∈V−S
LH.
We call C(S, LH) a global datum in LH . For simplicity, we sometimes replace LH by a
finite Galois form. For example, if H is split over F , then we use Hˆ instead.
For any automorphic representation π of H(AF ), there exists a finite set of places S
such that πv is unramified for all v /∈ S. For each v /∈ S, denote by c(πv) the Frobenius-
Hecke (abbrev. F-H) class in LH which parametrizes πv (see [Bo]). Then, π defines the
global datum
C(π, S, LH) := [c(πv)]v∈V−S ⊂
∏
v∈V−S
LH.
We call C(π, S, LH) a global datum (or the S-global datum) of π. The global datum
C(π, S, LH) is defined if and only if πv is unramified for all v /∈ S. Observe that if
C(π, S, LH) is defined, then so is C(π, S′, LH) for any finite subset S′ of V containing S.
4.1.1.2. Global Packets. Let {{Πv} : v ∈ V } be a collection of local (quasi-)packets
{Πv} of G(Fv) such that, for almost all (finite) v, {Πv} contains a unique unramified
representation Π0v. We define the (quasi-)packet {Π} to be the restricted tensor product
⊗v∈V {Πv} :=
{⊗v∈VΠ′v : Π′v ∈ {Πv} for all v,Π′v = Π0v for almost all v.} .
For any automorphic representation Π of G(AF ), we denote by {Π} the global packet to
which Π belongs. Under this notation, {Π} = {Π′} if Π′ ∈ {Π}.
We say that a (quasi-)packet of representations of G(AF ) is a discrete spectrum
(quasi-)packet if it contains a discrete spectrum representation. We say that a discrete
spectrum packet of G(AF ) is ε-invariant if it contains an ε-invariant discrete spectrum
representation. We say that a discrete spectrum packet {Π} is stable if every member of
{Π} occurs with the same multiplicity in the discrete spectrum of G(AF ). Otherwise, we
say that {Π} is unstable.
Let {Π} = ⊗v∈V {Πv} be a (quasi-)packet of representations of G(AF ). Let S be
a finite set of places such that, for all v /∈ S, the local packet {Πv} contains a unique
unramified representation Π0v . For v /∈ S, let c({Πv}) denote the F-H class in Gˆ which
parametrizes Π0v . Let {Π}S denote the subset of {Π} of representations Π such that Πv =
Π0v for all v /∈ S. We call {Π}S the S-part of {Π}. In general, the cardinality of a
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global packet may be infinite, but the cardinality of {Π}S is finite. Put C({Π}, S, Gˆ) :=
[c({Πv})]v∈V−S ⊂
∏
v/∈S Gˆ.
Let V un(E/F ) denote the set of finite places of F which are unramified in E. Let
{πi} = ⊗v∈V {πi,v} be a global (quasi-)packet of Hi(AF ), where i = 1 or 2. Let S
be a finite set of places containing V − V un(E/F ) such that the S-part {πi}S of {πi} is
nonempty. Let LHi denote the finite Galois form Hˆi ⋊Gal(E/F ) of the L-group of Hi.
Then, {πi} defines the global datum
C({πi}, S, LHi) = [c({πi,v})]v/∈S ⊂
∏
v/∈S
LHi.
As we shall discuss in Section 4.2, each c({πi,v}) ⊂ LHi lifts via the L-group embedding
ξi :
LHi →֒ Gˆ to a conjugacy class ξi(c({πi,v})) in Gˆ. We obtain the following global
datum:
C(ξi({πi}), S, Gˆ) := [ξi (c({πi,v}))]v/∈S ⊂
∏
v/∈S
Gˆ.
If C(ξi({π}), S, Gˆ) coincides with the global datum C({Π}, S, Gˆ) for some global (quasi-
)packet {Π} of G(AF ), we say that the packet {πi} lifts to {Π} and write {Π} = ξi({π}).
4.1.2. Langlands’ Trick. For f ∈ C(G(AF )), let Id(G, f, ε) denote the discrete
part of the ε-twisted fine χ-expansion for G. Let Ic(G, f, ε) denote the continuous part of
the expansion. Define Id(Hi, fi), Ic(Hi, fi) (i = 1, 2) likewise (without twisting) for Hi.
The following proposition depends on the validity of the Fundamental Lemma (see
Chapter B in the Appendix).
4.1. Proposition. Fix two finite places u1, u2 of F which are prime in E. The following
holds for matching functions f, f1, f2 whose components at u1, u2 are elliptic:
(4.1) Id(G, f, ε)− 1
2
SId(H1, f1)− 1
2
Id(H2, f2) = 0
We content ourselves with giving only a sketch of the proof, which is essentially a
retelling of an argument of Langlands’ in [L, Chap. 11].
Recall that V un(E/F ) is the set of finite places of F which are unramified in E, and
that ω is a fixed character of the center of G. Let S be a finite set of places of F containing
(V − V un(E/F )) ∪ {u1, u2} such that ωv is unramified, and fv, f1,v, f2,v are spherical,
for all v /∈ S.
Rewrite equation (3.3) as follows:
(4.2) Id(G, f, ε)− 1
2
SId(H1, f1)− 1
2
Id(H2, f2)
= −
(
Ic(G, f, ε)− 1
2
Ic(H1, f1)− 1
2
Ic(H2, f2)
)
.
Fix a finite place u /∈ S which splits in E. Regard fv, f1,v, f2,v as fixed for v /∈
S ∪ {u}, and let fu vary in H(Gu, ωu) (hence f1,u and f2,u also vary by the matching
condition). Fix the element diag(1, 1, λ, λ) ∈ Gˆ = GSp(2,C), where λ = ωu(̟u).
Let T (Gu, ωu) be the set of conjugacy classes in Gˆ whose similitude factors are equal to
ωu(̟u). Then, any class C in T (Gu, ωu) is represented by(
x
y
λy−1
λx−1
)
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for some x, y ∈ C×. If C corresponds to a unitarizable unramified representation of Gu,
then (x, y) must lie in a compact subsetX ofC2. More precisely, using the results of [ST],
it can be shown that X = T ∪ U , where
T =
{
(|̟u|s , |̟u|t) : (s, t) ∈ ia0/iaG = iR× iR
}
⊂ C2
(recall that a0 = X∗(A0)⊗Z R, where A0 is the maximal diagonal torus of G), and U is
a compact nondiscrete subset of a real plane (dependent on the choice of a, b) in C2.
Conversely, any element (x, y) in X gives rise to a conjugacy class in Gˆ which corre-
sponds to a unitarizable unramified representation.
The Hecke algebraH(Gu, ωu) yields via Satake transform the algebraH∨ of Laurent
series φ in x, y with the property that
(4.3) φ(x, y) = φ(x, λy−1) = φ(y, x).
The above property holds because the Satake transforms of Hecke functions are defined on
the set of conjugacy classes in Gˆ.
LetC(X)′ denote the space of complex valued continuous functionsφ onX satisfying
(4.3). By the Stone-Weierstrass theorem, H∨ is dense in C(X)′ under the sup-norm on
C(X)′.
To prove the proposition, we use each side of equation (4.2) to define a functional on
C(X)′. We then argue that these two functionals must be identically zero.
4.2. Claim. The left hand side of equation (4.2) defines a continuous linear functional on
C(X)′ which is given by an atomic measure on X .
PROOF. A nonzero term in Id(G, f, ε), with corresponding quadruple (M,G, τ, s),
has the form:
(4.4) c(M,G,τ,s)tr IP,τ (f)M εP (s, 0)
= c(M,G,τ,s)
∏
v/∈S
tr IP,τv(fv)M
ε
P (s, 0)v ·
∏
v∈S
tr IP,τv(fv)M
ε
P (s, 0)v,
where c(M,G,τ,s) is a constant dependant on (M,G, τ, s). Since by assumption fv is
spherical for all v /∈ S, the representations IP,τv must be unramified, or else (4.4) is equal
to zero. For v /∈ S, the space of G(Ov)-fixed vectors in IP,τv is one dimensional; hence,
we can (and do) normalizeM εP (s, 0)v to be 1. Let Cτv (v /∈ S) be the F-H class in Gˆ which
parametrizes IP,τv . Then (4.4) may be written as
c(M,G,τ,s)
∏
v/∈S
f∨v (Cτv) ·
∏
v∈S
tr IP,τv (fv)M
ε
P (s, 0)v,
where f∨ is the Satake transform of f . Analogous statements hold for H1 and H2, with ε
replaced with 1.
Through the embedding of L-groups, every conjugacy class Ci in LHi (i = 1, 2) lifts
to a conjugacy class C in Gˆ. Moreover, if Ci corresponds to a unitarizable unramified
representation of Hi,v , then the unramified representation of Gv parametrized by C must
also be unitarizable (see Sect. 4.2, [ST]).
Let v be a place in V un(E/F ). Let fi,v (i = 1, 2), fv be functions in H(Hi,v, ωv),
H(Gv, ωv), respectively, such that
f∨i,v(Ci) = f∨v (C)
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for every conjugacy class Ci in LHi which lifts to a class C in Gˆ. By the Fundamental
Lemma, such Hecke functions have matching orbital integrals.
Given any global datum G = C(S, Gˆ), let Q(G,G) denote the set of equivalence
classes of ε-invariant, ε-discretely occurring automorphic representations ofG(AF )whose
components at each v /∈ S are unramified and are parametrized by the local component Gv
of G.
Let Q(H2,G) denote the set of equivalence classes of the discretely occurring auto-
morphic representations π2 of H2(AF ) such that, for all v /∈ S, π2,v is unramified, and the
F-H class in LH2 parametrizing π2,v lifts to Gv .
Let {π1} be a global (quasi-)packet of representations of H1(AF ). For any function
f1 in C(H1(AF ), ω), put
tr {π1}(f1) :=
∑
π′1∈{π1}
m(π′1)tr π
′
1(f1),
where m(π′1) is the multiplicity of π′1 in the discrete spectrum of H1(AF ). Let
trstable {π1}(f1)
denote the stable part of tr {π1}(f1) (see Section 3.1.3.3). Assume that f1 is the tensor
product of local components f1,v. Put
tr{π1,v}(f1,v) :=
∑
π′1,v∈{π1,v}
tr π′1,v(f1,v).
Suppose the members of {π1} are the constituents of τ ⊗1 η, where τ is an automorphic
representation of GL(2,AF ), and η is a character of CE . By [LL], we have
trstable {π1}(f1) = a{π1}
∏
v∈V
tr {π1,v}(f1,v),
where a{π1} =
{
1
2 if τ is E-monomial,
1 otherwise.
Let Q¯(H1,G) denote the collection of equivalence classes of global packets of H1
whose global data lift to G.
Let
αG =
∑
π∈Q(G,G)
m(π)cπ
∏
v∈S
tr πv(fv × εv)M(π)v
− 1
2
∑
{π1}∈Q¯(H1,G)
m({π1})c{π1}a{π1}
∏
v∈S
tr {π1,v}(f1,v)M({π1})v
− 1
2
∑
π2∈Q(H2,G)
m(π2)cπ2
∏
v∈S
tr π2(f2,v)M(π2)v.
Here, cπ is the constant defined by (3.2), M(π) is the intertwining operator M εP (s, 0).
The symbols cπi ,M(πi) (i = 1, 2) are defined likewise. The factor m(·) denotes the
multiplicity of the representation/packet.
By the Fundamental Lemma, the left hand side of equation (4.2) may be written as the
sum
(4.5)
∑
G∈{G}
αG
∏
v/∈S
f∨v (Gv)
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over the set {G} consisting of the global data G = C(S, Gˆ) for which αG is nonzero. Note
that the set {G} is countable by the definition of the discrete part of the fine χ-expansion
(see Sect. 3.1.1).
Recall that we have fixed a finite place u which splits in E such that the test functions
have spherical local components at u. Let {ru,j}j=1,2,... be the set of distinct Gu’s for
G ∈ {G}. Let
cj =
∑
{G∈{G} : Gu=ru,j}
αG
∏
v/∈S∪{u}
f∨v (Gv).
Then, (4.5) is equal to
(4.6)
∑
j=1,2,...
cjf
∨
u (ru,j).
The representations which appear in the (ε-)discrete spectra for the groups have unita-
rizable local components at every place. Hence, the conjugacy classes ru,j in (4.6) corre-
pond to elements (xj , yj) in the compact set X . SinceH∨ is dense in C(X)′, (4.6) extends
to a continuous linear functionalDd on C(X)′ defined by:
Dd(φ) =
∑
j=1,2,...
cj φ(xj , yj), ∀φ ∈ C(X)′.
Note that the correspondence between rj and (xi, yi) involves a choice of representative
in Gˆ of the conjugacy class rj . However, that choice does not affect the definition of the
functional. The claim follows. 
4.3. Claim. The right hand side of equation (4.2) defines a sum of continuous linear func-
tionals on C(X)′, each of which is defined by a measure which is absolutely continuous
with respect to the Lebesque measure on a subtorus of T .
PROOF. The right hand side of (4.2) consists of terms in the continuous parts of the
(ε-twisted) fine χ-expansions for G, H1, and H2. Let H be either G, H1, or H2. Let
{χ} = (MH ,LH , τ, s) be the quadruple associated with a term in the continuous part of
the fine χ-expansion for H. In particular, LH is a proper Levi subgroup of H. The term
associated with {χ} has the form:
(4.7) c{χ}
∫
ia∗LH
/ia∗H
trMTLH (PH , ζ)IPH ,τ (ζ, fH × ε)MPH (s, ζ) dζ,
where c{χ} is a constant, PH is the standard parabolic with Levi component MH , and fH
is a test function in C(H(AF ), ω) satisfying the hypothesis of Proposition 4.1. Here, we
take ε to be 1 if H is one of the twisted endoscopic groups. We assume that (4.7) is nonzero.
In particular, since fu is spherical, τu is necessarily unramified. For ζ ∈ ia∗LH/ia∗H ,
let CHu,τu(ζ) denote the conjugacy class in LH which parametrizes IPH,u,τu(ζ). Put
CHu,τu := CHu,τu(0).
Let τ0u be the unramified representation of the diagonal torus A0,u of Gu such that
C0 := CGu,τ0u is represented by diag(1, 1, λ, λ) in Gˆ. For each quadruple (M,L, τ, s)
which appears in the ε-twisted fine χ-expansion for G such that τu is unramified, there
is an element ζτ in ia0/iaG such that IPM,u,τu (PM being the standard parabolic with
Levi component M) is equal to IP0,u,τ0u(ζτ ) (P0 being the standard parabolic with Levi
componentA0). Note that, for each ζL ∈ iaL/iaG, we have IPM,u,τu(ζL) = IP0,u,τ0u(ζτ +
ζL).
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For each proper Levi subgroup L in G, let QG(L) denote the set of quadruples (as-
sociated with terms in the ε-twisted fine χ-expansion for G) of the form (M,L, τ, s). As
in [L, Chap. 11], it may be shown that there exists a function dL on QG(L) × iaL/iaG,
integrable with respect to the second argument, such that the sum of all the terms in the
ε-twisted fine χ-expansion for G associated with the quadruples in QG(L) is equal to∑
{χ}=(M,L,τ,s)∈QG(L)
∫
ia∗L/ia
∗
G
f∨u (C0(ζτ + ζ)) dL({χ}, ζ) dζ.
Here, C0(ζτ + ζL) := CGu,τ0u(ζτ + ζL).
For j = 1, 2, let Aj be the diagonal torus of Hj . Let Cj be a conjugacy class in LHj
which lifts to C0. Let τ0j,u be the unramified representation of Aj,u which is parametrized
by Cj . For each quadruple (Mj ,Lj , τj , s) which appears in the fine χ-expansion for Hj
such that τj,u is unramified, there is an element ζτj in ia∗j/ia∗Hj such that IPMj,u,τj,u =
IPj,u,τ0j,u(ζτj ). Here, PMj is the standard parabolic subgroup of Hj with Levi component
Mj , and Pj is the minimal standard parabolic subgroup of Hj . For each proper Levi
subgroup Lj in Hj , let QHj (Lj) denote the set of quadruples (associated with terms in
the fine χ-expansion for Hj) of the form (Mj ,Lj , τj , s). As in the case of G, there is a
function dj,Lj on QHj (Lj) × iaj/iaHj , integrable with respect to the second argument,
such that the sum of all the terms in the fine χ-expansion for Hj associated with the
quadruples in QHj (Lj) is equal to∑
{χj}=(Mj ,Lj,τj ,s)∈QHj (Lj)
∫
ia∗Lj
/ia∗Hj
f∨j,u(Cj(ζτj + ζ)) dj,Lj ({χj}, ζ) dζ.
For ζj ∈ ia∗j/ia∗Hj (j = 1, 2), let ζGj denote the element in ia∗0/ia∗G which is the lift
of ζj via the L-group embedding ξj : LHj →֒ Gˆ. For the image fj ∈ H(Hj,u, ωu) of
f ∈ H(Gu, ωu) under the map between the Hecke algebras which is dual to ξj , we have
f∨(C0(ζGj )) = f∨j (Cj(ζj)), ∀ζj ∈ ia∗j/ia∗Hj .
By the Fundamental Lemma, fj and f have matching orbital integrals.
Collecting terms on the right hand side of (4.2) and factoring, we obtain for each (up to
conjugation) proper Levi subgroupL of G, a functionBL onQG(L)×ia∗L/ia∗G, integrable
with respect to the second argument, such that the right hand side of (4.2) is equal to
(4.8)
∑
L
∑
{χ}=(M,L,τ,s)∈QL(G)
∫
ia∗L/ia
∗
G
f∨u (C0(ζτ + ζ))BL({χ}, ζ) dζ.
The sum is over, up to conjugation, the set of proper Levi subgroups L of G.
Since by the Stone-Weierstrass Theorem H∨ is dense in C(X)′, the expression (4.8)
extends to a continuous linear functional Dc on C(X)′. Moreover, Dc is a sum of func-
tionals, each of which given by a measure which is absolutely continuous with respect to
the Lebesque measure on a subtorus of T . 
PROOF OF PROPOSITION 4.1. By equation (4.2), we have an equality of functionals:
Dd = Dc. By Claims 4.2, 4.3, and the Riesz Representation Theorem (see [Fo, Chap. 7]),
we conclude that both Dd and Dc are zero. 
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We have shown that (4.6) is zero. By the generalized linear independence of characters
(see [FK1]), we conclude that each
cj =
∑
{G:Gu=ru,j}
αG
∏
v/∈S∪{u}
f∨v (Gv)
is zero. By applying the same argument repeatedly, it can be shown that if U is any finite
set of places disjoint from S, then∑
αG
∏
v/∈S∪U
f∨v (Gv) = 0,
where the sum is over those global data G with the property that Gv is equal to a fixed
conjugacy class rv in Gˆ for each v ∈ U . Using yet another argument of Langlands’ in [L,
Chap. 11], it can then be shown that each αG in (4.5) is equal to zero. Equivalently, using
the notation introduced earlier, the following corollary to Proposition 4.1 holds:
4.4. Corollary. Fix two places u1, u2 of F which are prime in E. For any
• finite set of places S containing (V − V un(E/F )) ∪ {u1, u2},
• global datum G = C(S, Gˆ) = [cv]v∈V−S , where the cv’s are conjugacy classes
in Gˆ,
• matching functions f ∈ E(u1, u2,G(AF ), ω), fi ∈ E(u1, u2,Hi(AF ), ω) (i =
1, 2) whose local components at all v /∈ S are spherical,
the following holds:
(4.9)
∑
π∈Q(G,G)
m(π)cπ
∏
v∈S
tr πv(fv × εv)M(π)v
=
1
2
∑
{π1}∈Q¯(H1,G)
m({π1})c{π1}a{π1}
∏
v∈S
tr {π1,v}(f1,v)M({π1})v
+
1
2
∑
π2∈Q(H2,G)
m(π2)cπ2
∏
v∈S
tr π2,v(f2,v)M(π2)v.
REMARK. Note that the above identity is of the trivial form 0 = 0 if the global datum G
correponds to representations whose central characters are not equal to the character ω.
We call equation (4.9) an ε-trace identity with respect to S. A representation which
appears nontrivially on either side of the equation is said to contribute to the ε-trace iden-
tity. By definition, the representations which appear nontrivially on the left hand side of
(4.9) form the S-part of a global (quasi-)packet of G(AF ). On the other hand, the rep-
resentations πi which contribute to the right hand side may comprise the S-parts of more
than one global packet of Hi(AF ). For each group Hi, the set of all contributing represen-
tations form what we call a multi-packet of Hi(AF ).
Let {π} = ⋃1≤j≤n{πj} be a multi-packet of Hi(AF ) (i = 1 or 2), where {πj}
(1 ≤ j ≤ n) is a global (quasi-)packet of Hi(AF ). Let {π}S =
⋃
1≤j≤n{πj}S , the union
of the S-parts of the global packets {πj}. We call {π}S the S-part of the multi-packet
{π}.
If the S-part of a global packet {Π} of G(AF ) and the S-parts of multi-packets {πi}
of Hi(AF ) (i = 1, 2) contribute to an ε-trace identity, we express the fact in the following
table:
G H1 H2
{Π}S {π1}S {π2}S
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Sometimes we drop the subscript S for brevity.
In the next section, we examine the correspondence between global data and automor-
phic representations. In addition, we demonstrate how the global data of the ε-endoscopic
groups lift to those of G.
4.2. Frobenius-Hecke Classes
Let V be the set of places of F . Let V un(E/F ) be the set of places of F which are
unramified in E. For each finite place v of F , fix a uniformizer ̟v of Fv . We sometimes
drop the subscript v when the context is clear. If v ∈ V un(E/F ) does not split in E, let
̟v also be the uniformizer of Ev. If a place v of F splits into two distinct places v1, v2 of
E, then Evi = Fv (i = 1, 2), and we let ̟v be the uniformizer of Evi .
4.2.1. Frobenius-Hecke Classes forG. We now describe the global data for parabol-
ically induced representations of G(AF ). The results are well known (see [F4]) and we
state them without proof.
• Let α, β, µ be characters of CF . Let T be the maximal diagonal torus of G.
Let P0 be the minimal upper triangular parabolic subgroup of G containing T.
Define a representation of T(AF ) as follows:
α⊗ β ⊗ µ : diag(a, b, λ/b, λ/a) 7→ α(a)β(b)µ(λ).
We extend α ⊗ β ⊗ µ to a representation of P0(AF ) by setting it to be 1 on the
unipotent component of P0(AF ).
Let α×β⋊µ denote the (normalizedly) parabolically induced representation
I
G(AF )
P0(AF )
(α ⊗ β ⊗ µ). Let S be a finite set of places such that αv, βv, µv are
unramified for all v /∈ S. Then,
C(α× β ⋊ µ, S, Gˆ) =
[( αvβvµv
αvµv
βvµv
µv
)]
v/∈S
.
Here, for any unramified character χv of F×v , we also let χv denote the value of
the character at ̟v.
• Let e = diag(1,−1). Let Pα be the upper triangular Siegel parabolic subgroup
of G. Its Levi component is
Mα :=
{(
g
λ
det g ege
)
: λ ∈ Gm, g ∈ GL(2)
}
.
Let π be an automorphic representation of GL(2,AF ). Let µ be a character of
CF . Define a representation of Mα(AF ) as follows:
π ⊗ µ :
(
g
λ
det g ege
)
7→ µ(λ)π(g).
The representation π⊗µ extends to a representation ofPα(AF ). Let π⋊µ denote
the normalizedly induced representation IG(AF )
Pα(AF )
(π⊗µ). Let S be a finite set of
places such that µv, πv are unramified for all v /∈ S. Let C(π, S,GL(2,C)) =
[c(πv)]v/∈S be the global datum in GL(2,C) which parametrizes π. Then,
C(π ⋊ µ, S, Gˆ) =
[( µvωπv
µvc(πv)
µv
)]
v/∈S
.
Here, ωπv is the central character of πv.
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• Let Pβ be the upper triangular Heisenberg parabolic subgroup of G. Its Levi
component is
Mβ :=
{(
a
g
det g
a
)
: a ∈ Gm, g ∈ GL(2)
}
.
Let µ be a character of CF . Let π be an automorphicGL(2,AF )-module. Define
a representation of Mβ(AF ) as follows:
µ⊗ π :
(
a
g
det g
a
)
7→ µ(a)π(g).
The representation π⊗µ extends to a representation ofPβ(AF ). Let µ⋊π denote
the normalizedly induced representation IG(AF )
Pβ(AF )
(π⊗µ). Let S be a finite set of
places such that µv, πv are unramified for all v /∈ S. Let C(π, S,GL(2,C)) =
[c(πv)]v/∈S be the global datum parametrizing π. Suppose for each v /∈ S the
conjugacy class c(πv) in GL(2,C) is represented by a diagonal matrix t(πv) =
diag(c1(πv), c2(πv)) ∈ GL(2,C). Then, C(π ⋊ µ, S, Gˆ) is represented by[(
µvt(πv)
t(πv)
)]
v/∈S
∈
∏
v/∈S
Gˆ.
As for the F-H classes parametrizing discrete spectrum automorphic representations of
G(AF ), we postpone their description to Section 4.3.1.
We now turn to describing the global data parametrizing the automorphic represen-
tations of the ε-endoscopic groups. The groups are nonsplit over F , and as a result the
description of their global data is less straightforward. As a warmup, we first review
the correspondence between F-H classes and automorphic representations in the case of
RE/FGL(1), the group obtained from GL(1) upon restriction of scalars from E to F .
4.2.2. The Case of RE/FGL(1). Recall that E is the quadratic extension of F which
corresponds via global class field theory to ε. Let σ be the generator of Gal(E/F ). The
groupE× may be identified with the group of F -points of H = RE/FGL(1). In particular,
H is the unique elliptic ε-endoscopic group of GL(2) (see [K]). Recall that endoscopic
groups are by definition quasi-split. The L-group of H is LH = (C× × C×)⋊Gal(E/F ),
and the Galois action is given by σ(a, b) = (b, a) for (a, b) ∈ C× × C×.
If a place v ∈ V un(E/F ) does not split in E, then H(Fv) = E×v . If v splits into two
places v1, v2 of E, then Ev1 = Ev2 = Fv , and H(Fv) = F×v × F×v .
Let χ be a character of E×\A×E . Consider χ as an automorphic representation of
H(AF ). We would like to compute the F-H classes in LH which parametrize χ. The
representationχv is unramified for almost all v ∈ V un(E/F ). This statement is equivalent
to the following:
(1) If v does not split in E, then χv = χ′v ◦NE/F for some unramified character χ′v
of F×v . Here, to simplify the notation, we let NE/F denote the norm mapping
NEv/Fv : Ev → Fv .
(2) If v splits into distinct places v1, v2 of E, then χv = χv1 ⊗ χv2 , where χvi
(i = 1, 2) is an unramified character of E×vi = F×v .
Consider case 1. To maintain consistency with the expression of its L-group, we
write: H(F¯ ) = {(a, b) ∈ GL(1, F¯ )×GL(1, F¯ )} and H(Fv) = {(x, σx) : x ∈ E×v }. An
unramified character χv of H(Fv) has the form
χv = µ1 ⊗ µ2 : (x, σx) 7→ µ1(x)µ2(σx),
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where µ1,v, µ2,v are unramified characters of E×v . Let ̟v ∈ Fv be the uniformizer of
both Fv and Ev; this is possible because v is unramified in E. The F-H class in LH
parametrizing χv is represented by (see [Bo]):
(µ1(̟v), µ2(σ̟v))⋊ σ = (µ1(̟v), µ2(̟v))⋊ σ.
The element (µ1(̟v), µ2(̟v))⋊ σ is conjugate in LH to
(λµ1(̟v), λ
−1µ2(̟v))⋊ σ
for any λ ∈ C×. Letting λ = µ2(̟v), we see that the F-H class is represented by
t(χv) = (µ1µ2(̟v), 1)⋊ σ = (χv(̟v), 1)⋊ σ.
In particular, the F-H class parametrizing χv depends only on the restriction of the charac-
ter to the maximal Fv-split torus Td = {(x, x) : x ∈ F×v } of H(Fv).
In case 2, where v of F splits into v1, v2 of E, the group H is split over Fv , and
the decomposition group of v in Gal(E/F ) is trivial. The group of Fv-points of H is
H(Fv) = F
×
v × F×v . If χv = χv1 ⊗ χv2 for some unramified characters χv1 , χv2 of F×v ,
then the F-H class of χv is represented by
t (χv) = (χv1(̟v), χv2(̟v))⋊ 1.
4.2.3. Classes in LH1. Recall from Chapter 2 that LH1 = Hˆ1 ⋊Gal(E/F ), where
Hˆ1 =
[
GL(2,C)× C× × C×
]
/{(diag(z, z), z−1, z−1) : z ∈ C×}.
Let τ be an automorphic representation of GL(2,AF ). Let χ be a character of CE . Let S
be a finite set of places of F containing V − V un(E/F ) such that τv is unramified for all
v /∈ S, and χw is unramified whenever the place w of E lies above a place v /∈ S.
Suppose τ is parametrized by the the global datum
C (τ, S,GL(2,C)) = [c(τv)]v/∈S ,
where, for v /∈ S, c(τv) is a conjugacy class in GL(2,C) represented by some diagonal
matrix t(τv) =
( c1,v
c2,v
)
.
If a place v ∈ V un(E/F ) remains prime in E, let v also denote the (unique) place
of E which lies above v. If χv is unramified, then χv = χ′v ◦ NE/F for some unramified
character χ′v of F×v . If v ∈ V un(E/F ) splits into two distinct places v1, v2 of E, then
E ⊗F Fv = Fv ⊕ Fv = Ev1 ⊕ Ev2 . At such a place v, let χv denote the character
χv1 ⊗ χv2 of E×v1 ⊕ E×v2 .
4.5. Claim. The local component at v /∈ S of the global datum C (τ ⊗1 χ, S, LH1)
parametrizing the global packet τ ⊗1 χ of H1(AF ) is as follows:
C (τ ⊗1 χ, S, LH1)v ∋
{
(t(τv), 1, χ
′
v)⋊ σ if v is prime in E,
(t(τv), χv1 , χv2)⋊ 1 if v splits in E.
Here, for an unramified character ηv of F×v , we also let ηv denote the value of the character
at ̟v.
PROOF. At a place v /∈ S which does not split in E, we write H1(Fv) in the following
form:
{(g, x, σx) ∈ GL(2, Fv)× E×v × E×v : det g = NE/Fx}.
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The character χv has the form χv(x) = µ1,v(x)µ2,v(σx) for all x ∈ E×v , where µ1,v, µ2,v
are unramified character of E×v . The F-H class in LH1 parametrizing the unramified rep-
resentation τv ⊗1 χv is represented by (t(τv), µ1,v, µ2,v) ⋊ σ, which is conjugate in LH1
to (
t(τv), λ
−1µ1,v, λµ2,v
)
⋊ σ
for any λ ∈ C×. Letting λ = µ1(̟v), we see that the F-H class of τv ⊗1 χv is represented
by
(t(τv), 1, χv)⋊ σ.
The proof for the split case is similar, and we skip it. 
Let e =
(
1
−1
) ∈ GL(2,C). Recall from Chapter 2 that the L-group embedding
ξ1 :
LH1 → Gˆ sends 1⋊ σ to ( ee ) and (g, a, b) ∈ Hˆ1 to d(g, a, b) :=
( ag
bege
)
.
4.6. Corollary. The global datum C (τ ⊗1 χ, S, LH1) parametrizing τ ⊗1 χ lifts to the
global datum C (S,GSp(2,C)) described as follows:
• At a place v /∈ S which is prime in E, the local component at v of the global
datum C (S,GSp(2,C)) is represented by(
t(τv)e
χ′2t(τv)e
)
∼
 χ′vc1,v −χ′vc2,v
−χ′vc1,v
χ′vc2,v
 ∈ GSp(2,C)
(Recall: t(τv) =
( c1,v
c2,v
) ∈ GL(2,C)).
• At a place v which splits into two places v1, v2 of E, the local component at v of
C (S,GSp(2,C)) is represented by(
χv1 t(τv)
χv2 t(τv)
)
∈ GSp(2,C).
Note that a priori all we know about C(S,GSp(2,C)) is that it is an infinite-tuple
of conjugacy classes in GSp(2,C). At this stage we make no prediction on whether
C(S,GSp(C)) is the global datum of any (quasi-)packet of GSp(2,AF ).
4.2.4. Classes in LH2. Recall from Chapter 2 that LH2 = Hˆ2 ⋊Gal(E/F ), where
Hˆ2 =
{
(g1, g2, λ) ∈ GL(2,C)2 × C× : det g1 = det g2 = λ
}
,
and the generator σ of Gal(E/F ) swaps the two GL(2,C)-factors.
Let π2 = π ⊗2 µ be an automorphic representation of H2(AF ), where π is an au-
tomorphic representation of GL(2,AE) and µ is a character of CF such that the central
character ωπ of π is equal to µ ◦NE/F .
If v ∈ V un(E/F ) is prime in E, then πv is a representation of GL(2, Ev) which
satisfies ωπv = µv ◦NE/F . If v splits into two distinct places v1, v2 of E, then
H2(Fv) =
(
GL(2, Fv)×GL(2, Fv)× F×v
)
/{(aI2, bI2, (ab)−1) : a, b ∈ F×v },
and (π ⊗2 µ)v takes the form πv1 ⊗ πv2 ⊗2 µv, where πvi (i = 1, 2) is a representation of
GL(2, Evi) = GL(2, Fv), and ωπv1 = ωπv2 = µv .
Identify GL(2,AE) with the group of AF -points of RE/FGL(2), the F -group ob-
tained from GL(2) via the restriction of scalars from E to F . The L-group (actually, a fi-
nite Galois form of theL-group) ofRE/FGL(2) is the semidirect product LRE/FGL(2) =
GL(2,C) × GL(2,C) ⋊ Gal(E/F ), where the action of σ ∈ Gal(E/F ) swaps the two
GL(2,C)-factors.
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Let S be a finite set of places of F containing V −V un(E/F ) such that π2,v is unram-
ified for all v /∈ S. Consider π as an automorphic representation of (RE/FGL(2)) (AF ).
Then, πv is unramified for all v /∈ S. Suppose the F-H classes {c(πv)}v/∈S in LRE/FGL(2)
parametrizing π are as follows:
c(πv) ∋
{((
t1(πv)
t2(πv)
)
, ( 1 1 )
)
⋊ σ if v is prime in E,
(d(πv1), d(πv2 ))⋊ 1 if v splits into v1, v2 in E,
where t1(πv), t2(πv) are elements in C×, and d(πvi) (i = 1, 2) is a diagonal matrix
in GL(2,C) whose conjugacy class parametrizes the unramified representation πvi of
GL(2, Evi).
4.7. Claim. The global datum C(π2, S, LH2) parametrizing the automorphic representa-
tion π2 = π ⊗2 µ of H2(AF ) is as follows:
• If v /∈ S is prime in E, then the local component C(π2, S, LH2)v of the global
datum is represented by((
µ1/2v
µ1/2v
)
,
(
µ−1/2v t1(πv)
µ−1/2t2(πv)
)
, µv
)
⋊ σ.
• If v /∈ S splits into v1, v2 in E, then C(π2, S, LH2)v is represented by
(d(πv1 ), d(πv2 ), µv)⋊ 1.
PROOF. First, we deal with the case where v is prime in E. Write H2(Fv) in the form
{(g, σg, x) ∈ GL(2, Ev)2 × F×v }/{(zI2, zI2,NE/F z−1) : z ∈ E×v }.
If π2,v = πv ⊗2 µv is unramified, then πv and µv are unramified. In particular, πv is the
induced representation I(α, β) of GL(2, Ev) for some unramified characters α, β of E×v .
The condition ωπ = µ ◦ NE/F implies that ωπv |F×v = (αβ) |F×v = µ2v . The F-H class
c(πv) in LRE/FGL(2) parametrizing π is represented by
t(πv) = ((
α
β ) , ( 1 1 ))⋊ σ.
In particular, we may take t1(πv) = α(̟v) and t2(πv) = β(̟v). Suppose the F-H class
c(π2,v) in LH2 parametrizing π2,v is represented by
(diag(α1, β1), diag(α2, β2), µv)⋊ σ ∈ LH2,
where αi, βi (i = 1, 2) are complex numbers. The following conditions must be satisfied:
• α1α2 = α(̟v),
• β1β2 = β(̟v),
• α1α2β1β2 = µ2v(̟v).
The element (diag(α1, β1), diag(α2, β2), µv)⋊ σ is conjugate in LH2 to((
λ1α1
λ2β1
)
,
(
λ−11 α2
λ−12 β2
)
, µv
)
⋊ σ
for any λ1, λ2 ∈ C×. Fix a choice of µv(̟v)1/2. Letting λ1 = µv(̟v)1/2α−11 and
λ2 = µv(̟v)
1/2β−11 , we see that c(π2,v) is represented by((
µ1/2v
µ1/2v
)
,
(
µ−1/2v α1α2
µ−1/2v β1β2
)
, µv
)
⋊ σ
=
((
µ1/2v
µ1/2v
)
,
(
µ−1/2v α
µ−1/2β
)
, µv
)
⋊ σ.
The nonsplit case of the claim follows. Notice that the conjugacy class of the above element
does not change if µv(̟v)1/2 is replaced with −µv(̟v)1/2.
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The proof for the split case is similar, and we skip it. 
Recall the notation [(aij), (bij)] :=
( a11 a12
b11 b12
b21 b22
a21 a22
)
. The L-group embedding ξ2,v :
LH2 → Gˆ sends 1⋊ σ to
(
1
1
1
1
)
and (g1, g2, c)⋊ 1 to [g1, g2].
4.8. Corollary. The global datum C (π ⊗2 µ, S, LH2) parametrizing π ⊗2 µ lifts to the
global datum C (S,GSp(2,C)) described as follows:
• At a place v /∈ S which is prime in E, C(S,GSp(2,C))v is represented by µ1/2vµ−1/2v t1(πv)
µ−1/2v t2(πv)
µ1/2v
 .
• At a place v which splits into two places v1, v2 of E, C(S,GSp(2,C))v is repre-
sented by
[d(πv1 ), d(πv2 )].
As remarked earlier, at this stage we make no prediction on whether the global datum
C(S,GSp(2,C)) corresponds to a global (quasi-)packet of GSp(2,AF ).
4.3. Packets
In this section, we describe the multi-packets for each ε-endoscopic group; in other
words, we describe the inequivalent packets which simultaneously contribute to an ε-trace
identity.
4.3.1. (Quasi-)Packets of GSp(2,AF ). For any place v, we let νv be the normalized
absolute value function onFv . In other words, if v is finite, νv(x) := q−ord xv for all x ∈ Fv ,
where qv is the cardinality of the residue field of Fv , and ordx is the p-adic valuation of
x. We let ν = ⊗vνv be the normalized absolute value function on AF . For any finite place
v of F and unramified representation τv of GL(2, Fv), let t(τv) be a diagonal matrix in
GL(2,C) whose conjugacy class parametrizes τv.
Let 12 denote the trivial representation 1GL(2,AF ) of GL(2,AF ). For any place v, let
12,v and St2,v denote the trivial and Steinberg representations of GL(2, Fv), respectively.
4.3.1.1. Unstable Packets. From [A3], the unstable (quasi-)packets of GSp(2,AF )
fall into three types. They are described as follows:
1. Let τ1, τ2 be distinct cuspidal automorphic representations of the group GL(2,AF )
such that ωτ1 = ωτ2 . Suppose τ1,v and τ2,v are unramified for all v outside of some
finite set of places S. The packet [τ1, τ2] is parametrized by the global datum (product of
conjugacy classes):
C
(
[τ1, τ2], S, Gˆ
)
∋
[
[t(τ1,v), t(τ2,v)]
]
v/∈S
.
In particular, [τ1, τ2] lifts via the L-group embedding GSp(2,C) →֒ GL(4,C) to the in-
duced representation I(2,2)(τ1, τ2) of GL(4,AF ).
If the central characters of τ1 and τ2 are trivial, then we know from [F4, V. 10] that
[τ1, τ2] is the restricted tensor product {Π} = ⊗v{Πv}. Here, for all v where both τ1 and
τ2 are square integrable, the local packet {Πv} consists of two square integrable represen-
tations Π+v ,Π−v . At the rest of the places, {Πv} consists of a single representation, which
we denote by Π+v .
56 4. GLOBAL LIFTING
The multiplicity formula for Π′ ∈ {Π} is m(Π′) = 12 (1 + (−1)n(Π
′)), where n(Π′)
is the number of places v for which Π′v = Π−v .
REMARK. In [A3], [τ1, τ2] is denoted by (τ1 ⊠ 1)⊞ (τ2 ⊠ 1) and is called a Yoshida type
packet.
2. Let τ be a cuspidal automorphic representation of GL(2,AF ), µ be a unitary char-
acter of CF , such that ωτ = µ2. Suppose τv, µv are unramified for all v outside of some
finite set of places S. The quasi-packet [τ, µ12] is parametrized by the global datum
C
(
[τ, µ12], S, Gˆ
)
∋
[
[t(τv), t(µv12,v)]
]
v/∈S
=
[
blockdiag
(
µvq
1/2
v , t(τv), µvq
−1/2
v
) ]
v/∈S
.
Here, µv := µv(̟v).
In particular, the quasi-packet [τ, µ12] lifts to the induced representation I(2,2)(τ, µ12)
of GL(4,AF ).
If µ2 = ωτ = 1, then from [F4, V. 10] we know that [τ, µ12] is the global quasi-packet
{Π} = ⊗v{Πv}, where {Πv} = {Π×v ,Π−v } for all v where τv is square integrable. Here,
Π×v is the nontempered quotientL(ν
1/2
v µvτv, µvν
−1/2
v ) of ν1/2v µvτv⋊µvν−1/2v and Π−v is
the cuspidal representation denoted by δ−(ν1/2v µvτv, µvν−1/2v ) in [F4, V. 8]. At each place
v where τv is the induced representation I(ηv, η−1v ) for some character ηv of F×v , {Πv} is
the singleton consisting of the irreducible induced representation Π×v := ηvµv12,v ⋊ η−1v .
The multiplicity formula for Π′ ∈ {Π} is
m(Π′) =
1
2
(
1 + ε(µτ, 1/2)(−1)n(Π′)
)
,
where n(Π′) is the number of places v for which Π′v = Π−v , and ε
(
µτ, 12
)
is the value at
1/2 of the epsilon factor in the functional equation of the L-function of µτ .
REMARK. In [A3], [τ, µ12] is denoted by (µ ⊠ ν(2)) ⊞ (τ ⊠ 1) and is called a Saito,
Kurokawa type packet.
3. Let µ1, µ2 be distinct unitary characters of CF such that µ21 = µ22. Suppose µi,v
(i = 1, 2) is unramified for all v lying outside of some finite set of places S. The quasi-
packet [µ112, µ212] is parametrized by the global datum
C
(
[µ112, µ212], S, Gˆ
)
∋
[
[t (µ1,v12,v) , t (µ2,v12,v)]
]
v/∈S
=
[
diag
(
µ1,vq
1/2
v , µ2,vq
1/2
v , µ2,vq
−1/2
v , µ1,vq
−1/2
v
) ]
v/∈S
.
In particular, the quasi-packet [µ112, µ212] lifts to the representation I(2,2)(µ112, µ212)
of GL(4,AF ).
If µ21 = µ22 = 1, let ζ be the nontrivial quadratic character
µ1
µ2
of CF . In this case, we
know from [F4, V. 10] that [µ112, µ212] is the quasi-packet {Π} = ⊗v{Π×v ,Π−v }. Here,
Π×v is the nontempered quotient
L(νvζv, ζv ⋊ ν
−1/2
v µ2,v)
of the induced representation Iv = νvζv × ζv ⋊ ν−1/2v µ2,v of GSp(2, Fv), and
Π−v =
{
δ−(ζvν
1/2
v St2,v, ζvµ2,vν
−1/2
v ) if ζv 6= 1,
L(ζvν
1/2
v St2,v, ζvµ2,vν
−1/2
v ) if ζv = 1,
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where L(ζvν1/2v St2,v, ζvµ2,vν−1/2v ) is the unique nontempered subquotient of the induced
representation ζvν1/2v St2,v ⋊ ζvµ2,vν−1/2v , and δ−(ζvν1/2v St2,v, ζvµ2,vν−1/2v ) is the cusp-
idal member of the local packet which contains the unique square integrable subrepresen-
tation δ(ζvν1/2v St2,v, ζvµ2,vν−1/2v ) of Iv . At almost every place v, Π+v is unramified.
The multiplicity formula forΠ′ ∈ {Π} is 12 (1+(−1)n(Π
′)), where n(Π′) is the number
of places v for which Π′v = Π−v .
REMARK. In [A3], [µ112, µ212] is denoted by (µ1 ⊠ ν(2)) ⊞ (µ2 ⊠ ν(2)) and is called a
Howe, Piatetskii-Shapiro type packet.
4.3.1.2. A Stable Packet. Also contained in [A3] is a classification of the stable (quasi-
)packets ofGSp(2,AF ). We now describe one which is of interest to us. Let ζ be a nontriv-
ial quadratic character of CF . Let τ be a ζ-invariant, cuspidal automorphic representation
of GL(2,AF ). Suppose ζv , τv are unramified for all v lying outside of some finite set of
places S. The stable quasi-packet {L(νζ, ν−1/2τ)} is parametized by the global datum
C
(
{L(νζ, ν−1/2τ)}, S, Gˆ
)
∋
[
blockdiag
(
q1/2v ζvt(τv), q
−1/2
v t(τv)
) ]
v/∈S
.
In particular, {L(νζ, ν−1/2τ)} lifts to the Langlands quotient J(ν1/2τ, ν−1/2τ) of the
induced representation I(2,2)(ν1/2τ, ν−1/2τ) of GL(4,AF ).
If ωτ = ζ, then {L(νζ, ν−1/2τ)} is the quasi-packet defined in [F4, V. 10]. It is the
restricted tensor product⊗v{Lv}, where {Lv} is the local quasi-packet defined as follows:
• If ζv 6= 1 and τv is cuspidal, {Lv} is a singleton consisting of the unique non-
tempered quotient L(νvζv, ν−1/2v τv) of νvζv ⋊ ν−1/2v τv .
• Suppose ζ 6= 1 and τv is the induced representation I(µv, ζvµv) for some (pos-
sibly trivial) quadratic character µv of F×v . Then,
{Lv} = {L(νvζv, ζv ⋊ ν−1/2v τv), δ−(ζvν1/2v St2,v, ζvµvν−1/2v )}.
• Suppose ζv = 1, then by the theory of monomial representations τv must be
induced. Suppose τv = I(µv, µ−1v ), where µv is a unitary character of F×v . If
µ2v 6= 1, {Lv} is the singleton consisting of the irreducible representation µ−2v ⋊
µv12,v. If µ2v = 1, {Lv} consists of the nontempered subquotients L(νv, 12,v ⋊
ν
−1/2
v µv), L(ν
1/2
v St2,v, ν
−1/2
v µv) of νv × 1⋊ ν−1/2v µv (see [ST]).
Every member of {L(νζ, ν−1/2τ)} occurs with multiplicity one in the discrete spectrum
of GSp(2).
REMARK. In [A3], {L(νζ, ν−1/2τ)} is denoted by τ ⊠ ν(2) and is called a Soudry type
packet.
4.3.1.3. ε-Invariant Unstable Packets. For any character χ of CE , put σχ(x) :=
χ(σx) for all x ∈ CE .
4.9. Lemma. Suppose {Π} is an ε-invariant, unstable, discrete spectrum global (quasi-
)packet of GSp(2,AF ). Then,
(1) {Π} 6= [τ, µ12] for any cuspidal automorphic representation τ of the group
GL(2,AF ), unitary character µ of CF , such that ωτ = µ2.
(2) If {Π} = [τ1, τ2] for two distinct cuspidal automorphic representations τ1, τ2 of
GL(2,AF ), then one of the following conditions is satisfied:
• The representation τ1 is not E-monomial, and τ2 = ετ1.
• There exist unitary characters ζ, χ of CE such that τ1, τ2 are equal to the
E-monomial representations π(ζχ), π(ζ σχ), respectively.
58 4. GLOBAL LIFTING
(3) If {Π} = [µ112, µ212], where µ1, µ2 are distinct unitary characters of CF , then
µ2 = εµ1.
PROOF. Suppose {Π} = [τ, µ12] for some cuspidal automorphic representation τ of
GL(2,AF ) and a unitary character µ of CF such that µ2 = ωτ . Let Π be an ε-invariant
discrete spectrum representation in {Π}. For a sufficiently large finite set of places S such
that Πv is unramified for all v /∈ S, we have:
C
(
Π, S, Gˆ
)
∋
[
blockdiag (t(τv), t(µv12,v))
]
v/∈S
.
Since Π is ε-invariant, blockdiag (t(τv), t(µv12,v)) must be conjugate in Gˆ = GSp(2,C)
to blockdiag (εvt(τv), εvt(µv12,v)) for each v /∈ S. In particular, at each place v /∈ S
such that εv 6= 1, τv is equivalent to either εvτv or εvµv12,v. If τv ∼= εvτv, then µv must
be equal to εvµv , which cannot hold because εv 6= 1. Hence, τv is equivalent to εvµv12,v
at infinitely many places v. In particular, τ should be one dimensional, but by assumption
τ is cuspidal. The first statement of the lemma follows.
Suppose {Π} = [τ1, τ2], where τ1, τ2 are two distinct cuspidal automorphic represen-
tations of GL(2,AF ) whose central characters satisfy ωτ1 = ωτ2 . Let Π be an ε-invariant
discrete spectrum representation in {Π}. For a finite set of places S such that Πv is unram-
ified for all v /∈ S, we have:
C
(
Π, S, Gˆ
)
∋
[
[t(τ1,v), t(τ2,v)]
]
v/∈S
.
View GSp(2) as a twisted endoscopic group with respect to the triple (GL(4), θ, 1) (see
[KS, Chap. 2]), where θ is the automorphism g 7→ tg−1 of GL(4). The F-H classes
in GSp(2,C) parametrizing Π, viewed as classes in GL(4,C), parametrize the induced
representation I(2,2)(τ1, τ2) of GL(4,AF ).
Since Π is an ε-invariant representation, the element [t(τ1,v), t(τ2,v)] is conjugate to
[εvt(τ1,v), εvt(τ2,v)] in GSp(2,C), and hence in GL(4,C), for each v /∈ S. Consequently,
I(2,2)(τ1, τ2) is equivalent to I(2,2)(ετ1, ετ2), which implies that the set {τ1, τ2} is equal
to {ετ1, ετ2} (see [JS1, Thm. 4.4]).
If τ2 6= ετ1, then τ1 and τ2 must both be E-monomial. Consequently, there are
characters µ1, µ2 of CE such that τ1 = π(µ1), τ2 = π(µ2). The central character of the
monomial representation π(µi) (i = 1, 2) is µi|A×F · ε; hence, the condition ωτ1 = ωτ2
implies that µ1|A×F = µ2|A×F . Since
µ2
µ1
|
A
×
F
is trivial, there exists a character χ of CE such
that µ2µ1 =
σχ
χ . Let ζ =
µ1
χ , then τ1 = π(ζχ) and τ2 = π(ζ
σχ). The second statement of
the lemma follows.
Suppose {Π} = [µ112, µ212], where µ1, µ2 are two distinct unitary characters of
CF such that µ21 = µ22. Let Π be an ε-invariant discrete spectrum representation in
{Π}. It lifts to the induced representation I(2,2) (µ112, µ212) of GL(4,AF ). By the
same reasoning used in the second case, Π ∼= εΠ implies that the induced representa-
tions I(2,2) (µ112, µ212) and I(2,2) (εµ112, εµ212) are equivalent. Hence, µ2 = εµ1, and
the final statement of the lemma follows. 
4.3.2. Multi-Packets of H1(AF ). Suppose τ is an automorphic representation of
GL(2,AF ), and χ is a character of CE . Recall from Section 3.1.3.3 that we let τ ⊗1
χ denote the global packet of H1(AF ) consisting of those irreducible constituents of
τ |GL(2,AF )E ⊗1 χ which are unramified at almost all places.
The following theorem rests on the assumption that a result of Flicker’s ([F4]) extends
to an analoguous result in an announced but unpublished work of Arthur’s ([A]).
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4.10. Theorem. Let τ be an automorphic representation of GL(2,AF ). Let χ be a char-
acter of CE . Suppose the packet τ ⊗1 χ of H1(AF ) contributes to an ε-trace identity. The
following holds:
• If χ 6= σχ, and τ is not E-monomial, then the only other contribution to the
ε-trace identity from H1 is τ ⊗1 σχ.
• If χ 6= σχ, and τ is the cuspidal monomial representation π(θ) for some char-
acter θ of CE , then the following packets of H1(AF ) contribute to the ε-trace
identity provided that they are distinct from π(θ) ⊗1 χ:
– π(θ) ⊗1 σχ,
– π(χ) ⊗1 θ,
– π(χ) ⊗1σθ.
• If χ = σχ, then τ ⊗1 χ is the only packet of H1(AF ) which contributes to the
ε-trace identity.
REMARK. The theorem only comments on contribution fromH1, it says nothing regarding
contribution from H2.
SKETCH OF PROOF. The proof requires twisted endoscopic lifting results for the triple
(GL(4), θ, 1), where θ is the automorphism g 7→ tg−1 of GL(4) (see [KS], [A3], [F3]).
Consider the F -split θ-twisted endoscopic group C of GL(4) (see [F3, p. 22–23]). It is
equal to (GL(2) × GL(2))′, where the prime indicates that the two GL(2) components
have equal determinants. Any automorphic representation of C(AF ) has the form
τ1 × τ2 : (g, h) 7→ τ1(g)⊗ τ2(h), ∀(g, h) ∈ C(AF ),
where τ1, τ2 are automorphic representations of GL(2,AF ). Because of the condition on
the determinants of the two GL(2) components, τ1×τ2 is the same as µτ1×µ−1τ2 for any
quasi-character µ of CF . Suppose τ1 × τ2 contributes to a θ-twisted trace identity derived
from Kottwitz-Shelstad’s formula for (GL(4), θ, 1). Expecting the results of lifting from
SO(4) to PGL(4) to be a guide (see proof of [F4, Prop. 4.1]) , the only other contribution
from C to the trace identity should be τ2 × τ1, provided τ1 6= τ2. Although the work
of [F4] has not yet been extended to the case of nontrivial central characters, Arthur has
announced in [A3] the lifting results for the triple (GL(4), θ, 1). It is likely that a proof
of the statement which we assume here will be contained in a complete treatise on the
problem. For now, we shall take for granted the above hypothesis regarding the fibers of
the lifting from C to GL(4).
Recall the hypothesis of our theorem: A global packet τ⊗1χ ofH1(AF ) contributes to
an ε-trace identity. If π′1 = τ ′⊗1χ′ is another global packet of H1(AF ) which contributes
to the ε-trace identity, then the global data parametrizing the representations τ ′ × π(χ′)
and τ × π(χ) of C(AF ) lift to the same datum in GL(4,C). Hence, by our hypothesis
τ ′ × π(χ′) is equivalent to τ × π(χ) and/or π(χ) × τ .
If two representations τ1 × τ2, τ ′1 × τ ′2 of C(AF ) are equivalent to each other, then
there exists a quasi-character µ of CF such that τ ′1 = µ−1τ1 and τ ′2 = µτ2. Therefore, if
τ ′ × π(χ′) is equivalent to π(χ)× τ , then τ ′ = µ−1π(χ) and π(χ′) = µτ for some quasi-
character µ of CF . Since twisting by a character does not change whether a representation
of GL(2,AF ) is E-monomial, τ ′ × π(χ′) cannot be equivalent to π(χ) × τ if τ is not
E-monomial.
Suppose τ ′ × π(χ′) = τ × π(χ). If π(χ′) = µπ(χ), then χ′ is equal to either(
µ ◦NE/F
) · χ or (µ ◦NE/F ) · σχ ([L, Chap. 7]). Consequently, if τ is not E-monomial
and χ 6= σχ, we must have τ ′ = µ−1τ , and χ′ = (µ ◦NE/F ) σχ. For any quasi-character
µ of CF , µ−1τ ⊗1
(
µ ◦NE/F
)
χ defines the same representation. We conclude that if τ
60 4. GLOBAL LIFTING
is non-E-monomial and χ 6= σχ, then τ ⊗1 σχ is the only other packet of H1(AF ) which
contributes to the ε-trace identity.
If τ is non-E-monomial andχ = σχ, then there is no other contribution fromH1(AF ).
Suppose τ is the cuspidal monomial representation π(θ) associated with some char-
acter θ 6= χ of CE such that θ 6= σθ. Then, the representation τ ′ × π(χ′) is equivalent to
either: (i) π(θ)×π(χ), or (ii) π(χ)×π(θ). In the first case, we have τ ′⊗1χ′ = π(θ)⊗1 σχ
if χ 6= σχ. In the second case, τ ′ ⊗1 χ′ must be equal to either π(χ) ⊗1 θ or π(χ) ⊗1 σθ
provided that they are distinct from π(θ)⊗1χ. If χ = σχ = µ◦NE/F for some character µ
ofCF , then π(χ) = I(µ, µε). From the discussion in Section 3.1.3.3, neither I(µ, µε)⊗1θ
nor I(µ, µε)⊗1 σθ contributes to the stable spectrum of H1.
Contingent upon published results on the θ-twisted endoscopic lifting for GL(4), the
theorem follows. 
Suppose a global packet ofH1(AF ) has the form τ⊗1χ, where τ is a representation of
GL(2,AF ) and χ is a character of CE which is not equal to σχ. If tr (τ ⊗1 χ) (f1) appears
in an ε-trace identity, then so does tr (τ ⊗1 σχ) (f1). If an element (h, x) ∈ H1(AF ) is a
norm of some element g ∈ GSp(2,AF ), then (h, σx) is also a norm of g. Therefore, we
expect that if f ∈ C(G(AF ), ω) and f1 ∈ C(H1(AF ), ω) are matching functions, then
f1(h, x) = f1(h, σx) for all (h, x) ∈ H1(AF ). Consequently, the terms tr (τ ⊗1 χ) (f1)
and tr (τ ⊗1 σχ) (f1) in the trace identity combine into a single term 2 · tr (τ ⊗1 χ) (f1).
4.3.3. Multi-Packets of H2(AF ). For any representation τ of GL(2,AE), let στ
denote the GL(2,AE)-module which sends (gij) ∈ GL(2,AE) to τ((σgij)). For any
representation π2 = τ ⊗2 µ of H2(AF ), where ωτ = µ ◦NE/F , put σπ2 := στ ⊗2 µ.
4.11. Lemma. Suppose a cuspidal automorphic representation π2 = τ ⊗2 µ of H2(AF )
contributes to an ε-trace identity.
• If π2 6= σπ2, then the only other cuspidal automorphic representation of H2(AF )
which contributes to the ε-trace identity is σπ2.
• If π2 = σπ2, then no other cuspidal automorphic representation of H2(AF )
contributes to the ε-trace identity.
REMARK. The condition “cuspidal” is crucial. The lemma says nothing regarding non-
cuspidal contributions from H2(AF ).
Suppose π′2 is another cuspidal automorphic representation of H2(AF ) which con-
tributes to the ε-trace identity. Let v be any finite place for which the representations
π2,v, π
′
2,v are unramified. From Section 4.3, it follows that the F-H classes parametrizing
π2,v, π
′
2,v lift via ξ2 : LH2 → Gˆ to the same F-H class in Gˆ.
To examine what the above statement entails, we need to consider separately the case
where the place v is prime in E and the case where v splits in E.
4.12. Claim. Let v be a finite place of F which is unramified, prime in E. If π2,v and π′2,v
are unramified and their Frobenius-Hecke classes lift to the same conjugacy class in Gˆ,
then π2,v and π′2,v are equivalent.
PROOF. Since π2 is cuspidal, the unramified representation π2,v is an irreducible in-
duced representation I(χ1, χ2) ⊗2 µv, where µv is an unramified character of F×v , and
χ1, χ2 are unramified characters of E×v . Since µv ◦ NE/F = χ1χ2, π2,v has the form
I
(
χ1,
µv◦NE/F
χ1
)
⊗2 µv. Since v is prime in E, and χ1 is unramified, we have χ1 = χ′1 ◦
NE/F for some unramified character χ′1 of F×v . Likewise, π′2,v = I
(
θ1,
µ′v◦NE/F
θ1
)
⊗2µ′v ,
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where θ1 = θ′1 ◦ NE/F for some unramified character θ′1 of F×v , and µ′v is an unramified
character of F×v .
From Section 4.2, the lift of the F-H class parametrizing π2,v is represented by
gˆ = diag
(
χ′1,−χ′1,
−µv
χ′1
,
µv
χ′1
)
∈ GSp(2,C),
while the lift of the class parametrizing π′2,v is represented by
gˆ′ = diag
(
θ′1,−θ′1,
−µ′v
θ′1
,
µ′v
θ′1
)
∈ GSp(2,C).
If gˆ and gˆ′ belong to the same conjugacy class in Gˆ, then there must exist an element
w in the Weyl group W of Gˆ such that wgˆ = gˆ′. Observe that µv(̟v) and µ′v(̟v) are
the respective similitude factors of gˆ and gˆ′. Since the similitude factor is invariant under
conjugation, we conclude that µv = µ′v . Since Ev/Fv is unramified, εv(̟v) is equal to
−1. By permuting the entries of gˆ under W , we conclude that θ′ is equal to one of the
following characters:
(1) µvχ′1 ,
(2) εvχ′1,
(3) εvµvχ′1 ,
(4) χ′1.
Since εv ◦ NE/F = 1, in cases 2 and 4 we have θ1 = θ′1 ◦ NE/F = χ′1 ◦ NE/F = χ1.
Hence, π′2,v = π2,v . In cases 1 and 3, we have π′2,v = I
(
µv◦NE/F
χ1
, χ1
)
⊗2 µv , which is
equivalent to π2,v. Hence, if the F-H classes parametrizing the unramified representations
π2,v and π′2,v lift to the same conjugacy class in Gˆ, then π2,v and π′2,v are equivalent. 
4.13. Claim. Let v be a finite place of F which splits in E. If π2,v and π′2,v are unrami-
fied, and their Frobenius-Hecke classes lift to the same conjugacy class in Gˆ, then π′2,v is
equivalent to either π2,v or σπ2,v.
PROOF. If v is a finite place of F which splits in E, then H2,v = H2(Fv) has the
form [
GL(2, Fv)×GL(2, Fv)× F×v
]
/{(aI2, bI2, (ab)−1) : a, b ∈ F×v }.
Suppose v1, v2 are the two places of E which lie above v. We have π2,v = τ1 × τ2 × µv ,
where τi = τvi (i = 1, 2), and σπ2,v = τ2 × τ1 × µv . Since
ωτ1(a)ωτ2(b)µv(a)
−1µv(b)−1 = 1, ∀a, b ∈ F×v ,
we must have ωτ1 = ωτ2 = µv. In particular, µv is uniquely determined by either τ1 or τ2.
Observe that H2,v is isomorphic via (g, h, c) 7→ (g, ch) to
[GL(2, Fv)×GL(2, Fv)] /{(zI2, z−1I2) : z ∈ F×v }.
We identify representations of H2,v with representations of the above group, and write
π2,v = τ1 × τ2, σπ2,v = τ2 × τ1.
If π2,v = τ1 × τ2 is unramified, then τi = I(αi, βi) (i = 1, 2), where αi, βi are
unramified characters of F×v . Likewise, π′2,v = I(α′1, β′1)×I(α′2, β′2) for some unramified
characters α′i, β′i of F×v .
The F-H class parametrizing π2,v lifts to the conjugacy class in Gˆ represented by
gˆ = [diag(α1, β1), diag(α2, β2)],
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while the F-H class parametrizing π′2,v lifts to the conjugacy class in Gˆ represented by
gˆ′ = [diag(α′1, β
′
1), diag(α
′
2, β
′
2)].
By assumption, there exists an element w ∈ W such that wgˆ = gˆ′. If we label the
entries of the maximal diagonal torus of Gˆ by 1, 2, 3, 4, then W = D4 is generated by the
permutations (3421) and (23).
Suppose (23)gˆ = gˆ′. The action of (23) sends gˆ = [diag(α1, β1), diag(α2, β2)] to
[diag(α1, β1), diag(β2, α2)]. Since I(β2, α2) is equivalent to I(α2, β2), π′2,v is equivalent
to π2,v .
The action of (3421) takes gˆ to [diag(α2, β2), diag(β1, α1)]. Hence, if gˆ′ = (3421)gˆ,
then π′2,v = τ2 × τ1 = σπ2,v.
We conclude that if the F-H classes parametrizing the unramified representations π2,v
and π′2,v lift to the same conjugacy class in Gˆ, then π′2,v is equivalent to either π2,v or
σπ2,v . In particular, µ′v is equal to µv. 
From the previous two claims, we see that µv = µ′v for almost all v, which implies
that µ = µ′ by the weak approximation theorem forAF (The weak approximation theorem
says that F is dense in
∏
v∈S Fv for any finite set of places S. It follows that F× is dense
in
∏
v∈S F
×
v . Using that µ and µ′ are continuous characters of A×F whose restrictions to
F× are trivial, our assertion follows).
Supposeπ′2 = τ ′⊗µ, where τ ′ is a cuspidal automorphic representation ofGL(2,AE).
To prove Lemma 4.11, it remains to show that:
4.14. Claim. τ ′ is equivalent to either τ or στ .
Before we prove the claim, we need a digression: Let k be a number field. Let Vk be
the set of places of k. Let n,m be positive integers. Let π be an automorphic representation
of GL(n,Ak) which is unramified at places outside of a finite set S ⊂ Vk . For each
v /∈ S, let t(πv) be a matrix in GL(2,C) whose conjugacy class parametrizes πv. Let π′
be an automorphic representation of GL(m,Ak) which is unramified at places outside of
S. Define t(π′v) ∈ GL(m,C) likewise for π′.
Consider t(πv), t(π′v) as endomorphisms of Cn, Cm, respectively. Their tensor prod-
uct t(πv)⊗t(π′v), being an endomorphism ofCmn, is represented by anmn×mn complex
matrix. Define a partial L-function in s ∈ C as follows:
LS(s, π ⊗ π′) :=
∏
v/∈S
det
(
1− tv(π)⊗ tv(π′)q−sv
)−1
,
where qv is the cardinality of the residue field of kv . If π and π′ are cuspidal, it is known
([JS]) that: (i) LS(s, π⊗π′) does not vanish on the line Re s = 1; (ii) LS(s, π⊗π′) has a
pole of order 1 at s = 1 if and only if n = m and π′ is equivalent to π˜, the contragradient
of π.
PROOF OF CLAIM 4.14. Let S be a finite set of places of F such that π2,v, π′2,v are
unramified for all v /∈ S. We know, for v /∈ S, that:
π′2,v =
{
π2,v if v is unramified, prime in E,
π2,v or
σπ2,v if v splits in E.
Consider τ, τ ′ as automorphic representations of GL(2,AE), with E as the base field. Let
SE be the set of places of E which lie above the places in S. In particular, SE is finite. For
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any place w of E outside of SE , τw and τ ′w are unramified. We have:
τ ′w = τw or (
στ)w .
Notice the order of operation: We first apply σ to the global τ , and then we take the com-
ponent at the place w. We have the following equality of products of partial L-functions:
LSE(s, τ ′ ⊗ τ˜)LSE (s, στ ′ ⊗ τ˜ ) = LSE (s, τ ⊗ τ˜ )LSE(s, στ ⊗ τ˜ ).
Since π2 and π′2 are cuspidal automorphic representations of H2(AF ), τw and τ ′w are
cuspidal automorphic representations of GL(2,AE). By [JS] and [Sh], the product on the
right has a single pole at s = 1; therefore, the product on the left must have a pole, which
implies that τ ′ is equivalent to either τ or στ . 
Let 1GL(2,AE) denote the trivial representation of GL(2,AE).
4.15. Lemma. Let χ be a character of CE , µ be a character of CF , such that χ2 =
µ ◦NE/F . Suppose the automorphic representation
π2 = (χ ◦ det)⊗2 µ = χ1GL(2,AE) ⊗2 µ
of H2(AF ) contributes to an ε-trace identity.
• If χ 6= σχ, then the only other contribution from H2 to the ε-trace identity is
σπ2 =
σχ1GL(2,AE) ⊗2 µ.
• If χ = σχ, then no other automorphic representation of H2(AF ) contributes to
the ε-trace identity.
PROOF. Suppose an automorphic representation π′2 = τ ⊗2 µ′ 6= π2 of H2(AF )
contributes to the trace identity. As in the case where π2 is cuspidal, we consider the
places v, unramified in E, where both π2,v and π′2,v are unramified. Of these places, we
examine separately those which split in E and those which do not.
If v does not split in E, then by the same argument used in the proof of Lemma 4.11,
we conclude that π2,v = π′2,v. Suppose v splits into two places v1, v2 of E. For i = 1, 2,
let χi = χvi . Since χ2 = µ ◦ NE/F , we have χ21 = χ22 = µv. Let νv be the normalized
absolute value function on Fv . Then, π′2,v = τ ′v1 × τ ′v2 is parametrized by the conjugacy
class of one of the following two elements in LH2:
(1)
((
χ1ν
1/2
v
χ1ν
−1/2
v
)
,
(
χ2ν
1/2
v
χ2ν
−1/2
v
)
, µv
)
⋊ 1,
(2)
((
χ2ν
1/2
v
χ2ν
−1/2
v
)
,
(
χ1ν
1/2
v
χ1ν
−1/2
v
)
, µv
)
⋊ 1.
In the first case, we have π′2,v = π2,v . In the second case, we have π′2,v = σπ2,v . Moreover,
as in the cuspidal case, we have µv = µ′v for almost all v.
Hence, π′2 = χ′1GL(2,AF ) ⊗2 µ, where χ′ is a character of CE such that χ′v is equal
to χv or σχv for almost all v. Applying the partial L-function argument (explained in the
proof of Lemma 4.11) to χ as a representation of GL(1,AE), we conclude that χ′ is equal
to either χ or σχ. The lemma follows. 
4.16. Corollary. Let π2 be a discrete spectrum automorphic representation of H2(AF )
which contributes to an ε-trace identity. Then, a discrete spectrum representation π′2 6= π2
of H2(AF ) contributes to the trace identity if and only if π2 6= σπ2, in which case π′2 is
equal to σπ2.
PROOF. The group H2(AF ) is a quotient of GL(2,AE) × A×F ; hence, its discrete
spectrum representations are either cuspidal or one dimensional. The corollary follows
from Lemmas 4.11 and 4.15. 
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If (h, c) ∈ H2(AF ) is a norm of g ∈ G(AF ), then (σh, c) is also a norm of g. Hence,
we expect that if f ∈ C(G(AF ), ω) and f2 ∈ C(H2(AF ), ω) are matching functions,
then f2(h, c) = f2(σh, c) for all (h, c) ∈ H2(AF ). Consequently, if π is an automorphic
representation of GL(2,AE) which is not equal to σπ and µ is a character of CF such
that ωπ = µ ◦ NE/F , the contributions from tr (π ⊗2 µ) (f2) and tr (σπ ⊗2 µ) (f2) to an
ε-trace identity combine into a single term 2 · tr (π ⊗2 µ) (f2).
4.4. Contributions
We now address the question: Under what circumstances are there contributions from
both ε-endoscopic groups to an ε-trace identity.
Notation:
• Let Π be an automorphic representation of G(AF ). Let f be a function in
C(G(AF ), ω). Recall that Π(f × ε) is defined in Section 3.1. Put
〈Π, f〉ε := tr Π(f × ε).
If Π is ε-invariant, 〈Π, f〉ε is equal to a product
∏
v tr Πv(fv × εv) of twisted
local characters. Put 〈Πv, fv〉εv := tr Πv(fv × εv).
• Let i = 1 or 2. For a representation πi of Hi(AF ) and test function fi in
C(Hi(AF ), ω), put
〈πi, fi〉 := tr πi(fi).
• For any automorphic representation τ of GL(2,AF ), let BE/F τ denote the au-
tomorphic representation of GL(2,AE) which is obtained by base change from
τ (see [L], [F1]).
• Let V be the set of places of F . Let V un(E/F ) denote the set of finite places of
F which are unramified in E.
• Let S be a set of places of F . For any ade`lic object (automorphic representation,
test function, trace, . . . , etc.), let subscript S denote the tensor product of local
components over the places in S.
Let π be an irreducible admissible representation of a p-adic group H . In [HC1], Harish-
Chandra proves the existence of a locally integrable function χπ on H such that∫
H
χπ(h)f(h) dh = trπ(f), ∀f ∈ C∞c (H).
We call χπ the Harish-Chandra character of π. This notion extends to the ε-twisted
characters as follows: Let k be a local field. Let εk be a quadratic character of G(k). Let
π be an irreducible, admissible, εk-invariant G(k)-module, i.e. there exists a nontrivial
intertwining operator A in HomG(k)(π, εkπ). Note that the space of εkπ is equal to that of
π. The εk-twisted Harish-Chandra character χAπ of π is a function on G(k) such that∫
G(k)
χAπ (g)f(g) dg = tr π(f)A, ∀f ∈ C∞c (G(k)).
It can be shown that χAπ is locally constant on the regular set, locally integrable, and unique.
It satisfies χAπ (h−1gh) = εk(h)χAπ (g).
Definition: We say that an irreducible admissible representation of a p-adic group H is
elliptic if its Harish-Chandra character is not identically zero on the elliptic regular set of
H . Likewise, we say that an εk-invariant, irreducible, admissible G(k)-module π is εk-
elliptic if χAπ is not identically zero on the elliptic regular set of G(k). It follows from the
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orthogonality relations that each square integrable admissible representation of a connected
reductive p-adic group is elliptic. In the twisted case, the εk-invariant square integrable
representations are similarly elliptic. This too follows from the orthogonality relations of
characters.
In order to apply Corollary 4.4 to obtain global lifting results, we fix once and for all
two distinct finite places w1, w2 of F which are prime in E, and we work with automor-
phic representations whose local components at wi (i = 1, 2) are elliptic. For H = G,
H1, or H2, recall that E(w1, w2,H(AF ), ω) denotes the set of functions f = ⊗vfv in
C(H(AF ), ω) whose local components fw1 , fw2 are elliptic.
For a reductive F -group H and an automorphic representation π of H(AF ), we de-
fine the bad places for π to be the (finite) set of places of F which is the union of
V − V un(E/F ), {w1, w2}, and the set of places v where πv is ramified (i.e. not un-
ramified).
4.4.1. Base Change. Let τ be a cuspidal non-E-monomial, or one dimensional, au-
tomorphic representation of GL(2,AF ) such that τwi (i = 1, 2) is elliptic. Let {Π} be
the unstable (quasi-)packet [τ, ετ ] of G(AF ). This is the packet which lifts to the induced
representation I(2,2)(τ, ετ) of GL(4,AF ). The table notation was introduced in Section
4.1.
4.17. Proposition. Let S be the set of bad places for τ . The following table holds for
matching test functions with elliptic components at w1, w2 and spherical components at
all v /∈ S:
(4.1) G H1 H2{Π} τ ⊗1 1 BE/F τ ⊗2 ωτ
REMARK. The representation τ ⊗1 µ ◦NE/F is equivalent to µτ ⊗1 1 for any character µ
of CF ; hence, by Hilbert 90, the proposition covers all τ ⊗1 χ where χ = σχ.
PROOF. For v /∈ S, let t(τv) be a diagonal matrix in GL(2,C) whose conjugacy
class parametrizes the unramified representation τv. From Section 4.2, the global datum
C({Π}, S, Gˆ) parametrizing {Π} is represented by[
[t(τv), εv(̟v)t(τv)]
]
v/∈S
∈
∏
v/∈S
Gˆ,
where ̟v is a fixed uniformizer of Fv for each v /∈ S. By comparing F-H classes, we
see that τ ⊗1 1 and BE/F τ ⊗2 ωτ contribute to the ε-trace identity defined by the global
datum C({Π}, S, Gˆ). By Theorem 4.10, τ ⊗1 1 is the only contribution from H1. By
Corollary 4.16, BE/F τ ⊗2 ωτ is the only discrete spectrum contribution from H2. Since
the test function f2 on H2(AF ) has elliptic components, no discretely occuring induced
representation of H2(AF ) contributes to the trace identity. The proposition follows. 
4.18. Corollary. Let f ∈ E(w1, w2,G(AF ), ωτ ) and fi ∈ E(w1, w2,Hi, ωτ ) (i = 1, 2)
be matching functions whose components at all v /∈ S are spherical, the following charac-
ter identity holds:
(4.2)
∑
Π′∈{Π}
m(Π′) 〈Π′, f〉ε,S =
1
2
〈τ ⊗1 1, f1〉S +
1
2
〈
BE/F τ ⊗2 ωτ , f2
〉
S
.
Here m(Π′) is the multiplicity of Π′ in the discrete spectrum of G(AF ).
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REMARK. If ωτ = 1, then by [F4, V. 10] the packet {Π} is the restricted tensor product
⊗v∈V {Π+v ,Π−v }, where Π−v = 0 unless τv is square integrable. The multiplicity formula
is m(Π′) = 12 (1+(−1)n(Π
′)), where n(Π′) is the number of places v for which Π′v = Π−v .
4.4.2. Exclusive Contributions. We now address under what circumstances do the
representations of only one of the ε-endoscopic groups contribute to an ε-trace identity.
4.4.2.1. Case of H1.
4.19. Proposition. Let π1 = τ ⊗1 χ be a global (quasi-)packet of representations of
H1(AF ) such that:
• τ is a non-E-monomial automorphic representation of GL(2,AF );
• τwi (i = 1, 2) is elliptic;
• χ 6= σχ.
If π1 contributes to an ε-trace identity for matching functions f in E(w1, w2,G(AF ), ω)
and fi in E(w1, w2,Hi(AF ), ω) (i = 1, 2), then no representation of H2(AF ) contributes
to the trace identity.
The proof is given after Lemma 4.23.
Suppose an automorphic representation π2 of H2(AF ) contributes to the ε-trace iden-
tity. Let S be the union of the respective sets of bad places for π1, π2. That is, π1,v , π2,v
are unramified for all v /∈ S. Let {Π} be the global (quasi-)packet of representations of
G(AF ) whose global datum is the lift of C(π1, S, LH1). Put σπ1 := τ⊗1σχ. By Corollary
4.4, Theorem 4.10, and Corollary 4.16, we have:
(4.3)
∑
Π′∈{Π}
m(Π′) 〈Π′, f〉ε,S =
1
2
〈π1, f1〉S +
1
2
〈σπ1, f1〉S
+
1
2
〈π2, f2〉S +
d
2
〈σπ2, f2〉S ,
where m(Π′) is the multiplicity of Π′, and d =
{
1 if π2 6= σπ2,
0 otherwise.
4.20. Lemma. The (quasi-)packet {Π} is stable.
PROOF. Suppose {Π} is unstable. Then, according to Lemma 4.9, one of the follow-
ing holds:
(1) {Π} = [π, επ], where π is a cuspidal non-E-monomial automorphic representa-
tion of GL(2,AF ).
(2) {Π} = [µ12, εµ12] for some character µ of CE .
(3) {Π} = [π(θχ), π(θ σχ)], where θ, χ are characters of CE such that none of θ, χ,
θχ, θ σχ is fixed by the action of Gal(E/F ).
In the first (resp. second) case, we know from Proposition 4.17 that {Π} is the lift of
the packet π′1 = π⊗1 1 (resp. µ12⊗1 1) of H1(AF ). Since χ 6= σχ, by Theorem 4.10, π′1
and π1 cannot both contribute to the trace identity, whence a contradiction.
In the third case, one can see via a comparison of F-H classes that {Π} is the lift
of π(θ) ⊗1 χ. Since we assume that τ is not E-monomial, we have a contradiction by
Theorem 4.10. 
4.21. Corollary. Each member of {Π} occurs with multiplicity one in the discrete spectrum
of GSp(2,AF ).
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Let {{Πv}}v∈V be the collection of local packets such that {Π} is the restricted tensor
product⊗v∈V {Πv}. For each member Π′ = ⊗vΠ′v of {Π}, 〈Π′, f〉ε is equal to a product∏
v 〈Π′v, fv〉εv of twisted traces. For simplicity, we often drop the subscript v from εv if
the meaning is clear. By Lemma 4.20, we have:∑
Π′∈{Π}
m(Π′) 〈Π′, f〉ε,S =
∏
v∈S
〈{Πv}, fv〉ε ,
where 〈{Πv}, fv〉ε :=
∑
Π′v∈{Π′v} 〈Π
′
v, fv〉ε.
Let S0 = S − {w1, w2}. Let
CS0 = 〈{Π}, f〉ε,S0 , D1,S0 = 〈π1, f1〉S0 , D2,S0 = 〈π2, f2〉S0 .
From the matching condition on f ,f1, f2, we have 〈π1, f1〉 = 〈σπ1, f1〉 and 〈π2, f2〉 =
〈σπ2, f2〉. We rewrite (4.3) as follows:
(4.4) CS0 〈{Πw1}, fw1〉ε 〈{Πw2}, fw2〉ε
= D1,S0 〈π1,w1 , f1,w1〉 〈π1,w2 , f1,w2〉+ n ·D2,S0 〈π2,w1 , f2,w1〉 〈π2,w2 , f2,w2〉 ,
where n = 12 or 1, depending on whether π2 is equal to
σπ2 or not. Here, for each place v,
the symbol π1,v denotes the local packet of H1,v such that π1 = ⊗vπ1,v .
4.22. Definition. Let v be a place of F which is prime in E. We say that an elliptic regular
element in Gv is of type i (i = 1, 2) if its norms lie only in Hi,v . We say that an elliptic
function fv on Gv is of type i if the orbital integral of fv is nonzero only at the elliptic
regular elements of type i.
From the norm correspondence among elliptic regular elements (computed in Appen-
dix B), type i (i = 1, 2) elements exist. Consequently, type i functions exist.
4.23. Lemma. There exists a type 1 elliptic function fw2 on Gw2 such that the trace
〈{Π}w2 , fw2〉ε is nonzero.
PROOF. Let fw1 be a type 1 elliptic function such that 〈π1,w1 , f1,w1〉 6= 0. This is
possible because by hypothesis π1,w1 is elliptic. Then, we may choose f2,w1 to be zero
and obtain the following equation:
CS0 〈{Πw1}, fw1〉ε 〈{Πw2}, fw2〉ε = D1,S0 〈π1,w1 , f1,w1〉 〈π1,w2 , f1,w2〉 .
For each v ∈ S0, choose fv and matching f1,v such that 〈π1,v, f1,v〉 6= 0. Since by
assumption π1,w2 is elliptic, there exists a type 1 elliptic fw2 and matching f1,w2 such that
〈π1,w2 , f1,w2〉 6= 0. The lemma follows.

PROOF OF PROPOSITION 4.19. Let fw1 be a type 2 elliptic function on Gw1 . Let
f1,w1 be zero. Then, (4.4) becomes
(4.5) CS0 〈{Πw1}, fw1〉ε 〈{Πw2}, fw2〉ε = nD2,S0 〈π2,w1 , f2,w1〉 〈π2,w2 , f2,w2〉 .
Let fw2 be a type 1 function on Gw2 such that 〈{Π}w2, fw2〉ε is nonzero. It exists by
Lemma 4.23. Let f2,w2 be zero. Then,
CS0 〈{Πw1}, fw1〉ε = 0
for all elliptic functions fw1 of type 2.
Now let fw2 be an arbitrary test function on Gw2 . The equation (4.5), where fw1 is of
type 2, implies that
(4.6) 0 = CS0 〈{Πw1}, fw1〉ε 〈{Πw2}, fw2〉ε = nD2,S0 〈π2,w1 , f2,w1〉 〈π2,w2 , f2,w2〉 .
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There are two possibilities: (i) 〈π2,w2 , f2,w2〉 = 0 for every f2,w2 matching some elliptic
function fw2 on Gw2 ; (ii) 〈π2,w1 , f2,w1〉 = 0 for every f2,w1 matching some type 2 elliptic
function on Gw1 . If case (i) holds, we are done. Suppose case (ii) holds. For any h2 =
(g, c) ∈ H2,w1 , put σh2 := (σg, c). Since f2,w1 matches a function on Gw1 , we have
f2,w1(h2) = f2,w1(σh2) for all h2 ∈ H2,w1 . Hence,
0 = 〈π2,w1 , f2,w1〉 =
∫
〈σ〉\H2,w1
(
χπ2,w1 (h2) + χπ2,w1 (σh2)
)
f2,w1(h2) dh2.
In particular,χπ2,w1 (h2)+χπ2,w1 (σh2) = 0 for all elliptic elements h2 inH2,w1 . It follows
that if fw1 is any elliptic function on Gw1 , then 〈π2,w1 , f2,w1〉 = 0 for any function f2,w1
on H2,w1 which matches fw1 . The proposition follows. 
4.24. Lemma. Let χ be a character ofCE such that χ 6= σχ. Suppose the one dimensional
representation π1 = 12 ⊗1 χ of H1(AF ) contributes to an ε-trace identity. Then, no
automorphic representation of H2(AF ) contributes to the trace identity.
PROOF. Let S be the finite set of bad places for π1. By the Chebotarev Density Theo-
rem, there exists a place v /∈ S which splits into two places v1, v2 ofE such that χv1 6= χv2 .
The F-H class in Hˆ1 parametrizing π1,v lifts to the conjugacy class in GSp(2,C) repre-
sented by
gˆ =
 χv1ν
1/2
v
χv1ν
−1/2
v
χv2ν
1/2
v
χv2ν
−1/2
v
 .
Suppose a representation π2 = τ⊗2µ of H2(AF ) contributes to the trace identity, where τ
is an automorphic representation of GL(2,AE) and µ is a character of CF such that ωτ =
µ ◦NE/F . Then, τv1 must be parametrized by the conjugacy class in GL(2,C) containing
either diag(χv1ν
1/2
v , χv2ν
−1/2
v ) or diag(χv2ν
1/2
v , χv1ν
−1/2
v ). In either case, since χv1 6=
χv2 , τv1 is not unitarizable, which is a contradiction because all local components of a
unitary automorphic representation of GL(2,AE) are unitarizable. 
Let RE/FGL(2) be the F -group obtained fromGL(2) on restricting scalars fromE to
F . It is an ε-twisted endoscopic group of GL(4), and its group ofAF -points is GL(2,AE).
For an automorphic representation τE of GL(2,AE), let π(τE) denote the automorphic
representation of GL(4,AF ) which is obtained from τE via the twisted endoscopic lifting
from RE/FGL(2) to GL(4) (see [AC, Sect. 3.6]). The representation π(τE) is cuspidal if
and only if τE is cuspidal and τE ≇ στE .
In the case of H1, we in general denote a (quasi-)packet by π1, i.e. without braces.
For a (quasi-)packet π1 of H1(AF ), let ξ∗1(π1) denote the (quasi-)packet of G(AF ) which
is the lift of π1.
4.25. Lemma. Let τ be a cuspidal or one dimensional automorphic representation of
GL(2,AF ). Let χ be a character of CE . Then, the (quasi-)packet ξ∗1(τ ⊗1 χ) of G(AF )
lifts to the automorphic representation π(χBE/F τ) of GL(4,AF ).
PROOF. Let S be the union of the sets of bad places for τ, χ. Hence, τv, χv are
unramified for all v /∈ S. For each v /∈ S, let t(τv) = diag(av, bv) be a diagonal matrix in
GL(2,C)whose conjugacy class parametrizes τv . The global datum in ĜL(4) = GL(4,C)
parametrizing π(χBE/F τ) is as follows:
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• Suppose v /∈ S is prime in E. Let χ′v be an unramified character of F×v such that
χv = χ
′
v ◦NE/F . Then,
C (π(χBE/F τ), S,GL(4,C))v ∋
 χ′vav χ′vbv
−χ′vav
−χ′vbv
 .
• Suppose v /∈ S splits into two places v1, v2 of E. Then,
C (π(χBE/F τ), S,GL(4,C))v ∋
( χv1av
χv1 bv
χv2av
χv2 bv
)
.
The global datum C (ξ∗1(τ ⊗1 χ), S,GSp(2,C)) is described by Corollary 4.6. The propo-
sition follows on comparing the datum C (π(χBE/F τ), S,GL(4,C)) with the natural im-
age of C (ξ∗1(τ ⊗1 χ), S,GSp(2,C)) in
∏
v/∈S GL(4,C). 
4.26. Lemma. Let τ be an automorphic representation ofGL(2,AF ). Let χ be a character
of CE . The automorphic representation π = χBE/F τ of GL(2,AE) is invariant under
Gal(E/F ) if and only if there exists a (possibly trivial) quadratic character ε′ of CF such
that: (i) σχ/χ = ε′ ◦NE/F , and (ii) τ is equivalent to ε′τ or ε′ετ .
PROOF. Suppose π ∼= σπ. Then, the central character ωπ = χ2 · (ωτ ◦ NE/F ) of π
must be equal to ωσπ = σχ2 · (ωτ ◦NE/F ). Hence, χ2 = σχ2, which by Hilbert 90 implies
that σχ/χ = ε′ ◦NE/F for some (possibly trivial) quadratic character ε′ of CF . We have:
χBE/F (ε
′τ) = χ · (ε′ ◦NE/F )BE/F τ = σχ BE/F τ ∼= χBE/F τ.
By [L], [F1], BE/F (ε′τ) ∼= BE/F τ implies that τ is equivalent to ε′τ or ε′ετ .
Suppose σχ/χ = ε′ ◦NE/F for some quadratic character ε′ of CF , and τ is equivalent
to ε′τ or ε′ετ . Then, σπ = χ · (ε′ ◦NE/F )BE/F τ = χBE/F (ε′τ), which is equivalent
to either χBE/F τ or χBE/F (ετ). Since BE/F (ετ) ∼= BE/F τ , the lemma follows. 
4.27. Proposition. Let τ be a cuspidal, non-E-monomial, automorphic representation of
GL(2,AF ), χ be a character of CF , such that: There does not exist a character ε′ of CF
such that σχ/χ = ε′ ◦NE/F and τ ∼= ε′τ . Then, each member of {Π} = ξ∗1(τ ⊗1 χ) is a
cuspidal automorphic representation of G(AF ).
PROOF. By Lemma 4.25, {Π} lifts to π(χBE/F τ) of GL(4,AF ). Since τ is not E-
monomial, χBE/F τ is cuspidal. By Lemma 4.26 and [AC, Sect. 3.6], we conclude that
the automorphic representation π(χBE/F τ) is cuspidal.
Suppose a representation Π in {Π} is not cuspidal. Then, Π is an irreducible con-
stituent of a parabolically induced representation I of G(AF ). By the results in [F4, Sect.
V. 1], I lifts to a parabolically induced representation of GL(4,AF ). By the strong mul-
tiplicity one (or rigidity) theorem for GL(4), we conclude that the cuspidal representa-
tion π(χBE/F τ) is an irreducible constituent of a parabolically induced representation of
GL(4,AF ), which is a contradiction. 
The case where σχ/χ = ε′ ◦NE/F and τ ∼= ε′τ will be addressed by Proposition 4.36
in Section 4.5.
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4.4.2.2. Case of H2. For any character θ of CE , recall that π(θ) denotes the E-
monomial representation of GL(2,AF ) associated with θ.
4.28. Claim. Let τ be an automorphic representation of GL(2,AE) such that τ 6= στ and
ωτ = µ ◦ NE/F for some character µ of CF . Suppose the representation π2 = τ ⊗2 µ of
H2(AF ) contributes to an ε-trace identity. Then, no discrete spectrum packet of H1(AF )
of the form π(θ)⊗1 χ, where θ, χ are characters of CE , contributes to the trace identity.
PROOF. Let S be the set of bad places for π2. For a place v /∈ S which does not
split in E, µv is an unramified character of F×v , and τv is an induced representation of
GL(2, Ev) of the form I(ηv◦NE/F , (µvη−1v )◦NE/F ), where ηv is an unramified character
of F×v . From Section 4.2, we see that the F-H class in LH2 parametrizing π2,v lifts to the
conjugacy class in Gˆ represented by
gˆv = diag(ηv,−ηv,−µvη−1v , µvη−1v ).
If v /∈ S splits into two places v1, v2 of E, then the F-H class parametrizing π2,v lifts to
the conjugacy class in Gˆ represented by
gˆv = [t(τv1 ), t(τv2)] ,
where t(τvi ) (i = 1, 2) is a diagonal matrix whose conjugacy class in GL(2,C) paramet-
rizes the unramified representation τvi of GL(2, Evi) = GL(2, Fv).
A lifting of automorphic representations ofGL(2,AE) to ε-invariant automorphic rep-
resentations of GL(4,AF ) is described in [AC, Sect. 3.6]. In particular, if an automorphic
representation π of GL(2,AE) satisfies π 6= σπ, then it lifts to a cuspidal automorphic
representation of GL(4,AF ).
Viewing GSp(2,C) as a subgroup of GL(4,C), the global datum in
∏
v/∈S GL(4,C)
represented by [gˆv]v/∈S parametrizes the automorphic GL(4,AF )-module Π which is the
lift of τ . Since τ 6= στ , Π is cuspidal.
On the other hand, π(θ) ⊗1 χ lifts to a packet of G(AF ) which in turn lifts to the
induced representation I(2,2)(π(θχ), π(θ σχ)) of GL(4,AF ). By the rigidity theorem for
GL(4), the claim follows. 
Recall that we have fixed two finite places w1, w2 of F which are prime in E.
4.29. Lemma. Let τ be a discrete spectrum representation of GL(2,AF ) with the property
that τw1 and τw2 are elliptic. Suppose the discrete spectrum representation BE/F τ ⊗2ωτε
of H2(AF ) contributes to an ε-trace identity with respect to matching f, fi (i = 1, 2) in
E(w1, w2,G(AF ), ω), E(w1, w2,Hi(AF ), ω), respectively. Then, no discrete spectrum
packet of H1(AF ) contributes to the trace identity.
PROOF. Suppose a packet π1 = π ⊗1 χ of H1(AF ) contributes to the trace identity,
where π is an automorphic representation of GL(2,AF ), and χ is a character of CE . There
are two cases to consider: The case where χ = σχ and the case where χ 6= σχ.
Suppose χ = σχ. Then, χ = µ ◦ NE/F for some character µ of CF , and π1 =
µπ ⊗1 1. By Proposition 4.17, the representation BE/F (µπ) ⊗2 ωµπ of H2(AF ) must
also contribute to the trace identity. By Corollary 4.16, BE/F τ ⊗1 ωτε must be equivalent
to BE/F (µπ) ⊗1 ωµπ. The theory of base change for GL(2) (see [L], [F1]) implies that
τ is equivalent to either µπ or εµπ. In either case, ωτε is equal to ωµπε 6= ωµπ, whence a
contradiction.
Suppose χ 6= σχ. If π1 = π⊗1 χ contributes to the trace identity, then πw1 , πw2 must
be elliptic, or else the condition that the functions f1,w1 , f1,w2 are elliptic would imply
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that 〈π1, f1〉 = 0. If πw1 , πw2 are elliptic, then by Proposition 4.19 and Claim 4.28 no
automorphic representation of H2(AF ) may contribute to the trace identity. The lemma
follows. 
4.30. Proposition. Let µ be a character of CF . Let τ be a discrete spectrum automorphic
representation of GL(2,AE) with the following properties:
• τ 6= στ ;
• ωτ = µ ◦NE/F ;
• τw1 and τw2 are elliptic.
Suppose the automorphic representation π2 = τ⊗2µ of H2(AF ) contributes to an ε-trace
identity with respect to matching test functions with elliptic local components at w1, w2.
Then, no discrete spectrum packet of H1(AF ) contributes to the trace identity.
PROOF. Suppose a packet π1 of H1(AF ) contributes to the trace identity. Since τ 6=
στ , by Claim 4.28 the packet π1 is not of the form π(θ) ⊗1 χ for any characters θ, χ of
CE . By Proposition 4.17 and Lemma 4.11, π1 is not of the form π ⊗1 1, where π is an
automorphic representation of GL(2,AF ).
Consequently, by Lemma 4.20, the packet {Π} = ⊗v{Πv} of G(AF ) which con-
tributes to the trace identity must be stable; namely, every member of {Π} occurs with
multiplicity one in the discrete spectrum of G(AF ).
The argument we then use mirrors completely the one used in the proof of Proposition
4.19. Thus, we shall content ourselves with giving only a sketch: First, we show that there
exists a test function fw2 on Gw2 such that 〈{Πw2}, fw2〉ε is nonzero. Then, we show that
either π1 does not exist or π1,w1 is non-elliptic. Since by assumption the test function f1,w1
on H1,w1 is elliptic, the proposition follows. 
4.31. Lemma. Let χ be a character of CE such that χ 6= σχ but χ2 = µ ◦NE/F for some
character µ of CF . Suppose the one dimensional representation π2 = (χ ◦ det) ⊗2 µ =
χ1GL(2,AE) ⊗2 µ contributes to an ε-trace identity. Then, no global packet of H1(AF )
contributes to the trace identity.
PROOF. Recall from Chapter 2 that
Hˆ1 =
(
GL(2,C)× C× × C×) /{(diag(z, z)−1, z, z) : z ∈ C×},
and LH1 = Hˆ1 ⋊Gal(E/F ), where the action of σ swaps the two C×-components. Sup-
pose a packet π1 = τ ⊗1 θ of H1(AF ) contributes to the trace identity. By the Chebotarev
Density Theorem, there exists a place v of F which splits in E such that π1,v and π2,v are
unramified. Suppose v splits into two places v1, v2 of E. Since χ2 is invariant under the
action of Gal(E/F ), the character κv :=
χv1
χv2
is quadratic. The F-H class parametrizing
π2,v lifts to the conjugacy class in Gˆ represented by
gˆv = diag(χv1ν
1/2
v , χv2ν
1/2
v , χv2ν
−1/2
v , χv1ν
−1/2
v )
=
 χv1ν
1/2
v
χv2ν
1/2
v
ν−1v κvχv1ν
1/2
v
ν−1v κvχv2ν
1/2
v

(23)∼
 χv1ν
1/2
v
χv2ν
−1/2
v
χv2ν
1/2
v
χv1ν
−1/2
v
 .
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From Section 4.2, the F-H class in LH1 parametrizing π1,v is represented by
hˆv = (t(τv), θv1 , θv2)⋊ 1,
where t(τv) is a diagonal matrix in GL(2,C) whose conjugacy class parametrizes τv. Note
that the Galois component of hˆv is trivial because H1 is split over Fv . Since π1 contributes
to the trace identity, hˆv lifts via the embedding ξ1 : LH1 → Gˆ (see Chapter 2) to the
conjugacy class of gˆv in Gˆ. In other words, the element
ξ1(hˆv) =
(
θv1t(τv)
θv2t(τv)
)
∈ Gˆ
is conjugate to gˆv. Hence, π1,v is parametrized by the conjugacy class of one of the fol-
lowing types of elements in LH1:
(1)
(
diag(χv1ν
1/2
v , χv2ν
1/2
v ), η1, η2
)
⋊ 1, where the unordered set {η1, η2} is equal
to {1, κvν−1v } (Notice that there is no minus sign in front of the 1/2 in χv2ν1/2v );
(2)
(
diag(ζ1ν
1/2
v , ζ2ν
−1/2
v ), η1, η2
)
⋊ 1, where the unordered set {ζ1, ζ2} is equal
to {χv1 , χv2}, and {η1, η2} = {1, κv}.
In the first case, assume without loss of generality that η1 = 1 and η2 = κvν−1v .
Then, there exists a quasi-character λv of F×v such that τv = λvν
1/2
v I(χv1 , χv2), θv1 =
λ−1v , and θv2 = λ−1v κvν−1v . Since τ is a unitary automorphic representation of the group
GL(2,AF ), τv must be unitarizable, which implies that λv is non-unitary. Since θv1 = λ−1v
and θ is unitary, we have a contradiction.
In the second case, assume without loss of generality that η1 = 1 and η2 = κv . Then,
there exists a quasi-character λv of CFv such that τv = λvI(ζ1ν
1/2
v , ζ2ν
−1/2
v ), θv1 = λ
−1
v ,
and θv2 = λ−1v κv. The condition χ 6= σχ implies that ζ1 6= ζ2; hence, λv must be
non-unitary for τv to be unitarizable. But then θv1 = λ−1v is non-unitary, which is a
contradiction. 
For an automorphic representation π2 of the group H2(AF ), let ξ∗2(π2) denote the
(quasi-)packet of G(AF ) which is the lift of π2. Recall that, for an automorphic rep-
resentation τ of GL(2,AE), π(τ) denotes the automorphic representation of GL(4,AF )
obtained from τ via the twisted endoscopic lifting from RE/FGL(2) to GL(4).
4.32. Lemma. Let τ be an automorphic representation of GL(2,AE), µ be a character of
CF , such that τ ≇ στ and ωτ = µ ◦NE/F . The (quasi-)packet {Π} = ξ∗2 (τ ⊗2 µ) lifts to
the automorphic representation π(τ) of GL(4,AF ).
REMARK. The (quasi-)packets ξ∗2(τ ⊗2µ) and ξ∗2(τ ⊗2µε) are inequivalent, but they both
lift to π(τ).
PROOF. Let S be the set of bad places for τ ⊗2 µ. At a place v /∈ S which is prime
in E, τv is the induced representation I(αv, βv) for some unramified characters αv, βv
of E×v . Since αv, βv are unramified, there exist characters av, bv of F×v such that αv =
av ◦ NE/F and βv = bv ◦ NE/F . The condition ωτ = µ ◦ NE/F implies that a2vb2v = µ2v .
Consequently, avbv(̟v) = ±µv(̟v) (Here, ̟v is a fixed uniformizer of Fv). The F-H
class C(π(τ), S,GL(4,C))v parametrizing π(τ)v is represented by
hˆv =
( av
bv −av
−bv
)
=
(
av
±µv/av
−av
∓µv/av
)
∈ GL(4,C).
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From Corollary 4.8, the conjugacy class in GSp(2,C) parametrizing the unramified com-
ponent of {Πv} is represented by
gˆv =
 µ1/2vµ−1/2v a2v
µ−1/2v b
2
v
µ1/2v
 ∼ ( µv/av −µv/av −av
av
)
.
Hence, the image of gˆv in GL(4,C) is conjugate to hˆv .
Suppose v /∈ S splits into two places v1, v2 of E. Then, GL(2, Evi) = GL(2, Fv)
(i = 1, 2). Let τi = τvi . Let t(τi) be a diagonal matrix in GL(2,C) parametrizing the
unramified representation τi of GL(2, Fv). The conjugacy class C(π(τ), S,GL(4,C))v ,
which parametrizes π(τ)v , is represented by the element hˆv = blockdiag(t(τ1), t(τ2)),
while the conjugacy class in GSp(2,C) parametrizing the unramified component of {Πv}
is represented by gˆv = [t(τ1), t(τ2)]. The image of gˆv in GL(4,C) is conjugate to hˆv .
The lemma follows. 
4.33. Proposition. Let τ be an automorphic representation ofGL(2,AE), µ be a character
of CF , such that τ ≇ στ and ωτ = µ ◦NE/F . Then, every automorphic representation in
{Π} = ξ∗2(τ ⊗2 µ) is cuspidal.
PROOF. By lemma 4.32, the (quasi-)packet {Π} lifts to the automorphic represen-
tation π(τ) of GL(4,AF ). By the assumption that τ ≇ στ , the representation π(τ) is
cuspidal.
Suppose a representation Π in {Π} is not cuspidal. Then, it is an irreducible con-
stituent of a parabolically induced representation, which by [F4, Sect. V. 1] lifts to a
parabolically induced representation of GL(4,AF ). By the rigidity theorem for GL(4), we
obtain the contradiction that the cuspidal π(τ) is an irreducible constituent of a paraboli-
cally induced representation. 
4.5. Some Global Lifting Results
We now list several additional global lifting results. All test functions are assumed to
be matching and have elliptic local components at two fixed places w1, w2 which are prime
in E.
The stable quasi-packet {L(ζν, ν−1/2π)} is defined in Section 4.3.1, where ζ is a
nontrivial quadratic character of CF , and π is a cuspidal, ζ-invariant, automorphic repre-
sentation of GL(2,AF ). Recall that 12 denotes the trivial representation of GL(2,AF ).
4.34. Claim. Let χ be a character of CE such that χ 6= σχ. Let µ be a character of CF .
The following table holds:
(4.1) G H1 H2{
L
(
εν, ν−1/2µπ(χ)
)}
µ12 ⊗1 χ
PROOF. That there is no contribution from H2 follows from Lemma 4.24. The rest
follows on comparing the lift of the global datum of µ12 ⊗1 χ with the global datum of{
L
(
εν, ν−1/2µπ(χ)
)}
. 
4.35. Claim. Let χ be a character of CE such that χ 6= σχ but χ2 = σχ2. Then, σχ/χ =
ε′ ◦ NE/F for some quadratic character ε′ of CF . Let ζ = ε′ or ε′ε. In particular,
χ2 = (χ|
A
×
F
· ζ) ◦NE/F . The following table holds:
(4.2) G H1 H2{
L
(
εζν, ν−1/2π(χ)
)}
χ1GL(2,AE) ⊗2 χ|A×F · ζ
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PROOF. That there is no contribution from H1 follows from Lemma 4.31. The rest
follows from the comparison of global data. 
In what follows, the terms which appear in the ε-trace identity often have nontriv-
ial coefficients (as summarized in Section 3.1.5). So, instead of using tables to describe
the global lifting, we record explicitly the ε-trace identities. There is often possible can-
cellation among the coefficients in these trace identities, but we retain them in order to
emphasize how they arise from the trace formula.
Note that if the representations involved do not have elliptic components at w1, w2,
then the ε-trace identity is in the trivial form 0 = 0 due to the restriction on the test
functions.
In each of the cases examined, we let S be a finite set of places containing all the bad
places for the representations involved. That is, S is a finite set containing the union of
V − V un(E/F ) and {w1, w2} such that the local components of the representations are
unramified at all v /∈ S. The components at v /∈ S of the test functions are assumed to be
spherical. For any ade`lic object (automorphic representation, test function, trace, . . . , etc),
subscript S denotes the tensor product of local components over the places in S.
First, we consider the cases where the packet π1 of H1(AF ) has the form π(θ) ⊗1 χ,
where θ, χ are characters of CE . The following claims follow directly from the results in
Section 3.1.5 and Claim 4.28, and we skip their proofs.
4.5.0.3. Monomial Representations of H1(AF ). For a character θ of CE , let θ¯ de-
note σθ. For the S-part {Π}S of a (quasi-)packet {Π} of G(AF ), put 〈{Π}S, f〉 :=∑
Π′∈{Π}S m(Π
′) 〈Π′, f〉ε, where m(Π′) is the multiplicity of Π′ in the discrete spectrum
of G.
Let θ, χ be characters of CE .
(1) Suppose θ 6= θ¯, χ 6= χ¯, and θ¯θ 6= χ¯χ , χχ¯ . Let {Π} be the packet [π(θχ), π(θχ¯)] of
G(AF ). It lifts to the induced representation I(2,2)(π(θχ), π(θχ¯)) ofGL(4,AF ).
Those members of {Π} which are unramified at places outside of S form {Π}S ,
which is equal to the tensor product(⊗v∈S{Π+v ,Π−v })⊗ (⊗v/∈SΠ+v ) .
The multiplicity in the discrete spectrum of G of each Π′ ∈ {Π}S is given
by m(Π′) = 12
(
1 + (−1)n(Π′)
)
, where n(Π′) is the number of places v for
which Π′v = Π−v . The following identity holds for matching functions f in
E(w1, w2,G(AF ), ω) and f1 in E(w1, w2,H1(AF ), ω) whose components at
all v /∈ S are spherical:
(4.3)
∑
Π′∈{Π}S
m(Π′) 〈Π′, f〉ε,S
=
1
2
· 1
2
[
〈π(θ) ⊗1 χ, f1〉S + 〈π(θ)⊗1 χ¯, f1〉S
+ 〈π(χ)⊗1 θ, f1〉S +
〈
π(χ) ⊗1 θ¯, f1
〉
S
]
=
1
2
〈π(θ) ⊗1 χ, f1〉S +
1
2
〈π(χ) ⊗1 θ, f1〉S .
(2) Suppose θ 6= θ¯, χ 6= χ¯, but θχ = µ ◦ NE/F for some character µ of CF . Then,
π(θ), π(χ) are cuspidal, and
π(θ) ⊗1 χ = π(χ)⊗1 θ¯, π(χ) ⊗1 θ = π(θ) ⊗1 χ¯.
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(a) Suppose χ2 6= χ2. Then, π(χ¯/χ) is cuspidal, and the induced representa-
tion π(χ¯/χ)⋊ µ is irreducible. The following holds:
(4.4) 1
2
〈
π
(
χ¯
χ
)
⋊ µ, f
〉
ε,S
=
1
2
[
1
2
〈π(θ) ⊗1 χ, f1〉S +
1
2
〈π(θ) ⊗1 χ¯, f1〉S
]
=
1
2
〈π(θ) ⊗1 χ, f1〉S .
At a place v of F , prime in E, where θv 6= θ¯v, the representation π(θv)
is cuspidal. Consequently, the εv-twisted Harish-Chandra character of the
induced representation π(χ¯v/χv)⋊µv is not identically zero on the elliptic
regular set in Gv .
(b) Suppose χ2 = χ2. Then, χ¯/χ = ε′ ◦ NE/F for some quadratic character
ε′ of CF . Since by assumption χ 6= χ¯, the character ε′ is nontrivial and
different from ε. Let E′ be the quadratic extension of F associated with ε′.
The condition θχ = µ ◦ NE/F implies that θ¯/θ = ε′ ◦ NE/F , from which
it follows that the E-monomial π(θ) is also E′-monomial ([LL]). Then,
π(θ) ⊗1 χ¯ is equal to ε′π(θ) ⊗1 χ = π(θ) ⊗1 χ. Hence, if π(θ) ⊗1 χ
contributes to an ε-trace identity, it is the only contribution from H1. Since
π(χ¯/χ) is equivalent to the induced representation I(ε′, ε′ε), we have:
(4.5) 1
4
〈ε′ × ε′ε⋊ µ, f〉ε,S =
1
2
· 1
2
〈π(θ) ⊗1 χ, f1〉S .
In particular, at a place v of F , prime in E, where θv 6= θ¯v, the εv-twisted
Harish-Chandra character of ε′×ε′ε⋊µ is not identically zero on the elliptic
regular set in Gv .
(3) Suppose θ = µ ◦NE/F for some character µ of CF , and χ 6= χ¯. Since
π(θ) ⊗1 χ = µπ(1)⊗1 χ = π(1)⊗1
(
µ ◦NE/F
) · χ,
we assume without loss of generality that µ = 1. The E-monomial represen-
tation π(1) is equivalent to I(1, ε). From Section 3.1.3.3, the representations
I(1, ε) ⊗1 χ and I(1, ε) ⊗1 χ¯ do not contribute to the stable discrete part of
the spectral expansion for H1(AF ). The (normalizedly) induced representation
1⋊ π(χ) of G(AF ) is reducible, and its irreducible constituents form the global
packet {Π} = ⊗v∈V {Π+v ,Π−v } (see Section 3.1.2.3). The intertwining operator
which appears in the term associated with 1 ⋊ π(χ) in the spectral expansion
for H1(AF ) acts trivially on Π+v and through the scalar multiplication by −1 on
Π−v . The following holds:
(4.6) 1
4
∏
v∈S
(〈
Π+v , fv
〉
ε
− 〈Π−v , fv〉ε) = 12 · 12 〈π(χ) ⊗1 1, f1〉S .
(4) Suppose θ = 1, and χ = µ ◦NE/F for some character µ of CF . Then,
π(θ) ⊗1 χ = π(χ)⊗1 θ = I(µ, µε)⊗1 1,
which does not contribute to the stable discrete part of the spectral expansion for
H1(AF ). If we set up an ε-trace identity using the global datum parametrizing
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π(θ)⊗1χ, then there is a nontrivial contribution from H2, namely, the discretely
occuring representation
BE/F π(χ)⊗2 µ2ε =
(
µ ◦NE/F
)
I(1, 1)⊗2 µ2ε.
The following holds for matching functions:
(4.7) 1
8
〈1× ε⋊ µ, f〉ε,S =
1
2
· 1
4
〈(
µ ◦NE/F
)
I(1, 1)⊗2 µ2ε, f2
〉
S
.
The identity (4.7) cannot be proven using the global techniques employed thus
far, for the right hand side comes from an induced representation, and our test
functions are required to have two elliptic components. Rather, (4.7) follows
from the local character identities deduced in Section 5.1.
4.5.0.4. A Special Case of Non-E-Monomial Representations. Let E′ be a quadratic
extension of F different from E. Let EE′ be the compositum of E and E′. It is a bi-
quadratic extension of F . Let σ, σ′ be the generators of Gal(EE′/F ), such that E is the
fixed field of σ′, E′ is the fixed field of σ, and Gal(E/F ) = 〈σ〉, Gal(E′/F ) = 〈σ′〉.
Let ε′ be the quadratic character of CF associated with E′/F via class field theory. Let
θ be a character of CE′ such that θ 6= σ′θ. Let πE′(θ) be the E′-monomial representa-
tion of GL(2,AF ) associated with θ. Let χ be a character of CE such that χ 6= σχ and
σχ/χ = ε′ ◦NE/F .
Let µ be a character ofCE′ which satisfies µ◦NEE′/E′ = χ◦NEE′/E . Then, σ′µ/µ =
ε ◦ NE′/F . Suppose µθ 6= σ′(µθ). This implies in particular that σ′θ/θ 6= ε ◦ NE′/F . Let
πE′(µθ) be the cuspidal E′-monomial representation of GL(2,AF ) associated with µθ.
Let {Π} be the global packet of G(AF ) which consists of the irreducible constituents
of ε′ε ⋊ πE′(µθ). For any place v, let Π+v ,Π−v denote the two constituents of Πv if it is
reducible (This occurs if and only if ε′vεv = 1 and πE′(µθ)v is square integrable). If Πv is
irreducible, put Π+v := Πv and Π−v := 0. Then, {Π} = ⊗v{Π+v ,Π−v }.
Let {πE′(θ)⊗1 χ} denote the multi-packet of H1(AF ) containing πE′(θ)⊗1 χ.
4.36. Proposition. The following table holds:
(4.8) G H1 H2{Π} {πE′(θ)⊗1 χ}
PROOF. We first show that πE′(θ)⊗1 χ contributes to the ε-trace identity by compar-
ing F-H classes. Then, we show that no automorphic representation ofH2(AF ) contributes
to the trace identity.
We consider the all but finitely many odd finite places v of F such that: (i) the place
v is unramified in both E and E′; (ii) the characters θv, µv, χv are unramified. For any
such place v, the local packet {Πv} is a singleton consisting of a fully induced unramified
representation, which we denote by Π+v .
Since any p-adic local field of odd residual characteristic has only one unramified
quadratic extension, there are four cases to consider:
(1) εv 6= 1.
(a) ε′v = εv, i.e. Ev = E′v , and (EE′)v = Ev ⊕ Ev.
We have Π+v = 1 ⋊ πE(µvθv). Since θv factors through NE′/F via some
character θ′v of F×v , the local packet π(θv)⊗1 χv is equal to I(θ′v, θ′vεv)⊗1
χv , which lifts to 1⋊θ′vπ(χv) = 1⋊π(θvχv). The conditionχ◦NEE′/E =
µ ◦NEE′/E′ implies that, for any (z1, z2) ∈ (EE′)×v , χv(z1z2) is equal to
µv(z1z2). Hence, χv = µv , and π1,v lifts to Π+v .
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(b) ε′v = 1, i.e. E′v = Fv ⊕ Fv , and (EE′)v = Ev ⊕ Ev .
In this case, v splits into two places v1, v2 of E′. For i = 1, 2, let µi, θi
denote µvi , θvi , respectively. Then, Π+v = εv ⋊ I(µ1θ1, µ2θ2).
Let χ′v be an unramified character of F×v such that χv = χ′v ◦NE/F . Then,
π1,v = I(θ1, θ2)⊗1 χv lifts to εv ⋊ I(χ′vθ1, εvχ′vθ2).
The condition χ ◦ NEE′/E = µ ◦ NEE′/E′ implies that, for all (z1, z2) in
(EE′)×v , we have the equality
χ′v(NE/F z1)χ
′
v(NE/F z2) = µ1(NE/F z1)µ2(NE/F z2);
hence, µi ◦ NE/F = χ′v ◦ NE/F for i = 1, 2. The condition σ
′
µ/µ =
ε◦NE′/F implies that µ1/µ2 = εv . Consequently, the set {µ1, µ2} is equal
to {χ′v, εvχ′v}. Thus, π1,v lifts to εv⋊I(µ1θ1, µ2θ2) or εv⋊I(µ2θ1, µ1θ2).
The two representations are equivalent because µ2 = εvµ1, and the repre-
sentation εv ⋊ I(χ′vθ1, εvχ′vθ2) is equivalent to
ε−1v ⋊ εvI(χ
′
vθ1, εvχ
′
vθ2) = εv ⋊ I(εvχ
′
vθ1, χ
′
vθ2).
Thus, π1,v lifts to Π+v .
(2) εv = 1, i.e. Ev = Fv ⊕ Fv.
(a) ε′v 6= 1, i.e. [E′v, Fv] = 2, and (EE′)v = E′v ⊕ E′v.
We have Π+v = εv ⋊ I(µ′vθ′v, µ′vθ′vε′v), where µ′v, θ′v are unramified charac-
ters of F×v such that µv = µ′v ◦NE′/F and θv = θ′v ◦NE′/F .
By assumption, v splits into two places v1, v2 of Ev , and π1,v is equal to
I(θ′v, θ
′
vε
′
v)⊗1 (χ1 ⊗ χ2), where χi (i = 1, 2) denotes χvi . The unramified
representation π1,v lifts to ε′v ⋊ θ′vI(χ1, χ2) of Gv.
The condition σχ/χ = ε′ ◦NE/F implies that
χ1
χ2
(x)
χ2
χ1
(y) = ε′v(xy), ∀(x, y) ∈ E×v = F×v ⊕ F×v ;
hence, χ1/χ2 = ε′v.
By the condition µ ◦NEE′/E′ = χ ◦NEE′/E , we have
χ1(NE′/F z1)χ2(NE′/F z2) = µv(z1z2),
∀(z1, z2) ∈ (EE′)×v = E′×v ⊕ E′×v .
Consequently, χ1 ◦ NE′/F = χ2 ◦ NE′/F = µv = µ′v ◦ NE′/F , and
{χ1, χ2} = {µ′v, ε′vµ′v}. It follows that π1,v lifts to Π+v .
(b) ε′v = 1, i.e. E′v = Ev = Fv ⊕ Fv , and (EE′)v = Fv ⊕ Fv ⊕ Fv ⊕ Fv.
Suppose v splits into v1, v2 in E and into v′1, v′2 in E′. For i = 1, 2,
let µi, θi, χi denote µv′i , θv′i , χvi , respectively. Then, Π
+
v is equal to 1 ⋊
I(µ1θ1, µ2θ2). The representation π1,v = I(θ1, θ2) ⊗1 (χ1 ⊗ χ2) lifts
to χ1/χ2 ⋊ χ2I(θ1, θ2). The condition σχ/χ = ε′ ◦ NE/F implies that
χ1 = χ2. Likewise, µ1 = µ2.
The condition µ ◦NEE′/E′ = χ ◦NEE′/E implies that
µ1(xy)µ2(zt) = χ1(xz)χ2(yt), ∀(x, y, z, t) ∈ (EE′)×v ;
hence, µ1 = µ2 = χ1 = χ2. We conclude that π1,v lifts to Π+v .
The packet {Π} lifts to I(πE′ (µθ), επE′(µθ)) of GL(4,AF ). By the same argument used
in the proof of Claim 4.28, we conclude that if an automorphic representation π2 = π⊗2 η
of H2(AF ) contributes to the ε-trace identity, then π = σπ. Consequently, π = BE/F τ
for some automorphic representation τ of GL(2,AF ), and η is equal to either ωτ or εωτ .
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In the first case, we know from Proposition 4.17 that τ ⊗1 1 must contribute to the trace
identity, which is a contradiction by Theorem 4.10. The second case is ruled out by Lemma
4.29. The proposition follows. 
4.37. Claim. The following holds for matching functions:
(4.9) 1
2
∏
v∈S
(〈
Π+v , fv
〉− 〈Π−v , fv〉ε) = 12 〈πE′(θ)⊗1 χ, f1〉S .
PROOF. This follows from Proposition 4.36 and the equation (3.7). Since σχ/χ =
ε′ ◦NE/F , the packet πE′(θ)⊗1 σχ of H1(AF ) is equal to ε′πE′(θ)⊗1 χ = πE′(θ)⊗1 χ.
Consequently, πE′(θ)⊗1 χ is the only contribution from H1 to the trace identity. Since by
assumption θ 6= σ′θ, the cuspidalE′-monomial representationπE′(µθ) is notE-monomial,
whence the coefficient 1/2. 
4.5.0.5. Induced Automorphic Representations of GSp(2,AF ). Let τ be a cuspidal
non-E-monomial, or one dimensional, automorphic representation of GL(2,AF ). Let Π
be the (normalizedly) induced representation ε ⋊ τ of G(AF ). For any place v of F ,
let Π+v ,Π−v denote the two constituents of Πv if it is reducible. If Πv is irreducible, put
Π+v := Πv and Π−v := 0. From Section 3.1.2.3, the intertwining operator MPβ (s2α+β , 0)v
acts trivially on Π+v and as the scalar multiplication by −1 on Π−v .
4.38. Claim. The following twisted trace identity holds for matching functions f inE(w1, w2,G(AF ), ω)
and f2 in E(w1, w2,H2(AF ), ω):
(4.10) 1
2
∏
v∈S
(〈
Π+v , fv
〉
ε
− 〈Π−v , fv〉ε) = 12 〈BE/F τ ⊗1 ωτε, f2〉S .
PROOF. This follows from Lemma 4.29 and a comparison of F-H classes. 
The following global character identities follow from local identities which we shall
prove in Section 5.1. We record them here for the completeness of the global picture. These
global identities hold for all matching test functions, being products of local identities.
For matching functions,
(1) 〈ε′ε⋊ π(χ), f〉ε =
〈
χI(1, 1)⊗2 χ|A×F · ε
′, f2
〉
,
whereχ is a character ofCE such that σχ/χ = ε′◦NE/F for some nontrivial
quadratic character ε′ of CF ;
(2) 〈ε× ε⋊ µ, f〉ε = 〈µI(1, 1)⊗1 1, f1〉 =
〈(
µ ◦NE/F
)
I(1, 1)⊗2 µ2, f2
〉
,
where ε, µ are charaters of CF ;
(3) 〈ε⋊ π(χ), f〉ε = 〈I(1, 1)⊗1 χ, f1〉 ,
where χ is a character of CE .
4.6. Final Words
Let σ be the generator of Gal(E/F ). The Galois group Gal(E/F ) acts on the repre-
sentations τ of GL(2,AE) via στ(g) = τ(σg) for all g ∈ GL(2,AE).
For an automorphic representation τ of GL(2,AE), let π(τ) denote the automorphic
representation of GL(4,AF ) which is obtained from τ via the twisted endoscopic lifting
from RE/FGL(2) to GL(4).
For an automorphic representation π of GL(2,AF ), let BE/Fπ denote the automor-
phic representation of GL(2,AE) obtained from τ via base change ([L], [F1]).
For an automorphic representation/packet πi of Hi(AF ) (i = 1, 2), let ξ∗i (πi) denote
the (quasi-)packet of GSp(2,AF ) which is the lift of πi.
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We say that a global (quasi-)packet is discrete spectrum if it contains a discrete
spectrum automorphic representation. A discrete spectrum (quasi-)packet of the group
GSp(2,AF ) is said to be ε-invariant if it contains a discrete spectrum, ε-invariant, auto-
morphic representation.
We now give the list of (quasi-)packets which comprise the image of the ε-endoscopic
lifting in the discrete spectrum of GSp(2). These packets are necessarily ε-invariant.
(1) Unstable, cuspidal:
(a) [π, επ] = ξ∗1 (π ⊗1 1) = ξ∗2 (BE/Fπ ⊗2 ωπ),
where π is a cuspidal, non-E-monomial, automorphic representation of
GL(2,AF ). The packet lifts to the induced representation I(2,2)(π, επ) of
GL(4,AF ).
(b) [π(θχ), π(θ σχ)] = ξ∗1(π(θ) ⊗1 χ),
where θ, χ are characters of CE such that none of θ, χ, θχ, θ σχ is invari-
ant under the action of σ. The packet lifts to the induced representation
I(2,2)(π(θχ), π(θ
σχ)) of GL(4,AF ).
(2) Unstable, residual:
[µ12, εµ12] = ξ
∗
1 (µ12 ⊗1 1) = ξ∗2
((
µ ◦NE/F
)
1GL(2,AE) ⊗2 µ2
)
,
where µ is a character of CF , and 12 denotes the trivial representation of
GL(2,AF ). The packet lifts to I(2,2)(µ12, εµ12) of GL(4,AF ).
(3) Stable, cuspidal:
(a) ξ∗1 (τ ⊗1 χ),
where τ is a cuspidal, non-E-monomial, automorphic representation of
GL(2,AF ), χ a character of CE , such that there is no quadratic charac-
ter (trivial or otherwise) ε′ of CF for which σχ/χ = ε′ ◦ NE/F and τ is
equivalent to ε′τ or ε′ετ .
The packet lifts to the ε-invariant, cuspidal, automorphic representation
π(χBE/F τ) of GL(4,AF ).
(b) ξ∗2 (τE ⊗2 µ),
where τE is a cuspidal automorphic representation of GL(2,AE), µ a char-
acter of CF , such that τE 6= στE and ωτE = µ ◦NE/F .
The packet lifts to the ε-invariant, cuspidal, automorphic representation
π(τE) of GL(4,AF ).
(4) Stable, residual:
(a) {L(εν, ν−1/2π(χ))} = ξ∗1(12 ⊗1 χ),
where χ is a character of CE not fixed by Gal(E/F ). The quasi-packet lifts
to J(ν1/2π(χ), ν−1/2π(χ)), the Langlands quotient of the induced repre-
sentation I(2,2)(ν1/2π(χ), ν−1/2π(χ)) of GL(4,AF ).
(b) {L(εζν, ν−1/2π(χ))} = ξ∗2(χ1GL(2,AE) ⊗2 χ|A×F · ζ),
where ζ 6= ε is a nontrivial quadratic character of CF , χ a character of
CE , such that σχ/χ = ζ ◦ NE/F . The quasi-packet lifts to the Lang-
lands quotient J(ν1/2π(χ), ν−1/2π(χ)) ofGL(4,AF ). Note that the packet
{L(ζν, ν−1/2π(χ))} is disjoint from {L(εζν, ν−1/2π(χ))}, but they both
lift to J(ν1/2π(χ), ν−1/2π(χ)).
4.6.0.6. Surjectivity of the Twisted Endoscopic Lifting. Recall the definition of the
operator ρω(ε), or ρ(ε), on L(G(AF ), ω):
ρω(ε) : φ 7→ εφ, ∀φ ∈ L(G(AF ), ω).
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4.39. Lemma. If an irreducible, discrete spectrum, automorphic representationΠ ofG(AF ),
with central character ω, is ε-invariant, then the distribution f 7→ tr Π(f)ρω(ε) on
C(G(AF ), ω) is nonzero.
PROOF. Let G˜ = G(AF ) × {±1} ⋊ 〈ε〉, where ε2 = 1, and (1, 1, ε)(g, 1, 1) =
(g, ε(g), ε).
By assumption, Π is a subrepresentation of the right-regular representation ρω on
L(G(AF ), ω). Hence, ρω(ε)Π is a subrepresentation and consequently belongs to the
discrete spectrum. By the assumption that the multiplicity one theorem holds for G, the
operator ρω(ε) maps the space of Π to itself, with
(4.1) ρω(ε)−1Π(g)ρω(ε) = ε(g)Π(g), ∀g ∈ G(AF ).
We extend Π to a representation Π1 of G˜, on the space of Π, as follows:
Π1(g, 1, 1) := Π(g), Π1(1,±1, 1) := ±1, Π1(1, 1, ε) := ρω(ε).
For all g ∈ G(AF ), we have:
Π1( (1, 1, ε)(g, 1, 1)︸ ︷︷ ︸
=(g, ε(g), ε)
) = ρω(ε)π(g), Π1((g, ε(g), ε)) = ε(g)π(g)ρω(ε).
It follows from (4.1) that Π1 is indeed a representation of G˜.
We extend Π also to a representation Π2 of G˜ such that Π2 is the same as Π1 on the
subgroup G(AF ) × {±1} of G˜, but Π2(1, 1, ε) := −ρω(ε). Since Π is irreducible, it
follows from Schur’s lemma that Π1 and Π2 are inequivalent.
The center of G˜ is Z˜ = {(z, 1, ε) : z ∈ Z(AF )}, where Z is the center of G. For
i = 1, 2, the character of Πi is 〈Πi, f˜ 〉 = tr
∫
eZ\ eGΠi(g˜)f˜(g˜) dg˜, which is equal to
tr
∫
{g˜=(g,±1,1)}
±Π(g)f˜(g˜) dg˜ + tr
∫
{g˜=(g,±1,ε)}
±Π(g)Aif˜(g˜) dg˜,
where A1 = ρω(ε) and A2 = −ρω(ε). Hence, the difference 〈Π1, f˜ 〉 − 〈Π2, f˜ 〉 is equal
to
2 tr
∫
{g˜=(g,±1,ε)}
±Π(g)ρω(ε)f˜(g˜) dg˜
=2 tr
∫
{(g,1,ε)}
Π(g)ρω(ε)f˜((g, 1, ε)) dg˜ − 2 tr
∫
{(g,−1,ε)}
Π(g)ρω(ε)f˜((g,−1, ε)) dg˜.
Suppose the twisted character 〈Π, f〉ρω(ε) is identically zero. Then, both terms in the
sum above are zero, which implies that 〈Π1, f˜ 〉 − 〈Π2, f˜ 〉 = 0 for all test functions f˜ on
G˜. Since Π1 ≇ Π2, we have a contradiction by the linear independence of characters. 
4.40. Lemma. Let {Π1,Π2, . . . ,Πn} be a finite set of inequivalent automorphic repre-
sentations of G(AF ) which satisfy the hypothesis of Lemma 4.39. The twisted characters
{〈Πi, f〉ρω(ε)}1≤i≤n are linearly independent.
PROOF. For each 1 ≤ i ≤ n, let Πi,1, Πi,2 be the representations of G˜ defined as
in the proof of Lemma 4.39. Suppose there exist complex numbers c1, c2, . . . , cn, not all
zero, such that
n∑
i=1
ci 〈Πi, f〉ρω(ε) = 0.
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Then, by the same argument used in the proof of Lemma 4.39, we have:
n∑
i=1
ci
(
〈Πi,1 , f˜〉 − 〈Πi,2 , f˜〉
)
= 0
for all test functions f˜ on G˜. Hence, we have a contradiction by the linear independence
of the characters {〈Πi,j , f˜〉}1≤i≤n
j=1,2
. 
4.41. Corollary. Each ε-invariant, discrete spectrum, automorphic representation ofG(AF )
with two elliptic components belongs to a packet listed in this section.
PROOF. Suppose a discrete spectrum automorphic representation Π of G(AF ), with
central character ω and two elliptic components, is ε-invariant. If we set up an ε-trace
identity using the global datum of Π, by Lemma 4.40 the G side of the identity is nonzero.
Consequently, there must be nonzero contribution from the endoscopic groups side of the
trace identity. The image of the lifting of the discrete spectrum automorphic representa-
tions of the endoscopic groups consists precisely of those representations which appear in
the list, whence the claim.

CHAPTER 5
The Local Picture
Let k be a p-adic field with ring of integers O.
For an algebraic k-group H, let H = H(k). Let Hreg denote the set of regular
elements in H . Let Z0(H) be the maximal k-split component of the center of H . Let H¯
denote the quotientH/Z0(H). LetC(H) denote the space of smooth, compactly supported
modulo Z0(H) functions on H . For a character ω of Z0(H), let C(H,ω) denote the space
of functions f in C(H) which satisfy
f(zh) = ω(z)−1f(h), ∀z ∈ Z0(H), h ∈ H.
Let J =
(
1
1
−1
−1
)
∈ GL(4). Let G be the reductive k-group
GSp(2) =
{
g ∈ GL(4) : tgJg = λ(g)J for some λ(g) ∈ Gm
}
.
We call λ(g) the similitude factor of g. The character λ ∈ Hom(G,Gm) descends to a
character in Hom(G, k×). Let Z = {diag(z, z, z, z) : z ∈ Gm} be the center of G. Since
Z is k-split, the group Z0(G) is equal to Z .
Let ε be a quadratic character of k×. We let ε denote also the character
g 7→ ε(λ(g))
on G. The similitude factor of any diag(z, z, z, z) ∈ Z is z2; hence, ε is trivial on the
center of G.
Notation:
• For a representation π of G, let επ denote the representation of G on the space
of π defined by
επ = ε⊗ π : g 7→ ε(g)π(g), ∀g ∈ G.
• For g ∈ GL(2, k), put ε(g) := ε(det g). For a representation τ of GL(2, k), let
ετ denote the GL(2, k)-module on the space of τ where g in GL(2, k) acts by
ε(g)π(g).
Let G′ be either GSp(2, k) or GL(2, k). For an admissible ([BZ]) representation
(π, V ) of G′, where V is the complex vector space on which G′ acts via π, put
HomG′(π, επ) := {A ∈ HomC(V, V ) : ε(g)π(g)A = Aπ(g), ∀g ∈ G′}.
We call A ∈ HomG(π, επ) an intertwining operator.
5.1. Definition. We say that an admissible representation π of G′ is ε-invariant if π is
equivalent to επ, i.e. there exists a nontrivial intertwining operator A in HomG′(π, επ).
Let (π, V ) be an irreducible, admissible, ε-invariant representation of G. Let A be a
nontrivial operator in HomG(π, επ). Since ε is quadratic, A2 intertwines the irreducible π
with itself. Hence, by Schur’s lemma A2 is a scalar multiplication on V . Multiplying A by
the scalar
(
A2
)−1/2 if necessary, we assume A2 = 1. Then, A is unique up to a sign.
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Fix once and for all a Haar measure ([BZ]) dg on G¯ = G/Z . Let ωπ denote the central
character of π. For f ∈ C(G,ωπ), define the convolution operator π(f)A on V as follows:
π(f)Av :=
∫
G¯
f(g)π(g)Av dg, ∀v ∈ V.
Since f is locally constant, compactly supported modulo Z , and π is admissible, π(f)A
has finite rank and its trace tr π(f)A is finite. We often drop the ωπ from C(G,ωπ) and
write simply C(G). It should be understood implicitly that the test function f transforms
under Z via ω−1π .
Recall from chapter 2 the definitions of the ε-endoscopic groups H1,H2 of G over
k. From local class field theory, there is a quadratic extension K of k which corresponds
to ε. In particular, ε is the unique nontrivial quadratic character of k× whose restriction to
NK/kK× is trivial. The group of k-points of Hi (i = 1, 2) is as follows:
(1) H1 = (GL(2, k)×K×)′ := {(g, x) ∈ GL(2, k)×K× : det g = NK/kx};
(2) H2 = (GL(2,K)× k×) /K×,
where K× embeds into GL(2,K)× k× via x 7→ (diag(x, x),NK/kx−1).
We have:
Z0(H1) = {(diag(z, z), z) : z ∈ k×},
Z0(H2) = {(diag(1, 1), z)∗ : z ∈ k×},
where the lower * signifies the image in H2 of an element in GL(2,K)× k×.
Let i = 1, 2. Fix once and for all a Haar measure dhi on H¯i = Hi/Z0(Hi). Let
πi be an irreducible admissible representation of Hi. For z ∈ Z0(Hi), πi(z) acts as a
scalar ωπi(z) on the space of πi. We call ωπi the split central character of πi. For
fi ∈ C(Hi, ωπi), let π(fi) denote the convolution operator∫
H¯i
fi(h)πi(h) dhi.
It has finite rank; hence, its trace tr πi(fi) is finite. As in the case of G, we often write
C(Hi) instead of C(Hi, ωπi). It should be understood that the test function fi transforms
under Z0(Hi) via ω−1πi .
Notation/Terminology:
• Put GL(2, k)K := {g ∈ GL(2, k) : det g ∈ NK/kK×}.
• For any quadratic extension L of k, we say that an admissible representation π
of GL(2, k) is L-monomial if it is the monomial representation π(θ) associated
with a character θ of L× (see [JL, Thm. 4.6], [K]).
• We say that a representation is fully induced if it is an irreducible parabolically
induced representation.
• For a representation τ of GL(2, k) and a character χ of K×, let τ ⊗1 χ denote
the following representation of H1 on the space of τ :
τ ⊗1 χ : (g, x) 7→ χ(x)τ(g), ∀(g, x) ∈ H1.
Note that τ ⊗1 χ is reducible of length two if τ is K-monomial ([LL]).
• For a representation π of GL(2,K), a character µ of k×, such that ωπ = µ ◦
NK/k, let π ⊗2 µ denote the following representation of H2 on the space of π:
π ⊗2 µ : (g, c)∗ 7→ µ(c)π(g), ∀(g, c)∗ ∈ H2.
The lower ∗ signifies the image of (g, c) ∈ GL(2,K) × k× in H2. Note that
π ⊗2 µ is well defined because of the condition on ωπ and µ.
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• For an admissible ε-invariantG-moduleπ, a nontrivial intertwining operatorA ∈
HomG(π, επ), and a function f in C(G), put
〈π, f〉A := tr π(f)A.
It depends implicitly on the fixed Haar measure dg on G¯.
• Let i = 1 or 2. For an admissible Hi-module πi and a function fi ∈ C(Hi), put
〈πi, fi〉 := tr πi(fi).
It depends on the fixed Haar measure dhi on H¯i.
• Let σ be the generator of Gal(K/k). For γ ∈ K, put γ¯ := σγ. For a character χ
of K×, put σχ(γ) := χ(γ¯) for all γ ∈ K×.
For a representation π of GL(2,K), let σπ denote the representation
σπ((gij)) = π((σgij)), ∀ (gij) ∈ GL(2,K).
5.1. Induced Representations
5.1.1. The Intertwining Operator. Let P = MN be the upper triangular Heisen-
berg parabolic subgroup of G with Levi component
M =
{(
a
g2
det g2
a
)
: a ∈ k×, g2 ∈ GL(2, k)
}
and unipotent component
N =
{(
1 ∗ ∗ ∗
1 0 ∗
1 ∗
1
)}
.
We identify M with k× ×GL(2, k) via
( a
g2
(det g2)/a
)
7→ (a, g2).
Let µ be a character of k×. Let χ be a character of K×. Let (τ2, V2) be the monomial
representation π(χ) of GL(2, k) associated with χ. Let (µ⊗ τ2, V2) be the representation
of P defined by
µ⊗ τ2 : (a, g2)n 7→ µ(a)τ2(g2), ∀ (a, g2) ∈M, n ∈ N.
Let (π, V ) = µ ⋊ τ2 := IGP (µ ⊗ τ2) be the representation of G normalizedly induced
([BZ]) from µ⊗ τ2.
Let τ = µ⊗ τ2. For m ∈ M , let δM (m) = |det(Ad m|n)|, where n denotes the Lie
algebra of N . By the definition of normalizedly induced representations, the vector space
V consists of the smooth ([BZ]) functions ϕ : G→ V2 which satisfy
ϕ (mng) = (δ
1/2
M τ)(m)ϕ(g), ∀m ∈M, n ∈ N, g ∈ G.
The group G acts on V via right translation (π(g)ϕ) (h) = ϕ(hg).
The similitude factor of (a, g2) ∈M is equal to det g2; hence, ε⊗ (µ⋊τ2) = µ⋊ετ2.
Since τ2 = π(χ) is ε-invariant (in the context ofGL(2, k)), the induced representation π =
µ⋊ τ2 is ε-invariant (in the context of GSp(2, k)). In what follows, we define a nontrivial
operator A in HomG(π, επ), and then we compute explicitly the twisted character 〈π, f〉A
for f ∈ C(G).
Let GL(2, k)K = {g ∈ GL(2, k) : det g ∈ NK/kK×}. It is a subgroup of index 2 in
GL(2, k). From [LL, Sect. 2], there exist subspaces V +2 , V −2 in the space V2 of τ2 such
that V2 = V +2 ⊕ V −2 as a GL(2, k)K-module. Moreover, V −2 is equal to τ2(w)V +2 for any
element w ∈ GL(2, k)−GL(2, k)K. Let A2 be the operator on V2 defined by
A2(v
+ + v−) := v+ − v−, ∀v+ ∈ V +2 , v− ∈ V −2 .
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It is an intertwining operator in HomGL(2,k)(τ2, ετ2) whose square is the identity. Note
that by the symmetry between V +2 and V
−
2 , a choice is involved in the definition of A2.
Define a map A from V to the set of smooth V2-valued functions on G as follows:
(5.1) (Aϕ)(g) := ε(g)A2(ϕ(g)), ∀g ∈ G, ϕ ∈ V.
5.2. Claim. The map A is an automorphism of V such that A2 = 1, and
επ(g)A = Aπ(g), g ∈ G.
In other words, A is a nontrivial intertwining operator in HomG(π, επ).
PROOF. First, we show that A is an endomorphism of V . It then follows trivially that
A2 = 1 and hence A is invertible.
For every ϕ ∈ V , we need to show that (Aϕ)(mng) = (δ1/2M τ)(m)ϕ(g) for all m =
(a, g2) ∈ M , n ∈ N , g ∈ G. The restriction of ε to N is trivial, for the similitude factor
of a unipotent element is 1. We have:
(Aϕ)(mng) = ε(m)ε(n)ε(g)A2(ϕ(mng))
= ε(det g2)ε(g)A2
(
δ
1/2
M (m)µ(a)τ2(g2)ϕ(g)
)
= δ
1/2
M (m)µ(a)ε(det g2)ε(det g2)τ2(g2)ε(g)A2(ϕ(g))
= (δ
1/2
M τ)(m)ε(g)A2(ϕ(g))
= (δ
1/2
M τ)(m)(Aϕ)(g).
Hence, Aϕ lies in V .
Next, we show that
(5.2) ε(g)π(g)Aϕ = Aπ(g)ϕ, ∀g ∈ G, ϕ ∈ V.
For all h ∈ G, on the left-hand side of (5.2) we have:
(ε(g)π(g)Aϕ)(h) = ε(g)(Aϕ)(hg) = ε(g)ε(hg)A2(ϕ(hg)) = ε(h)A2(ϕ(hg)).
On the right-hand side, we have:
(Aπ(g)ϕ)(h) = ε(h)A2((π(g)ϕ)(h)) = ε(h)A2(ϕ(hg)).
Hence, left-hand side equals right-hand side, which completes the proof. 
5.1.2. A Trace Identity between G and H1. Suppose the field K is equal to k(
√
B)
for some B ∈ k× − k×2. We define an embedding φ : K× →֒ GL(2, k) as follows:
φ : a+ b
√
B 7→ ( a bBb a ) , ∀a, b ∈ k; (a, b) 6= (0, 0).
Note that, for γ ∈ K×, the (possibly non-distinct) eigenvalues of φ(γ) are γ, γ¯, and
detφ(γ) = NK/kγ. Let
TK =
{
φ(γ) : γ ∈ K×} .
For an element t2 ∈ GL(2, k) which is conjugate to φ(γ) for some γ ∈ K×, put
DTK(t2) :=
∣∣(γ − γ¯)2∣∣∣∣NK/kγ∣∣ .
Recall that τ2 = π(χ) is the K-monomial representation associated with a charac-
ter χ of K×. We have defined in the previous section an intertwining operator A2 in
HomGL(2,k)(τ2, ετ2). Let χετ2 be the ε-twisted Harish-Chandra character associated with
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the distribution f 7→ tr τ2(f)A2 on C(GL(2, k)). In particular, for g, h ∈ GL(2, k), we
have χετ2(h
−1gh) = ε(h)χετ2(g).
Let t2 be a regular element in GL(2, k). If χετ2(t2) 6= 0, then the centralizer of t2 must
be a torus which lies in the kernel of ε. All such tori are conjugate to TK; hence, χετ2(t2)
is zero unless t2 is conjugate to an element in TK. By [L, Lemma 7.19], for each regular
t2 = φ(γ) ∈ TK, γ ∈ K× − k×, we have:
(5.3) D1/2TK (t2)χεπ(χ)(t2) = d · λ(K/k, ψ) · ε(γ − γ¯)
[
χ(γ) + χ(γ¯)
]
.
Here, λ(K/k, ψ) is a constant independent of t2, and d is ±1 depending on the choice of
sign involved in the definition of A2. For simplicity, we assume A2 is chosen such that
d = 1.
Let T =
{( a
t2
(det t2)/a
)
: a ∈ k×, t2 ∈ TK
}
. It is an elliptic maximal torus in M .
Observe that, for γ ∈ K×,
ε
((
a
φ(γ)
(detφ(γ))/a
))
= ε(detφ(γ)) = ε(NK/kγ) = 1;
hence, T lies in the kernel of ε.
Fix a Haar measure dt on T¯ = T/Z . Let dg¯ = dg/dt. For t ∈ T and f ∈ C(G), put
OεG(f, t) :=
∫
T\G
ε(g¯)f(g¯−1tg¯) dg¯.
Note that ε(g¯) is well defined because T ⊂ ker ε.
Recall that we identify (a, g2) in k× ×GL(2, k) with blockdiag(a, g2, (det g2)/a) in
M .
5.3. Lemma. Let µ be a character of k×. Let χ be a character ofK×. Let A in HomG(µ⋊
π(χ), µ⋊ επ(χ)) be the intertwining operator defined in Section 5.1.1. Then,
(5.4) 〈µ⋊ π(χ), f〉A =
1
4
∫
t=(a,t2)∈T¯ reg
[
µ(a) + µ
(
NK/kγ
a
)]
[χ(γ) + χ(γ¯)]
· λ(K/k, ψ)ε(γ − γ¯)D1/2T\G(t)OεG(f, t) dt.
Here, t2 = φ(γ) ∈ TK, γ ∈ K×.
PROOF. We keep the same notation used in the previous section, i.e. τ2 = π(χ),
(π, V ) = µ ⋊ π(χ), τ = µ ⊗ τ2, . . . , etc. Let K be the hyperspecial maximal compact
subgroup GSp(2,O) of G. We have the Iwasawa decomposition G = PK = NMK;
hence, G¯ = NM¯K , where M¯ = M/Z . We also have the corresponding measure decom-
position dg = δ−1M (m)dndmdk, where dm is a measure on M¯ . Recall that ε|N = 1. For
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h ∈ G, ϕ ∈ V ,
(π(f)Aϕ)(h)
=
∫
G¯
f(g)(π(g)(Aϕ))(h) dg =
∫
G¯
f(g)(Aϕ)(hg)dg
=
∫
G
f(h−1g)(Aϕ)(g) dg =
∫
G
f(h−1g)ε(g)A2(ϕ(g)) dg
=
∫
N
∫
M¯
∫
K
f(h−1n1mk)ε(n1mk)A2(ϕ(n1mk))δ−1M (m) dk dm dn1
=
∫
N
∫
M¯
∫
K
f(h−1n1mk)ε(mk)δ
−1/2
M (m)A2(τ(m)ϕ(k)) dk dm dn1.
Writing a generalm ∈M in the form (a, g2), where a ∈ k× and g2 ∈ GL(2, k), the above
expression is equal to∫
N
∫
M¯
∫
K
f(h−1n1mk)ε(g2)ε(k)δ
−1/2
M (m)µ(a)A2τ2(g2)ϕ(k) dk dm dn1
=
∫
N
∫
M¯
∫
K
f(h−1n1mk)ε(g2)ε(k)δ
−1/2
M (m)µ(a)ε(g2)τ2(g2)A2ϕ(k)dkdmdn1
=
∫
N
∫
M¯
∫
K
f(h−1n1mk)ε(k)δ
−1/2
M (m)µ(a)τ2(g2)A2ϕ(k) dk dm dn1.
For each m ∈ M¯ , we change variables n1 7→ n, where n is defined by n−1mnm−1 =
n1. The resulting Jacobian is |det(1−Ad m)|n|. LetDM\G(m) =
∣∣det(1− Ad m)|g/m∣∣,
where lower case gothic type denotes the Lie algebra of a group. Since
D
1/2
M\G(m) = δ
−1/2
M (m) |det(1− Ad m)|n| ,
the trace (π(f)Aϕ) (h) is equal to∫
N
∫
M¯
∫
K
f(h−1n−1mnk)ε(k)D1/2M\G(m)µ(a)π(g2)A2ϕ(k) dk dm dn.
Since G = PK and functions in V transform under P via τ , we may identify V with a
space of functions on K . The operator ϕ 7→ π(f)Aϕ on V is therefore an integral operator
with kernel
(h, k) ∈ K ×K 7→ ∫
N
∫
M¯
f(h−1n−1mnk)ε(k)D1/2M\G(m)µ(a)π(g2)A2 dm dn.
This kernel is an operator on the vector space V2 of τ2, for each (h, k) ∈ K ×K .
We compute 〈π, f〉A = tr π(f)A by integrating the character of this kernel (as an
operator on V2) over the diagonal {(k, k) : k ∈ K}. We have:
〈π, f〉A =
∫
K
∫
N
∫
M¯
f(k−1n−1mnk)ε(k)D1/2M\G(m)µ(a)χ
ε
τ2(g2) dm dn dk
=
∫
M¯
D
1/2
M\G(m)µ(a)χ
ε
τ2(g2)
∫
K
∫
N
f(k−1n−1mnk)ε(k) dn dk dm,
Let NG(M) be the normalizer of M in G. Let WM\G = NG(M)/M . Then,∣∣WM\G∣∣ = 2, and the nontrivial element of WM\G sends (a, g2) to ((det g2)/a, g2). We
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have:
〈π, f〉A =
1∣∣WM\G∣∣
∫
M¯
(
µ(a) + µ
(
det g2
a
))
D
1/2
M\G(m)χ
ε
τ2(g2)
·
[∫
K
∫
N
f(k−1n−1mnk)ε(k) dn dk
]
dm.
Let t2 be a regular element in GL(2, k). For any g2 ∈ GL(2, k), put tg22 := g−12 t2g2.
Recall that χετ2(t2) is zero unless t2 is conjugate to an element in TK, and χετ2(tg22 ) =
ε(g2)χ
ε
τ2(t2) for all g2 ∈ GL(2, k). By the Weyl integration formula, if a function f on a
group H is zero outside of the conjugacy class of a maximal torus T , then
(5.5)
∫
H
f(h) dh =
1∣∣WT\H ∣∣
∫
T reg
DT\H(t)
∫
T\H
f(h¯−1th¯) dh¯ dt.
Here, DT\H(t) :=
∣∣det(1− Ad t)|h/t∣∣. Viewing 〈π, f〉A as an integral over M¯ , the inte-
grand vanishes outside of the union of the tori conjugate to T in M . Applying (5.5), we
obtain: 〈π, f〉A =
1∣∣WT\M ∣∣ 1∣∣WM\G∣∣
∫
t=(a,t2)∈T¯ reg
DT\M (t)
·
∫
m¯=(b,g2)∈T\M
D
1/2
M\G(m¯
−1tm¯)
[
µ(ab) + µ
(
det t
g2
2
ab
)]
χετ2(t
g2
2 )
·
∫
K
∫
N
f(k−1n−1m¯−1tm¯nk)ε(k) dn dk dm¯ dt
=
1∣∣WT\G∣∣
∫
t=(a,t2)∈T¯ reg
DT\M (t)D
1/2
M\G(t)∫
m¯=(b,g2)∈T\M
[
(µ(ab) + µ
(
det t
g2
2
ab
)]
χετ2(t
g2
2 )∫
K
∫
N
f(k−1n−1m¯−1tm¯nk)ε(k) dn dk dm¯ dt.
Here, WT\G denotes the Weyl group of T in G.
For m = (b, g2) ∈ M , we have χετ2(tg22 ) = ε(g2)χετ2(t2) = ε(m)χετ2(t2). Inserting
ε(n) = 1 (n ∈ N ) at an appropriate place, we express 〈π, f〉A as follows:
1∣∣WT\G∣∣
∫
t=(a,t2)∈T¯ reg
DT\M (t)D
1/2
M\G(t)
[
µ(a) + µ
(
det t2
a
)]
χετ2(t2)
·
∫
T\M
ε(m¯)
∫
K
∫
N
f(k−1n−1m¯−1tm¯nk)ε(nk) dn dk dm¯ dt
=
1∣∣WT\G∣∣
∫
T¯ reg
DT\M (t)D
1/2
M\G(t)
[
µ(a) + µ
(
det t2
a
)]
χετ2(t2)
·
∫
T\M
∫
K
∫
N
ε(m¯nk)f(k−1n−1m¯−1tm¯nk) dn dm¯ dt
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=
1∣∣WT\G∣∣
∫
T¯ reg
[
µ(a) + µ
(
det t2
a
)]
D
1/2
T\M (t)χ
ε
τ2(t2)
·D1/2T\M (t)D
1/2
M\G(t)
∫
T\G
ε(g¯)f(g¯−1tg¯) dg¯ dt.
Since M ∼= k× × GL(2, k), DT\M ((a, t2)) is equal to DTK(t2) := DTK\GL(2,k)(t2).
Moreover,DT\MDM\G = DT\G. Hence,
(5.6) 〈π, f〉A =
1∣∣WT\G∣∣
∫
t=(a,t2)∈T¯ reg
[
µ(a) + µ
(
det t2
a
)]
D
1/2
TK
(t2)χ
ε
τ2(t2)
·D1/2T\G(t)OεG(f, t) dt.
By (5.3), the above expression is equal to
1∣∣WT\G∣∣
∫
t=(a, φ(γ))∈T¯ reg
[
µ(a) + µ
(
NK/kγ
a
)]
·
[
χ(γ) + χ(γ¯)
]
· λ(K/k, ψ)ε(γ − γ¯)D1/2T\G(t)OεG(f, t) dt.
Since
∣∣WT\G∣∣ = 4, the lemma follows. 
Let P1 be the upper triangular parabolic subgroup of H1. Its Levi component is the
maximal diagonal torus
T1 = {(diag(a, b), x) : a, b ∈ k×, x ∈ K×, ab = NK/kx}.
For characters µ1, µ2 of k× and a character χ of K×, let µ1 ⊗ µ2 ⊗1 χ denote the repre-
sentation of P1 defined as follows:
µ1 ⊗ µ2 ⊗1 χ :
((
a ∗
0 b
)
, x
)
7→ µ1(a)µ2(b)χ(x).
Let I(µ1, µ2)⊗1χ denote the representation ofH1 normalizedly induced fromµ1⊗µ2⊗1χ.
Due to the condition that each element (diag(a, b), x) ∈ T1 satisfies ab = NK/kx, the
H1-module I(µ1, µ2) ⊗1 χ is equal to η−1I(µ1, µ2) ⊗1
(
η ◦NK/k
) · χ for any character
η of k×. In particular, we have:
I(µ1, µ2)⊗1 χ = I(µ1µ−12 , 1)⊗1
(
µ2 ◦NK/k
) · χ.
Hence, any H1-module induced from P1 has the form I(µ, 1)⊗1 χ, where µ, χ are char-
acters of k×, K×, respectively.
Let T¯1 = T1/Z0(H1). For a ∈ k×, γ ∈ K×, recall that (a, φ(γ)) denotes the element
diag(a, φ(γ), (NK/kγ)/a) ∈ T ⊂ G. The map
λ1 : (a, φ(γ)) 7→
((
a
N
K/kγ
a
)
, γ
)
defines an isomorphism from T¯ to T¯1. Let dt1 be the Haar measure on T¯1 which is com-
patible with the measure dt on T¯ via λ1. That is, for each measurable subspace S¯ ⊂ T¯ , we
have
∫
λ1(S¯)
dt1 =
∫
S¯
dt.
For t1 ∈ T1 and f1 ∈ C(H1), let
OH1(f1, t1) =
∫
T1\H1
f1(h¯
−1
1 t1h¯1) dh¯1.
Let µ, χ be the characters of k×,K×, respectively. The split central character of
I(µ, 1)⊗1 χ is χ|k× · µ.
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5.4. Lemma. For f1 ∈ C(H1, χ|k× · µ), the following holds:
(5.7) 〈I(µ, 1)⊗1 χ, f1〉
=
1
4
∫
t1=(diag(a,b),γ)∈T¯ reg1
[
µ(a) + µ(b)
][
χ(γ) + χ(γ¯)
]
·D1/2T1\H1(t1)OH1(f1, t1) dt1.
PROOF. We skip the proof, which is similar to that of Lemma 5.3 and is simpler
because there is no twisting by ε. 
Recall the embeddingφ : K× →֒ GL(2, k) which sends a+b√B to ( a bBb a ). Note that
detφ(γ) = NK/kγ for all γ ∈ K×. Given a, b ∈ k×, γ ∈ K×−k×, such that ab = NK/kγ
and a 6= b, the element t = blockdiag(a, φ(γ), b) ∈ M is regular. Every norm of t in H1
is conjugate to either t1 = (diag(a, b), γ) or t¯1 = (diag(a, b), γ¯). In particular, t1 and t¯1
are G-regular. We make the following choice of transfer factors for the pairs (t1, t), (t¯1, t):
∆(t1, t) = ∆(t¯1, t) = λ(K/k, ψ)ε(a)ε(γ − γ¯)
[
DT\G(t)
DT1\H1(t1)
]1/2
.
5.5. Definition. We say that f ∈ C(G) and f ∈ C(H1) are weakly matching if
OH1(f1, t1) = ∆(t1, t)O
ε
G(f, t)
for every (t1, t) ∈ T1 × T reg such that t1 is a norm of t.
The assumption is that there exists a choice of transfer factors for H1×G, compatible
with ∆(t1, t), such that matching implies weakly matching.
5.6. Proposition. Let µ be a character of k×. Let χ be a character of K×. For weakly
matching functions, the following character identity holds:
〈µ⋊ π(χ), f〉A = 〈I(εµ, 1)⊗1 χ, f1〉 .
PROOF. The elements in Hreg1 which are not G-regular form a set of measure zero.
Hence, by Lemma 5.4 and our choice of dt1, 〈I(εµ, 1)⊗1 χ, f1〉 is equal to
1
4
∫
t=(a,φ(γ))∈T¯ reg
[
εµ(a) + εµ
(
NK/kγ
a
) ][
χ(γ) + χ(γ¯)
]
·D1/2T1\H1(λ1(t))OH1 (f1, λ1(t)) dt
(5.8) = 1
4
∫
t=(a,φ(γ))∈T¯ reg
ε(a)
[
µ(a) + µ
(
NK/kγ
a
) ][
χ(γ) + χ(γ¯)
]
·D1/2T1\H1(λ1(t))OH1 (f1, λ1(t)) dt.
Since the functions f1 ∈ C(H1) and f ∈ C(G) are weakly matching, we have:
OH1(f1, λ1(t)) = λ(K/k, ψ)ε(a)ε(γ − γ¯)
[
DT\G(t)
DT1\H1(λ1(t))
]1/2
OεG(f, t)
for all regular t = (a, φ(γ)) ∈ T . The expression (5.8) is therefore equal to
(5.9) 1
4
∫
t=(a,φ(γ))∈T¯ reg
[
µ(a) + µ
(
NK/kγ
a
) ][
χ(γ) + χ(γ¯)
]
· λ(K/k, ψ)ε(γ − γ¯)D1/2T\G(t)OεG(f, t) dt.
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By Lemma 5.3, the proposition follows. 
5.1.3. A Trace Identity between G and H2. Let T2 = {(diag(α, β), c)∗ : α, β ∈
K×, c ∈ k×} be the maximal diagonal torus of H2. Here, lower ∗ denotes the image of
(diag(α, β), c) in H2. Let T¯2 = T2/Z0(H2).
Recall that T =
{
(a, φ(γ)) : a ∈ k×, γ ∈ K×} ⊂ G, where (a, φ(γ)) denotes the
element blockdiag(a, φ(γ), (detφ(γ))/a). Any element in T has the form
t =
(
cNK/kα, cφ
(
αβ¯
))
for some c ∈ k×, α, β ∈ K×.
The norm correspondence between G and H2 gives the following isomorphism from
T¯ to T¯2:
λ2 :
(
cNK/kα, cφ
(
αβ¯
)) 7→ (diag(α, β), c)∗, ∀ α, β ∈ K×, c ∈ k×.
Let dt2 be the Haar measure on T¯2 which is compatible with the measure dt on T¯ via λ2.
For t2 ∈ T2 and f2 ∈ C(H2), let
OH2(f2, t2) =
∫
T2\H2
f2(h¯
−1
2 t2h¯2) dh¯2.
Let c be an element in k×. Let α, β be elements in K×. Suppose αβ¯ /∈ k×, then the
element t =
(
cNK,kα, cφ
(
αβ¯
)) ∈ T is regular. A norm of t in H2 is conjugate to either
t2 = (diag(α, β), c)∗ or t¯2 = (diag(α¯, β¯), c)∗. Extend the character ε of k× to K×. We
make the following choice of transfer factors for the pairs (t2, t), (t¯2, t):
∆(t2, t) = ∆(t¯2, t) = λ(K/k, ψ)ε(cNK,kα)ε(cαβ¯ − cα¯β)
[
DT\G(t)
DT2\H2(t2)
]1/2
= λ(K/k, ψ)ε(αβ¯ − α¯β)
[
DT\G(t)
DT2\H2(t2)
]1/2
.
5.7. Definition. We say that f ∈ C(G) and f2 ∈ C(H2) are weakly matching if
OH2(f2, t2) = ∆(t2, t)O
ε
G(f, t)
for every (t2, t) ∈ T2 × T reg such that t2 is a norm of t.
5.8. Proposition. Let µ, χ be characters of k×,K×, respectively. For weakly matching
functions f in C(G) and f2 in C(H2), the following character identity holds:〈
εµ
χ|k×
⋊ π(χ), f
〉
A
=
〈
I
(
µ ◦N
χ
, χ
)
⊗2 µ, f2
〉
.
Here, A is the intertwining operator defined in Section 5.1.1.
PROOF. For simplicity, let N denote NK/k. By Lemma 5.3,
〈
εµ
χ|k× ⋊ π(χ), f
〉
A
is
equal to
(5.10) 1
4
∫
t=(cNα, cφ(αβ¯))∈T¯ reg
εµ(c)
·
[
µ(Nα)
(
χ
(
β
α
)
+ χ
(
β¯
α¯
))
+ µ(Nβ)
(
χ
(
α
β
)
+ χ
(
α¯
β¯
))]
· λ(K/k, ψ)ε(cαβ¯ − cα¯β)D1/2T\G(t)OεG(f, t) dt.
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Employing the same technique used in the proof of Lemma 5.3, we obtain:
(5.11)
〈
I
(
µ◦N
χ , χ
)
⊗2 µ, f2
〉
=
1
|Gal(K/k)| ·
1∣∣WT2\H2 ∣∣
·
∫
t2=(diag(α,β),c)∗∈T¯ reg2
[
µ(Nα)
(
χ
(
β
α
)
+ χ
(
β¯
α¯
))
+ µ(Nβ)
(
χ
(
α
β
)
+ χ
(
α¯
β¯
)) ]
· µ(c)D1/2T2\H2(t2)OH2(f2, t2) dt2.
By our choice of dt2, and the fact that |Gal(K, k)| =
∣∣WT2\H2 ∣∣ = 2, the above
expression is equal to
1
4
∫
t=(cNα, cφ(αβ¯))∈T¯ reg
[
µ(Nα)
(
χ
(
β
α
)
+ χ
(
β¯
α¯
))
+ µ(Nβ)
(
χ
(
α
β
)
+ χ
(
α¯
β¯
))]
· µ(c)D1/2T2\H2(λ2(t))OH2 (f2, λ2(t)) dt.
The proposition now follows from the weakly matching condition on f, f2. 
REMARK. By the Weyl integration formula and the Iwasawa decomposition for real
reductive groups, it is clear that the archimedean analogues of Propositions 5.6, 5.8 also
hold. That is: If k = R, K = C, and µ, χ are characters of R×, C×, respectively, then
〈µ⋊ π(χ), f〉A = 〈I(εµ, 1)⊗1 χ, f1〉 ,〈
εµ
χ|k× ⋊ π(χ), f
〉
A
=
〈
I
(
µ◦N
χ , χ
)
⊗2 µ, f2
〉
for matching functions on G(R), H1(R), H2(R). Here, ε(x) is the sign of x for all x ∈ R.
5.1.4. Examples. For an admissible representation τ of GL(2, k), let BK/kτ denote
the representation of GL(2,K) which is obtained from τ via base change ([L], [F1]).
In particular, for characters µ1, µ2 of k×, BK/kI(µ1, µ2) is the induced representation
I(µ1 ◦NK/k, µ2 ◦NK/k).
For x ∈ k, let ordx denote the p-adic valuation of x, with ord 0 := ∞. Let q be the
cardinality of the residue field of k. Let ν : x 7→ q−ord x be the normalized absolute value
function on k.
5.9. Corollary. Let θ be a character of K×. The following holds for weakly matching
functions f ∈ C(G) and f1 ∈ C(H1) :〈
εν ⋊ ν−1/2π(θ), f
〉
A
=
〈
I(ν1/2, ν−1/2)⊗1 θ, f1
〉
.
PROOF. Noting that I(ν1/2, ν−1/2)⊗1θ = I(ν, 1)⊗1
(
ν−1/2 ◦NK/k
)·θ, the corollary
follows from Proposition 5.6. 
5.10. Corollary. Let η be a character of k×. For weakly matching functions f, f1, f2 on
G,H1, H2, respectively, the following quantities are equal to one another:
• 〈εν × ε⋊ ν−1/2η, f〉
A
,
• 〈ηI(ν1/2, ν−1/2)⊗1 1, f1〉,
• 〈BK/kI(ην1/2, ην−1/2)⊗2 η2, f2〉.
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PROOF. The representation εν × ε ⋊ ν−1/2η is equal to εν ⋊ π ((ν−1/2η) ◦NK/k).
The representation ηI(ν1/2, ν−1/2) ⊗1 1 of H1 is equal to I(ν, 1) ⊗1 (ν−1/2η) ◦ NK/k.
The corollary follows from Corollary 5.9 and Proposition 5.8. 
Let νK be the normalized absolute value function on K.
5.11. Corollary. Suppose the extension K/k is unramified. Let θ be a character of K×
which satisfies σθ/θ = ε′ ◦ NK/k for some quadratic character ε′ of k×. The following
holds for weakly matching functions f ∈ C(G) and f2 ∈ C(H2) :〈
εε′ν ⋊ ν−1/2π(θ), f
〉
A
=
〈
θI(ν
1/2
K , ν
−1/2
K )⊗2 θ|k× · ε′, f2
〉
.
PROOF. SinceK/k is unramified, νK is equal to ν ◦NK/k. The corollary then follows
from Proposition 5.8. 
5.2. Induced Representations—Split Case
LetF be a number field. LetCF denote the ide`le class group of F .Let E be a nontrivial
quadratic character of CF . Let E be the quadratic extension of F which corresponds to E
via global class field theory.
Regard G = GSp(2) as an F -group. Let H1 and H2 be the elliptic E-endoscopic
groups of G over F .
Let v be a (possibly archimedean) place of F which splits in E. Then, Ev := E ⊗F
Fv = Fv ⊕ Fv . We have:
H1(Fv) =
(
GL(2, Fv)× F×v × F×v
)′
:=
{
(g, a, b) ∈ GL(2, Fv)× F×v × F×v : det g = ab
}
,
H2(Fv) =
(
GL(2, Fv)×GL(2, Fv)× F×v
)
/
{(
aI2, bI2, (ab)
−1) : a, b ∈ F×v } .
Let Gv = G(Fv), Hi,v = Hi(Fv) (i = 1, 2).
Let Mv denote the Levi component of the Heisenberg parabolic subgroup of Gv . The
norm correspondence between G and H1 gives the following isomorphism from Mv to
H1,v:
λ1 : (a, g2) 7→ (g2, a, (det g2)/a), ∀a ∈ k×, g2 ∈ GL(2, k).
Here, (a, g2) denotes the element blockdiag(a, g2, (det g2)/a) in Mv. In particular, λ1
defines a one to one correspondence between the conjugacy classes of the maximal tori in
Mv and those of the maximal tori in H1,v.
Each maximal torus in Mv has the form
Tv = {(a, t′) : a ∈ F×v , t′ ∈ T ′v},
where T ′v is a maximal torus in GL(2, Fv).
A norm in H1,v of a regular element t = (a, t′) ∈ Mv is conjugate to either t1 =
(t′, a, (det t′)/a) or t¯1 = (t′, (det t′)/a, a). Let Tv, T1,v be the maximal tori which contain
t, t1, respectively. We define the transfer factors for the pairs (t1, t), (t¯1, t) as follows:
∆(t1, t) = ∆(t¯1, t) =
[
DTv\Gv(t)
DT1,v\H1,v (t1)
]1/2
.
Let Zv be the center of Gv . Let C(Gv) denote the space of functions on Gv which are
smooth and compactly supported modulo Zv. Let Z ′(H1,v) denote the subgroup
{(diag(z, z), z, z) : z ∈ F×v } ⊂ H1,v.
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It is the group of Fv-points of the maximal F -split component of the center of H1. Let
C(H1,v) denote the space of functions on H1,v which are smooth and compactly supported
modulo Z ′(H1,v).
For a maximal torus T1,v in H1,v, put T¯1,v := T1,v/Z ′(H1,v). Put G¯v := Gv/Zv,
H¯1,v := H1,v/Z
′(H1,v). We fix a Haar measure dt on each maximal torus T¯v in G¯v . It
induces via λ1 a measure dt1 on the maximal torus T¯1,v = λ1(T¯v) in H¯1,v.
We say that fv ∈ C(Gv) and f1,v ∈ C(H1,v) are weakly matching if
OH1,v (f1,v, t1) = ∆(t1, t)OGv (fv, t)
for all (t1, t) ∈ H1,v ×M regv such that t1 is a norm of t.
5.12. Lemma. Let τ be an admissible representation of GL(2, Fv). Let µ1, µ2 be charac-
ters of F×v . Then, 〈
µ1
µ2
⋊ µ2τ, fv
〉
= 〈τ ⊗1 (µ1 ⊗ µ2) , f1,v〉
for weakly matching functions.
PROOF. The proof is similar to that of Proposition 5.6.
By the Weyl integration formula,
〈
µ1
µ2
⋊ µ2τ, f
〉
is equal to
∑
Tv
1∣∣WTv\Mv ∣∣
∫
t=(a,t′)∈T¯ regv
DTv\Mv (t)
µ1
µ2
(a)χµ2τ (t
′)D1/2Mv\Gv (t)OGv (fv, t) dt
=
∑
Tv
1∣∣WTv\Mv ∣∣
·
∫
t=(a,t′)∈T¯ regv
D
1/2
Tv\Mv (t)µ1(a)µ2
(
det t′
a
)
χτ (t
′)D1/2Tv\Gv(t)OGv (fv, t) dt.
Here, Tv ranges over a set of representatives of the conjugacy classes of the maximal tori
in Mv, and WTv\Mv is the Weyl group of Tv in Mv. The last equality holds because
DTv\MvDMv\Gv = DTv\Gv .
The trace 〈τ ⊗1 (µ1 ⊗ µ2), f1,v〉 is equal to∑
T1,v
1∣∣WT1,v\H1,v ∣∣
∫
t1=(t′, a, (det t′)/a)∈T¯ reg1,v
D
1/2
T1,v\H1,v (t1)µ1(a)µ2
(
det t′
a
)
χτ (t
′)
·D1/2T1,v\H1,v (t1)OH1,v (f1,v, t1) dt1
=
∑
λ1(Tv)
1∣∣Wλ1(Tv)\H1,v ∣∣
∫
t=(a,t′)∈T¯ regv
D
1/2
T1,v\H1,v (λ1(t))µ1(a)µ2
(
det t′
a
)
χτ (t
′)
·D1/2T1,v\H1,v (λ1(t))OH1,v (f1,v, λ1(t)) dt.
Here, T1,v, Tv range over sets of representatives of the conjugacy classes of the maximal
tori in H1,v, Gv , respectively.
By assumption, fv, f1,v are weakly matching functions; hence,
D
1/2
Tv\Gv (t)OGv (fv, t) = D
1/2
T1,v\H1,v (λ1(t))OH1,v (f1,v, λ1(t))
for all regular t in Mv. Moreover,
∣∣WTv\Mv ∣∣ = ∣∣Wλ1(Tv)\H1,v ∣∣ = 2 for all maximal tori
Tv in Mv. The lemma follows. 
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Let T2,v be the maximal diagonal torus in H2,v. Let Tv be the maximal diagonal torus
in Gv . Any element in Tv has the form t = diag(ac, ad, bc, bd), a, b, c, d ∈ F×v . The norm
correspondence between G and H2 gives the following isomorphism from Tv to T2,v:
λ2 : diag(ac, ad, bc, bd) 7→ (diag(a, b), diag(c, d), 1)∗ .
Here, lower ∗ denotes image in H2,v.
A norm in H2,v of a regular element t = diag(ac, ad, bc, bd) ∈ Tv is conjugate to
either t2 = (diag(a, b), diag(c, d), 1)∗ or t¯2 = (diag(c, d), diag(a, b), 1)∗. We define the
transfer factors for the pairs (t2, t), (t¯2, t) as follows:
∆(t2, t) = ∆(t¯2, t) =
[
DTv\Gv(t)
DT2,v\H2,v (t2,v)
]1/2
.
Let Z ′(H2,v) = {(diag(1, 1), diag(1, 1), z)∗ : z ∈ F×v } ⊂ H2,v. It is the group of
Fv-points of the maximal F -split component of the center of H2. Let C(H2,v) denote the
space of smooth, compactly supported modulo Z ′(H2,v) functions on H2,v.
Put T¯2,v := T2,v/Z ′(H2,v). As usual, the Haar measure dt2 on T¯2,v is chosen such that
it is compatible with the measure dt on T¯v via λ2. We say that the functions fv ∈ C(Gv)
and f2,v ∈ C(H2,v) are weakly matching if
OH2,v (f2,v, t2) = ∆(t2, t)OGv (fv, t)
for every (t2, t) ∈ T2,v × T regv such that t2 is a norm of t.
5.13. Lemma. Let α1, α2, β1, β2 be characters of F×v such that α1β1 = α2β2. Then,〈
β−11 I(α2, β2)⋊ β1, fv
〉
= 〈I(α1, β1)× I(α2, β2), f2,v〉
for weakly matching functions fv ∈ C(Gv), f2,v ∈ C(H2,v).
PROOF. The induced representations are supported only on the conjugacy classes of
the maximal diagonal tori. As in the proof of Lemma 5.12, the character identity follows
from the Weyl integration formula and the weakly matching condition on the test functions.

5.3. ε-Invariant Packets
Recall that k is our fixed p-adic field, ε is a nontrivial quadratic character of k×, andK
is the quadratic extension of k corresponding to ε. Let G = G(k), Hi = Hi(k) (i = 1, 2).
Let G¯ = PGSp(2, k). Let C0 = PGL(2, k)× PGL(2, k). For representations τ1, τ2
of PGL(2, k), let τ1 × τ2 denote the C0-module where (g, h) ∈ C0 acts by τ1(g)⊗ τ2(h)
on the tensor product of the spaces of τ1, τ2.
Let τ be a cuspidal or one dimensional representation of GL(2, k) with trivial central
character. Write † for + if τ is cuspidal, or × if τ is one dimensional. Following the same
notation as in [F4], we let {π†, π−} denote the local (quasi-)packet of G¯ which lifts to
the representation I(2,2)(τ, ετ) of PGL(4, k). In the terminology of [F4], which we also
adopt, {π+, π−} is a packet, while {π×, π−} is a quasi-packet.
5.14. Lemma. The representations π† and π− are ε-invariant.
PROOF. Let f, f4, fC0 be matching functions on G¯, PGL(4, k), C0, respectively. Let
ζ = 1 or ε. By [F4, Prop. V. 5] and [F4, Prop. V. 8.6], we have:〈
ζπ†, f
〉
=
1
2
( 〈
ζI(2,2)(τ, ετ), f4
〉
+ 〈ζτ × ζετ, fC0〉
)
〈
ζπ−, f
〉
=
1
2
( 〈
ζI(2,2)(τ, ετ), f4
〉− 〈ζτ × ζετ, fC0〉).
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The representation I(2,2)(τ, ετ) is ε-invariant. By the norm correspondence between G¯
and C0, and the matching condition on the test functions, the convolution operator (τ ×
ετ)(fC0) is equal to (ετ × τ)(fC0). Hence, the right-hand sides of the above equations are
independent of the choice of ζ. Consequently,〈
π†, f
〉
=
〈
επ†, f
〉
,〈
π−, f
〉
=
〈
επ−, f
〉
.
By the linear independence of characters, we conclude that π† and π− are ε-invariant. 
5.15. Corollary. Let F be a totally imaginary number field. Let E be a nontrivial qua-
dratic character of the ide`le class group of F . Let T be a cuspidal or one dimensional
automorphic representation of GL(2,AF ) with trivial central character. Let {Π} be the
unstable (quasi)-packet [T , ET ] of G(AF ) (see Section 4.3.1). Then, every member of
{Π} is E-invariant.
PROOF. Let Π be a member of {Π}. By Lemma 5.14, Πv is Ev-invariant for each
finite place v.
Let E be the quadratic extension of F corresponding to E . Let v be an archimedean
place of F . Since F is totally imaginary, Fv is algebraically closed. Thus, v splits in E,
which implies Ev = 1. 
5.4. Character Identities for Unstable Packets
Notation
• For a number field F , let CF denote the ide`le class group of F .
• Suppose S is a set of places of a number field F . For any ade`lic object (repre-
sentation, test function, trace, . . . , etc) over F , let subscript S denote the tensor
product of local components over the places in S. For example, if Π denotes an
irreducible representation of G(AF ), we put ΠS := ⊗v∈SΠv .
• For an algebraic group H over a number field F , put Hv := H(Fv) for each
place v of F .
5.4.1. One Dimensional Representations. Let 12,l (l = k,K) denote the trivial rep-
resentation of GL(2, l). It is nontempered. Let St2,l denote the Steinberg representation of
GL(2, l). It is square integrable.
Let ξ be a character of k× with ξ2 = 1. Let {π×, π−} be the local quasi-packet of
G which lifts to the representation I(2,2)(ξ12,k, εξ12,k) of PGL(4, k) according to [F4,
Prop. V. 8.5]. In other words, π× is the nontempered subquotientL(νε, ε⋊ ν−1/2ξ) of the
induced representation νε × ε ⋊ ν−1/2ξ (see [ST]), and π− = δ−(εν1/2St2,k, ν−1/2ξ),
the cuspidal member of the local packet which contains the unique square integrable sub-
representation δ(εν1/2St2,k, ν−1/2ξ) of νε×ε⋊ν−1/2ξ (see [F4, Sect. V. 8]). By Lemma
5.14, π× and π− are ε-invariant representations.
5.16. Proposition. Suppose ε is unramified. There exist nontrivial intertwining operators
A× ∈ HomG(π×, επ×), A− ∈ HomG(π−, επ−) such that the following identities hold
for matching functions:〈
π×, f
〉
A×
+
〈
π−, f
〉
A−
= 〈ξ12,k ⊗1 1, f1〉 ,〈
π×, f
〉
A×
− 〈π−, f〉
A−
=
〈
(ξ ◦NK/k)12,K ⊗2 1, f2
〉
.
REMARK. It is likely that the proposition still holds if we remove the condition that ε is
unramified; however, the author is unable to prove it.
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The proof will be given after Claim 5.19.
Using Krasner’s lemma and the strong approximation theorem (see [PR]), we con-
struct a totally imaginary number field F and a quadratic extension E of F such that:
• There exists a finite place w of F such that Fw = k;
• the place w is unramified, prime in E;
• Ew = K.
Here, w denotes both the place of F and the unique place of E which lies above it. Let V
be the set of places of F . Let V un(E/F ) be the set of places of F which are unramified in
E.
Let E be the quadratic character of CF which corresponds to the extension E/F via
global class field theory. In particular, Ew = ε.
Consider G as an F -group. Let H1,H2 be the elliptic E-endoscopic groups of G over
F . For i = 1, 2, we have Hi(Fw) = Hi. We fix Tamagawa measures ([PR]) dg = ⊗vdgv
on G(AF ), and dhi = ⊗vdhi,v on Hi(AF ), such that dgw and dhi,w coincide with the
local Haar measures we have chosen for G and Hi, respectively.
Let 12 be the trivial representation ofGL(2,AF ). Let 12,E be the trivial representation
of GL(2,AE). Let Z be a character of CF such that Z2 = 1 and Zw = ξ. Let π1 be the
one dimensional representation Z12 ⊗1 1 of H1(AF ). Let π2 be the one dimensional
representation (Z ◦NE/F )12,E ⊗2 1 of H2(AF ). Let
{Π} =
⊗
v∈V
{Π×v ,Π−v }
be the unstable quasi-packet [Z12, EZ12] of G(AF ) (see Section 4.3.1). It lifts to the
induced representation I(2,2)(Z12, EZ12) of GL(4,AF ). From [F4, Sect. V. 10.6], Π×v =
L(εvνv, εv ⋊ ν
−1/2
v ξv) for each place v, and
Π−v =
{
δ−(εvν
1/2
v St2,v, ν
−1/2ξv) if εv 6= 1,
L(ν
1/2
v St2,v, ν
−1/2
v ξv) if εv = 1.
Here, νv is the normalized absolute value function on Fv , and St2,v denotes the Steinberg
representation of GL(2, Fv). In particular, Π×w = π× and Π−w = π−.
Fix a place u of F which splits in E. Then, Eu is trivial, and
H1,u = H1(Fu) = {(g, a, b) ∈ GL(2, Fu)× F×u × F×u : det g = ab}.
We have π1,u = Zu12,u ⊗1 (1 ⊗ 1). Here, 12,u := 1GL(2,Fu), the trivial representation of
GL(2, Fu). The representations
Π×u = L(νv, 1⋊ ν
−1/2
v ξv), Π
−
u = L(ν
1/2
v St2,v, ν
−1/2
v ξv)
are the two inequivalent nontempered subquotients of 1⋊ Zu12,u (see [ST, Lemma 3.8]).
5.17. Lemma. For matching functions fu on Gu and f1,u on H1,u, the following holds:〈
Π×u , fu
〉
+
〈
Π−u , fu
〉
= 〈1⋊ Zu12,u, fu〉 = 〈π1,u, f1,u〉 .
PROOF. The first equality is clear. The second follows from Lemma 5.12. 
The group of Fu-points of H2 is
H2,u =
(
GL(2, Fu)×GL(2, Fu)× F×u
)
/{(aI2, bI2, (ab)−1) : a, b ∈ F×u }.
For a character ωu of the center Zu of Gu, let C(Gu, ωu) denote the space of smooth
functions on Gu which are compactly supported modulo Zu and transform under Zu via
ω−1u . If ωu = 1, then each fu ∈ C(Gu, 1) defines a test function f¯u on PGSp(2, Fu).
5.4. CHARACTER IDENTITIES FOR UNSTABLE PACKETS 99
The map diag(z, z, z, z) 7→ (diag(1, 1), diag(1, 1), z)∗, z ∈ F×u , defines an isomor-
phism from Zu to
Z ′(H2,u) := {(diag(1, 1), diag(1, 1), z)∗ : z ∈ F×u } ⊂ H2,u.
Here, lower ∗ denotes image in H2,u. For a character ω2,u of the group Z ′(H2,u), let
C(H2,u, ω2,u) denote the space of smooth, compactly supported mod Z ′(H2,u) functions
on H2,u which transform under Z ′(H2,u) via ω−12,u. If a function f2,u in C(H2,u, ω2,u)
matches some fu ∈ C(Gu, 1), then ω2,u is necessarily trivial.
The map (g, h, c)∗ 7→ (g, ch) defines an isomorphism from H2,u to the group
(GL(2, Fu)×GL(2, Fu))/{(zI2, z−1I2) : z ∈ F×u }.
Hence, the representations of H2,u with trivial central characters may be identified with
the representations of PGL(2, Fu) × PGL(2, Fu), which is the group of Fu-points of the
F -group C0 = PGL(2) × PGL(2). Moreover, if a function f2,u in C(H2,u, 1) matches
a function fu in C(Gu, 1), then f2,u defines a function f¯2,u on C0,u which matches f¯u in
the context of twisted endoscopy for PGL(4) (see [F4]).
5.18. Lemma. The following holds for matching functions fu ∈ C(Gu, 1) and f2,u ∈
C(H2,u, 1):〈
Π×u , fu
〉− 〈Π−u , fu〉 = 〈Zu12,u ×Zu12,u, f¯2,u〉 = 〈π2,u, f2,u〉 .
PROOF. The first equality follows from [F4, Prop. V. 8.6]. Let u1, u2 be the distinct
places of E which lie above u. For i = 1, 2, we have Eui = Fu, 12,Eui = 12,u, and(Z ◦NE/F )ui = Zu. Hence, π2,u = (Zu12,u ×Zu12,u) ⊗2 1, which may be identified
with the representation Zu12,u ×Zu12,u of C0,u. The second equality follows. 
In summary, the following local identities hold for matching functions:〈
Π×u , fu
〉
+
〈
Π−u , fu
〉
= 〈π1,u, f1,u〉 ,〈
Π×u , fu
〉− 〈Π−u , fu〉 = 〈π2,u, f2,u〉 .(5.1)
Let S′ be the finite set of bad places for Z , i.e. it is the union of V − V un(E/F ) and
the set of places v where Zv is ramified. In particular, the fixed places w, u lie outside of
S′. For each place v /∈ S′, π1,v and π2,v are unramified representations.
Fix two placesw1, w2 /∈ S′∪{w}which are prime inE. For a characterω of the center
of G(AF ), recall the definition of E(w1, w2,G(AF ), ω) (resp. E(w1, w2,Hi(AF ), ω)):
It denotes the space of functions in C(G(AF ), ω) (resp. C(Hi(AF ), ω)) whose local
components at w1, w2 are elliptic.
Let S0 = S′ ∪ {w1, w2}. Let S be a finite set of places of F containing S0.
By Corollary 5.15, each representation Π′ in {Π} is E-invariant; hence, the twisted
character 〈Π′, f〉E is equal to a product
∏
v 〈Π′v, fv〉Ev of twisted local characters. Here,
〈Π′v, fv〉Ev denotes the trace of Π′v(fv)ρ(E)v , where ρ(E)v is the operator on the space of
Π′v restricted from the operator ρ(E) : φ 7→ Eφ on L2(G(F )\G(AF )). Put 〈Π′, f〉E,S :=∏
v∈S 〈Π′v, fv〉Ev .
Let f = ⊗vfv be a function in E(w1, w2,G(AF ), 1) such that fv is spherical for
all v /∈ S. For i = 1, 2, let fi = ⊗vfi,v be a function in E(w1, w2,Hi(AF ), 1) which
matches f and has spherical local components at all v /∈ S. The following E-trace identity
follows from Proposition 4.17:
(5.2)
∑
Π′∈{Π}
m(Π′) 〈Π′, f〉E,S =
1
2
〈π1, f1〉S +
1
2
〈π2, f2〉S .
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Here, m(Π′) is the multiplicity of Π′ in the discrete spectrum of G. From [F4, Sect. V.
10.6], we have:
m(Π′) =
1
2
(
1 + (−1)n(Π′)
)
,
where n (Π′) is the number of places v for which Π′v = Π−v . In other words, Π′ ∈ {Π}
appears (with multiplicity one) in the discrete spectrum if and only if Π′v = Π−v for an even
number of places v.
Let P+(S) denote the set of representations Π′ in {Π} such that Π′v is unramified for
all v /∈ S, and Π′v = Π−v for an even number of places v in S.
Let P−(S) denote the set of Π′ in {Π} such that Π′v is unramified for all v /∈ S, and
Π′v = Π
−
v for an odd number of places v in S.
By the multiplicity formula for {Π}, the equation (5.2) is equivalent to
(5.3) 2
∑
Π′∈P+(S)
〈Π′, f〉E,S = 〈π1, f1〉S + 〈π2, f2〉S .
5.19. Claim. The following identities hold for matching functions:
2
∑
Π′∈P+(S0)
〈Π′, f〉E,S0 = 〈π1, f1〉S0 + 〈π2, f2〉S0 ,
2
∑
Π′∈P−(S0)
〈Π′, f〉E,S0 = 〈π1, f1〉S0 − 〈π2, f2〉S0 .
PROOF. Recall that we have fixed a place u which splits in E. The identity (5.3),
when applied to S = S0 ∪ {u}, is equivalent to
(5.4) 2
∑
Π′∈P+(S0)
〈Π′, f〉E,S0
〈
Π×u , fu
〉
+ 2
∑
Π′∈P−(S0)
〈Π′, f〉E,S0
〈
Π−u , fu
〉
= 〈π1, f1〉S0 〈π1,u, f1,u〉+ 〈π2, f2〉S0 〈π2,u, f2,u〉 .
By (5.1), the right-hand side of the above equation is equal to(〈π1, f1〉S0 + 〈π2, f2〉S0) 〈Π×u , fu〉+ (〈π1, f1〉S0 − 〈π2, f2〉S0) 〈Π−u , fu〉 .
Since the representations Π×u , Π−u are inequivalent, the claim follows from the linear inde-
pendence of characters. 
PROOF OF PROPOSITION 5.16. Recall that we have fixed a place w of F such that
the local components of the global objects (fields, groups, representations, . . . , etc.) at w
coincide with the desired local objects over k. Applying (5.3) to S = S0 ∪ {w}, we obtain
the following identity for matching functions whose local components at all v /∈ S are
spherical:
(5.5) 2
∑
Π′∈P+(S0)
〈Π′, f〉E,S0
〈
Π×w , fw
〉
Ew + 2
∑
Π′∈P−(S0)
〈Π′, f〉E,S0
〈
Π−w , fw
〉
Ew
= 〈π1, f1〉S0 〈π1,w, f1,w〉+ 〈π2, f2〉S0 〈π2,w, f2,w〉 .
By Claim 5.19, the left-hand side of the above equation is equal to
〈π1, f1〉S0
〈
Π×w +Π
−
w , fw
〉
Ew + 〈π2, f2〉S0
〈
Π×w −Π−w , fw
〉
Ew .
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Rearranging terms, (5.5) is equivalent to
(5.6) 〈π1, f1〉S0
[〈
Π×w +Π
−
w , fw
〉
Ew − 〈π1,w, f1,w〉
]
= −〈π2, f2〉S0
[〈
Π×w −Π−w , fw
〉
Ew − 〈π2,w, f2,w〉
]
.
Pick a place v ∈ S0 which does not split in E. Recall that an elliptic regular element in
Gv is of type i (i = 1, 2) if its norms lie only in Hi(Fv). Choose fv to be a function on Gv
whose Ev-twisted orbital integral is supported only on the set of elliptic regular elements
of type 1. We may then set f2 = 0 without violating the matching condition on the test
functions. For such choices of test functions, (5.6) becomes
〈π1, f1〉S0
[〈
Π×w +Π
−
w , fw
〉
Ew − 〈π1,w, f1,w〉
]
= 0.
Since there exists f1 ∈ E(w1, w2,H1(AF ), 1) such that 〈π1, f1〉S0 6= 0, we obtain:
(5.7) 〈Π×w , fw〉Ew + 〈Π−w , fw〉Ew = 〈π1,w, f1,w〉 .
We may likewise pick a place v in S0, and choose the function f , such that the twisted
orbital integral of fv is supported only on the elliptic regular set of type 2. It then follows
that
(5.8) 〈Π×w , fw〉Ew − 〈Π−w , fw〉Ew = 〈π2,w, f2,w〉 .
Let f , f1, f2 now be matching test functions on G, H1, H2, respectively. For ∗ =
×,−, we have by construction Π∗w = π∗. Let A∗ ∈ HomG(π∗, επ∗) be the intertwining
operator defined by ρ(E)w. By (5.7) and (5.8), we have:〈
π×, f
〉
A×
+
〈
π−, f
〉
A−
= 〈ξ12,k ⊗1 1, f1〉 ,〈
π×, f
〉
A×
− 〈π−, f〉
A−
=
〈
(ξ ◦NK/k)12,K ⊗2 1, f2
〉
.
If one of A×, A− is zero, then
〈ξ12,k ⊗1 1, f1〉 = ±
〈
(ξ ◦NK/k)12,K ⊗2 1, f2
〉
.
Let f be an arbitrary test function on G whose ε-twisted orbital integral is supported only
on the elliptic regular set of type 1. Let f2 = 0. Then, 〈ξ12,k ⊗1 1, f1〉 is zero for each
elliptic function f1 on H1 which matches f , which is a contradiction because 12,k ⊗1 1
is supported on elliptic elements. Thus, neither A× nor A− is trivial. The proposition
follows. 
REMARK. Our proof of Proposition 5.16 relies on the multiplicity formula deduced
in [F4] for the global quasi-packet [Z12, EZ12]. Said multiplicity formula is proven only
for the case of trivial central character, hence the assumption that the character ξ in the
hypothesis of the proposition satisfies ξ2 = 1. If the same multiplicity formula holds in
general, then it is clear that we may remove the condition ξ2 = 1.
5.4.1.1. Steinberg Representations. Suppose the character ε of k× is unramified, i.e.
K/k is an unramified field extension.
Let ν, νK be the normalized absolute value functions on k,K, respectively. In partic-
ular, since K/k is unramified, νK = ν ◦ NK/k. Recall that St2,l (l = k,K) denotes the
Steinberg square integrable representation of GL(2, l).
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Let ξ be a character of k× with ξ2 = 1. By [ST, Lemma 3.6], the induced representa-
tion I = εν × ε⋊ ν−1/2ξ of G is reducible, with 4 distinct subquotients:
I = δ(ν1/2εSt2,k, ν
−1/2ξ) + L(ν1/2εSt2,k, ν−1/2ξ)
+ L(ν1/2εSt2,k, ν
−1/2εξ) + L(νε, ε⋊ ν1/2ξ).
Here, δ(ν1/2εSt2,k, ν−1/2ξ) is the unique square integrable subrepresentation of I . For
ζ = ξ, εξ, the representation L(ν1/2εStGL(2,k), ν−1/2ζ) is the unique nontempered quo-
tient of ν1/2εSt2,k ⋊ ν−1/2ζ. The representation L(νε, ε ⋊ ν−1/2ξ) is a nontempered
quotient of ν1/2ε12,k ⋊ ν−1/2ξ.
Since the representationL(ν1/2εSt2,k, ν−1/2ξ) is the unique nontempered quotient of
ν1/2εSt2,k ⋊ ν
−1/2ξ, and L(ν1/2εSt2,k, ν−1/2εξ) that of
ν1/2εSt2,k ⋊ ν
−1/2εξ = ε⊗ (ν1/2εSt2,k ⋊ ν−1/2ξ),
we have L(ν1/2εSt2,k, ν−1/2εξ) ∼= εL(ν1/2εSt2,k, ν−1/2ξ). Since the subquotients of I
are distinct, neither L(ν1/2εSt2,k, ν−1/2ξ) nor L(ν1/2εSt2,k, ν−1/2εξ) is ε-invariant.
Recall that the representation δ(ν1/2εSt2,k, ν−1/2ξ) belongs to a local packet of size
two. The other member of this local packet is a cuspidal representation, denoted by
δ−(ν1/2εSt2,k, ν−1/2ξ).
Let δ = δ(ν1/2εSt2,k, ν−1/2ξ), π− = δ−(ν1/2εSt2,k, ν−1/2ξ), and let π× denote
L(νε, ε⋊ ν−1/2ξ).
5.20. Lemma. There exist nontrivial intertwining operators Aδ ∈ HomG(δ, εδ), A− ∈
HomG(π
−, επ−), such that the following twisted character identities hold for matching
functions:
〈δ, f〉Aδ −
〈
π−, f
〉
A−
= 〈ξ St2,k ⊗1 1, f1〉 ,
〈δ, f〉Aδ +
〈
π−, f
〉
A−
=
〈
(ξ ◦NK/k)St2,K ⊗2 1, f2
〉
.
(5.9)
PROOF. The representation I = εν×ε⋊ν−1/2ξ is equal to εν⋊I(ν−1/2ξ, εν−1/2ξ),
and I(ν−1/2ξ, εν−1/2ξ) is equal to the monomial representation π((ν−1/2ξ) ◦ NK/k) as-
sociated with the character (ν−1/2ξ) ◦NK/k of K×. Thus,
I = εν ⋊ π((ν−1/2ξ) ◦NK/k).
Let A ∈ HomG(I, εI) be the operator defined in Section 5.1.1. It intertwines each
subquotient L of I to a representation which is equivalent to εL. The subquotients
L(ν1/2εSt2,k, ν
−1/2ξ), L(ν1/2εSt2,k, ν−1/2εξ)
are obtained from each other by tensoring with ε. Since they are inequivalent, A swaps
their spaces, which implies that
tr L(ν1/2εSt2,k, ν
−1/2ξ)(f)A = tr L(ν1/2εSt2,k, ν−1/2εξ)(f)A = 0.
Since δ is the unique square integrable subrepresentation of I , the operatorA maps the
space of δ to itself. We have determined the image underA of three of the four subquotients
of I; hence, A must map the space of the unique irreducible quotient π× of I to itself.
Let Aδ denote the restriction of A to δ. Let A′ denote the operator on π× induced from
A. Then, Aδ , A′ are nontrivial operators in HomG(δ, εδ), HomG(π×, επ×), respectively.
Moreover, we have:
(5.10) 〈I, f〉A = 〈δ, f〉A′ +
〈
π×, f
〉
Aδ
.
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For the ε-endoscopic groups, we have:
ξI(ν1/2, ν−1/2)⊗1 1 = ξ12,k ⊗1 1 + ξ St2,k ⊗1 1,
(ξ ◦NK/k)I(ν1/2K , ν−1/2K )⊗2 1 = (ξ ◦NK/k)12,K ⊗2 1 + (ξ ◦NK/k)St2,K ⊗2 1.
(5.11)
By Corollary 5.10, the following characters are equal to one another:
• 〈εν × ε⋊ ν−1/2ξ, f〉
A
,
• 〈ξI(ν1/2, ν−1/2)⊗1 1, f1〉,
• 〈BK/k (ξI(ν1/2, ν−1/2))⊗2 1, f2〉 = 〈(ξ ◦NK/k)I(ν1/2K , ν−1/2K )⊗2 1, f2〉.
By Proposition 5.16, there exist nontrivial intertwining operators A×, A− such that〈
π×, f
〉
A×
+
〈
π−, f
〉
A−
= 〈ξ12,k ⊗1 1, f1〉 ,〈
π×, f
〉
A×
− 〈π−, f〉
A−
=
〈
(ξ ◦NK/k)12,K ⊗2 1, f2
〉
.
(5.12)
Recall that A× is restricted from a global operator on L2(G(F )\G(AF )) (see proof
of Proposition 5.16). The representation π× is irreducible. Since both A′ and A× have the
property that their squares are the identity, by Schur’s lemma we have A× = d ·A′, where
d = ±1. It follows from (5.11), (5.12), and (5.10) that
〈ξ St2,k ⊗1 1, f1〉 = −d
〈
π×, f
〉
A′
− 〈π−, f〉
A−
+ 〈δ, f〉Aδ +
〈
π×, f
〉
A′
.
The representation π× is nontempered, while the rest of the representations in the above
equation are square integrable. The central exponents of square integrable representations
all decay ([Be, Prop. 29]). Invoking the linear independence of central exponents (see
[FK, Sect. 21]), we conclude that −d 〈π×, f〉A′ + 〈π×, f〉A′ = 0. Hence, d = 1, and
〈ξ St2,k ⊗1 1, f1〉 = 〈δ, f〉Aδ −
〈
π−, f
〉
A−
.
Applying the same argument to
〈
(ξ ◦NK/k)St2,K ⊗2 1, f2
〉
, we obtain:〈
(ξ ◦NK/k)St2,K ⊗2 1, f2
〉
= 〈δ, f〉Aδ +
〈
π−, f
〉
A−
.
The lemma follows. 
5.4.2. Cuspidal Representations. In this section, the character ε is not assumed to
be unramified.
In what follows, we prove local character identities by contructing global objects
whose local components at a chosen place coincide with specific local conditions. For
instance, we contruct automorphic representations whose components at a chosen finite
place are the p-adic representations we are interested in. To do so, we make use of the
following generalization of [F, Prop. III. 3]:
5.21. Proposition. Let F be a number field. Let H be a reductive connected F -group.
Fix a nonarchimedean place w of F . Let τw be a cuspidal Hw-module. Let {vi}i∈I be a
finite set of nonarchimedean places. For each i ∈ I , let τvi be a square integrable Hvi -
module. Let S be a finite set of places which contains the union of w, {vi}i∈I , and all the
archimedean places. Then, there exists an automorphic representation π of H(AF ) such
that: (i) πw = τw; (ii) πvi = τvi for all i ∈ I; (iii) πv is unramified for all v /∈ S.
Let τ be an irreducible, cuspidal, non-K-monomial representation of GL(2, k) with
trivial central character ωτ . Let {π+, π−} be the local packet of PGSp(2, k) which lifts to
the induced representation I(2,2)(τ, ετ) of PGL(4, k), according to [F4, Prop. V. 5].
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5.22. Proposition. There exist nontrivial operatorsA+ inHomG(π+, επ+),A− inHomG(π−, επ−),
such that the following twisted character identities hold for matching functions f ∈ C(G),
fi ∈ C(Hi) (i = 1, 2):
〈
π+, f
〉
A+
=
1
2
〈τ ⊗1 1, f1〉+ 1
2
〈
BK/kτ ⊗2 ωτ , f2
〉
,〈
π−, f
〉
A−
=
1
2
〈τ ⊗1 1, f1〉 − 1
2
〈
BK/kτ ⊗2 ωτ , f2
〉
.
REMARK. Note that by assumption ωτ is equal to 1. We nonetheless write ωτ in the above
equations, for we expect the same character identities to hold in the cases where ωτ 6= 1.
PROOF. Construct a totally imaginary number field F and a quadratic extension E of
F with the following properties:
• There exists a finite place w of F , prime in E, such that Fw = k.
• Ew = K. Here, w denotes both the place of F and the unique place of E which
lies above it.
Let V be the set of places of F . Let V un(E/F ) ⊂ V be the set of finite places which
are unramified in E. Let w1, w2 ∈ V be two (finite) places, different from w, which are
unramified, prime in E.
Using Proposition 5.21, we construct a cuspidal automorphic representation T of
GL(2,AF ) with trivial central character such that:
• Tw = τ ;
• Twi (i = 1, 2) is the Steinberg representation St2,wi of GL(2, Fwi);
• Tv is unramified for each finite place v /∈ {w,w1, w2}.
In particular, since τ is non-K-monomial, T is non-E-monomial.
Let E be the quadratic character of CF which corresponds to the extension E/F . In
particular, Ew = ε. View G = GSp(2) as an F -group, and H1, H2 as the elliptic E-
endoscopic groups of G over F .
Let {Π} = ⊗v{Πv} be the unstable packet [T , ET ] of G(AF ) (see Section 4.3.1). It
lifts to the induced representation I(2,2)(T , ET ) of GL(4,AF ). For each place v where Tv
is square integrable, the local packet {Πv} consists of two (square integrable) representa-
tions Π+v , Π−v . In particular, Π+w = π+ and Π−w = π−.
At a place v where Tv is fully induced (for instance, where Tv is unramified), the
packet {Πv} consists of a single representation, denoted by Π+v . For convenience, we put
Π−v := 0, and write {Πv} = {Π+v ,Π−v }.
At the place wi (i = 1, 2), where Twi = St2,wi , the local packet {Πwi} consists
of the square integrable representation Π+wi = δ(εwiν
1/2
wi St2,wi , ν
−1/2
wi ) and the cuspidal
Π−wi = δ
−(εwiν
1/2
wi St2,wi , ν
−1/2
wi ).
By Corollary 5.15, each representation Π′ in {Π} is E-invariant. Hence, as in the case
of one dimensional representations (Section 5.4.1), the twisted character 〈Π′, f〉E is equal
to a product
∏
v 〈Π′v, fv〉Ev of twisted local characters.
Let π1 be the automorphic representation T ⊗1 1 of H1(AF ). Let π2 be the automor-
phic representation BE/F T ⊗2 1 of H2(AF ).
Let S0 = V −V un(E/F ). Note that w may or may not lie in S0. Let S1 = S0 ∪{w}.
Let S = S1 ∪ {w1, w2}. By Corollary 4.18, the following E-trace identity holds for
matching functions f in E(w1, w2,G(AF ), 1) and fi in E(w1, w2,Hi(AF ), 1) (i = 1, 2)
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whose local components at all v /∈ S are spherical:
(5.13)
∑
Π′∈{Π}
m(Π′) 〈Π′, f〉E,S =
1
2
〈π1, f1〉S +
1
2
〈π2, f2〉S .
Here, m(Π′) is the multiplicity of Π′ in the discrete spectrum of G. From [F4, Sect. V.
10.3], we have:
m(Π′) =
1
2
(
1 + (−1)n(Π′)
)
,
where n (Π′) is the number of places v for which Π′v = Π−v . In other words, Π′ ∈ {Π}
appears (with multiplicity one) in the discrete spectrum if and only if Π′v = Π−v for an even
number of places v.
Let P+(S) denote the set of representations Π′ in {Π} such that Π′v is unramified for
all v /∈ S, and Π′v = Π−v for an even number of places v in S.
Let P−(S) denote the set of Π′ in {Π} such that Π′v is unramified for all v /∈ S, and
Π′v = Π
−
v for an odd number of places v in S. By the multiplicity formula, the equation
(5.13) is equivalent to
(5.14) 2
∑
Π′∈P+(S)
〈Π′, f〉E,S = 〈π1, f1〉S + 〈π2, f2〉S .
If a place v of F is archimedean, then GL(2, Fv) is equal to GL(2,C) because F is
totally imaginary. Hence, Tv is a fully induced representation.
If v is a finite place not in S, then by construction Tv is unramified. Since T is cuspidal,
Tv is fully induced.
Hence, for all v ∈ S1 − {w}, Tv is fully induced. Suppose Tv = I(αv, βv) for some
characters αv, βv of F×v . Then,
v prime in E v splits in E
π1,v = I(αv, βv)⊗1 1 I(αv, βv)⊗1 (1⊗ 1)
π2,v = BE/F I(αv, βv)⊗2 (αvβv) ◦NEv/Fv (I(αv, βv)× I(αv, βv))⊗2 αvβv
Let Π′′v be the induced representation εvαv/βv ⋊ I(βv, βvεv) of Gv . By Propositions 5.6,
5.8, and Lemmas 5.12, 5.13, 〈π1,v, f1,v〉 and 〈π2,v, f2,v〉 are equal to 〈Π′′v , fv〉Av Here, Av
is the intertwining operator defined in Section 5.1.1 if v is prime in E; otherwise, Av = 1.
For each v ∈ S1−{w}, regard the local components of the test functions at all places
u 6= v as fixed. By (5.14) and the linear independence of characters, we conclude that
{Πv} is the singleton consisting of Π′′v . Hence, the (S1 − {w})-components of both sides
of (5.14) cancel one another.
Let S3 = S − (S1 − {w}) = {w,w1, w2}. After cancellation, (5.14) becomes
(5.15) 2
∑
Π′∈P+(S3)
ǫ(Π′) 〈Π′, f〉E,S3 =
∏
v∈S3
〈π1,v, f1,v〉+
∏
v∈S3
〈π2,v, f2,v〉 .
Here, ǫ(Π′) = ±1. It appears in the equation because 〈Π′′v , fv〉Av = ±〈Π′′v , fv〉Ev for
v ∈ S1 − {w}. Absorbing the signs ǫ(Π′) into the local intertwining operators ρ(E)v at
v ∈ S3 if necessary, we assume that ǫ(Π′) = 1 for all Π′.
By construction, π1,wi = St2,wi ⊗1 1 and π2,wi = BE/FSt2,wi ⊗2 1 for i = 1, 2.
Hence, by Lemma 5.20, there exist constants ǫ+i , ǫ
−
i = ±1 such that
ǫ+i
〈
Π+wi , fwi
〉
Ewi
− ǫ−i
〈
Π−wi , fwi
〉
Ewi
= 〈π1,wi , f1,wi〉 ,
ǫ+i
〈
Π+wi , fwi
〉
Ewi
+ ǫ−i
〈
Π−wi , fwi
〉
Ewi
= 〈π2,wi , f2,wi〉 .
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The equation (5.15) is therefore equivalent to2 ∑
Π′∈P+({w,w1})
〈Π′, f〉E,{w,w1}
〈Π+w2 , fw2〉Ew2
+
2 ∑
Π′∈P−({w,w1})
〈Π′, f〉E,{w,w1}
〈Π−w2 , fw2〉Ew2
= ǫ+2
 ∏
v∈{w,w1}
〈π1,v, f1,v〉+
∏
v∈{w,w1}
〈π2,v, f2,v〉
〈Π+w2 , fw2〉Ew2
+ ǫ−2
 ∏
v∈{w,w1}
〈π2,v, f2,v〉 −
∏
v∈{w,w1}
〈π1,v, f1,v〉
〈Π−w2 , fw2〉Ew2 .
By the linear independence of characters, we have:
(5.16) 2
∑
Π′∈P+({w,w1})
〈Π′, f〉E,{w,w1}
= ǫ+2
 ∏
v∈{w,w1}
〈π1,v, f1,v〉+
∏
v∈{w,w1}
〈π2,v, f2,v〉
 ,
(5.17) 2
∑
Π′∈P−({w,w1})
〈Π′, f〉E,{w,w1}
= ǫ−2
 ∏
v∈{w,w1}
〈π2,v, f2,v〉 −
∏
v∈{w,w1}
〈π1,v, f1,v〉
 .
Equation (5.16) has the same form as (5.15), with w2 removed from the set S3 =
{w,w1, w2}. By applying the same argument inductively on the set {w1, w2}, we conclude
that
2
∑
Π′∈P+({w})
〈Π′, f〉E,{w} = ǫ+1 ǫ+2 (〈π1,w, f1,w〉+ 〈π2,w, f2,w〉) .
Hence, there exists a constant ǫ+ = ±1 such that
(5.18) 2 〈Π+w , fw〉Ew = 2 ∑
Π′∈P+({w})
〈Π′, f〉E,{w} = ǫ+ 〈π1,w, f1,w〉+ ǫ+ 〈π2,w, f2,w〉 .
Similarly, (5.17) implies that there exists ǫ− = ±1 such that
(5.19) 2 〈Π−w , fw〉Ew = 2 ∑
Π′∈P−({w})
〈Π′, f〉E,{w} = ǫ− 〈π1,w, f1,w〉 − ǫ− 〈π2,w, f2,w〉 .
For ∗ = +, −, let ρ(E)∗w denote the operator in HomGw(Π∗w , EwΠ∗w) restricted from
ρ(E). Let A∗ = ǫ∗ · ρ(E)∗w . The proposition then follows from (5.18) and (5.19).

REMARK. As in Proposition 5.16, we may extend Proposition 5.22 to the case of
nontrivial central characters if the multiplicity formula for the global packet {Π} holds in
general.
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5.4.2.1. Monomial Representations. Let χ be a character of K×. The representation
π = 1⋊ π(χ) of G is reducible with two inequivalent tempered constituents π+, π−.
5.23. Lemma. There exist intertwining operators A∗ ∈ HomG(π∗, επ∗) (∗ = +,−) such
that the following holds for matching functions f in C(G) and f1 in C(H1) :〈
π+, f
〉
A+
+
〈
π−, f
〉
A−
= 〈π(χ)⊗1 1, f1〉 .
PROOF. Construct a totally imaginary number field F and a quadratic extension E of
F such that: (i) There is a place w of F such that Fw = k; (ii) w is prime in E, Ew = K.
Let w1, w2 be two (finite) places, different from w, which are prime in E.
Let E be the quadratic character of CE corresponding to the extension E/F . We
identify the generator σ of Gal(K/k) with that of Gal(E/F ).
Construct a character X of CE such that: (i) Xwi (i = 1, 2) is not fixed by the action
of σ; (ii) Xv is unramified for each finite place v /∈ {w1, w2}.
Let π(X ) be the cuspidal E-monomial representation of GL(2,AF ) associated with
X . At each finite place v where Xv is unramified, π(X )v = π(Xv) is fully induced.
Since F is totally imaginary, π(X )v is a fully induced representation of GL(2,C) for each
archimedean place v.
Let π1 be the automorphic representation π(X ) ⊗1 1 of H(AF ). In particular, π1,v is
parabolically induced for each v /∈ {w1, w2}.
Let T be the following representation of the Heisenberg parabolic subgroup P of
G(AF ):
T = 1⊗ π(X ) :
( a ∗ ∗ ∗
g2 ∗
det g2
a
)
7→ π(X )(g2).
Let Π = 1 ⋊ π(X ), the representation of G(AF ) parabolically induced from T . Since
E ⊗ (1 ⋊ π(X )) = 1⋊ Eπ(X ) ∼= 1 ⋊ π(X ), the representation Π is E-invariant. At each
place v where π(X )v is fully induced, Πv is irreducible. If π(X )v is cuspidal, then Πv has
two inequivalent tempered constituents Π+v , Π−v .
The operator IP,T (E), defined in Section 3.1.1, intertwines Π with EΠ. For each
place v, let IP,T (E)v ∈ HomGv(Πv, EvΠv) be the local component of IP,T (E) at v. For
an irreducible constituent Π′ of Π, and a test function f on G(AF ), put 〈Π′, f〉E :=
tr Π′(f)IP,T (E). It is equal to the product
∏
v∈V 〈Π′v, fv〉Ev , where 〈Π′v, fv〉Ev :=
tr Π′v(fv)IP,T (E)v .
Let S0 be a finite set of places of F which contains the union of {w1, w2}, the
archimedean places, and the finite places which are ramified in E. Let f , f1 be matching
functions on G(AF ), H1(AF ), with elliptic components at w1, w2 and spherical compo-
nents at all the places outside of S0. By (4.6) in Section 4.5, we have:∏
v∈S0
(〈
Π+v , fv
〉
Ev −
〈
Π−v , fv
〉
Ev
)
=
∏
v∈S0
〈π1,v, f1,v〉 .
Since π1,v is fully induced for all v 6= w1, w2, by Proposition 5.6 and Lemma 5.12 the
(S0 − {w1, w2})-components of the above equation cancel. Hence,
(5.20)
∏
v∈{w1,w2}
(〈
Π+v , fv
〉
Ev −
〈
Π−v , fv
〉
Ev
)
=
∏
v∈{w1,w2}
〈π1,v, f1,v〉 .
Now, construct a character X ′ of CE such that: (i) X ′w = χ; (ii) X ′wi = Xwi for
i = 1, 2; (iii) π(X ′)v is fully induced for each v 6= w1, w2.
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Let Π = 1⋊ π(X ′). Let π1 = π(X ′)⊗1 1. Let S = S0 ∪ {w}. By (4.6) and the usual
cancellation, we have:∏
v∈{w1,w2,w}
(〈
Π+v , fv
〉
Ev −
〈
Π−v , fv
〉
Ev
)
=
∏
v∈{w1,w2,w}
〈π1,v, f1,v〉 .
By (5.20), the {w1, w2}-components of the above equation cancel each other; hence,〈
Π+w , fw
〉
Ew −
〈
Π−w , fw
〉
Ew = 〈π1,w, f1,w〉 .
Since Π+w , Π−w are inequivalent, IP,T (E)w either swaps their spaces, or it maps each
space to itself. Since the right-hand side of the above character identity is nonzero in
general, we conclude that IP,T (E)w restricts to IP,T (E)+w in HomGw(Π+w , EwΠ+w) and
IP,T (E)−w in HomGw(Π−w , EwΠ−w).
Let A+ = IP,T (E)+w . Let A− = −IP,T (E)−w . The lemma follows. 
Let θ, χ be two distinct characters of K× such that none of θ, χ, θχ, θ σχ is fixed by
the generator σ of Gal(K/k).
Suppose θχ|k× = θ σχ|k× = ε. Then, the central characters of π(θχ) and π(θ σχ)
are trivial. Let {π+, π−} be the local packet of G which lifts to the induced representation
I(2,2)(π(θχ), π(θ
σχ)) of PGL(4, k) according to [F4, Prop. V. 5].
5.24. Proposition. There exist operators A∗ ∈ HomG(π∗, επ∗) (∗ = +,−), and a con-
stant ǫ = ±1, such that the following character identities hold for matching functions:〈
π+, f
〉
A+
+
〈
π−, f
〉
A−
= 〈π(χ)⊗1 θ, f1〉 ,〈
π+, f
〉
A+
− 〈π−, f〉
A−
= ǫ 〈π(θ) ⊗1 χ, f1〉 .
PROOF. Construct a totally imaginary number field F and a quadratic extension E of
F such that: (i) There is a place w of F such that Fw = k; (ii) w is prime in E, Ew = K.
Let w1, w2 be two (finite) places, different from w, which are prime in E.
Let E be the quadratic character of CE corresponding to the extension E/F . We
identify the generator σ of Gal(K/k) with that of Gal(E/F ).
Construct characters X , O of CE such that: (i) Ow = θ, Xw = χ; (ii) Xwi (i = 1, 2)
is not fixed by the action of σ; (iii) Owi = Uwi ◦ NE/F (i = 1, 2) for some character Uwi
of F×wi ; (iv) Xv, Ov are unramified for each finite place v 6= w1, w2, w.
Let {Π} be the global unstable packet [π(OX ), π(O σX )] of G(AF ), described as
follows:
• At a place v where π(OX )v and π(O σX )v are fully induced, {Πv} is the sin-
gleton consisting of an irreducible fully induced representation, denoted by Π+v .
For convenience, we put Π−v := 0 and write {Πv} = {Π+v ,Π−v }.
In particular, {Πv} is a singleton for each v which splits in E. Since F is
totally imaginary, the archimedean places all split in E.
• At a place v, prime in E, such that Ov = σOv but Xv 6= σXv , the local packet
{Πv} consists of the two inequivalent tempered constituents Π+v , Π−v of 1 ⋊
π(OvXv).
• At a place v, prime in E, where none of Ov,Xv,OvXv,Ov σXv is fixed by σ,
the local packet {Πv} consists of two inequivalent cuspidal representations Π+v ,
Π−v . In particular, {Πw} = {π+, π−}.
From [F4, Sect. 10.3], a representation Π′ ∈ {Π} appears in the discrete spectrum of
G with multiplicity
m(Π′) =
1
2
(
1 + (−1)n(Π′)
)
,
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where n(Π′) is the number of places v for which Π′v = Π−v . In other words, Π′ appears
with multiplicity one in the discrete spectrum if and only if Π′v = Π−v for an even number
of places v.
Let π1 be the representation π(X ) ⊗1 O of H(AF ). Let π˜1 = π(O) ⊗1 X . By the
construction of X and O, we have π1,w = π(χ) ⊗1 θ and π˜1,w = π(θ) ⊗1 χ. Moreover,
the representations π1,v , π˜1,v are parabolically induced for each place v 6= w,w1, w2.
For a finite set of places S, let P+(S) denote the set of representationsΠ′ in {Π} such
that Π′v is unramified for each v /∈ S, and Π′v = Π−v for an even number of places v in S.
Let P−(S) denote the set of Π′ in {Π} such that Π′v is unramified for each v /∈ S, and
Π′v = Π
−
v for an odd number of places v in S.
Let S be the finite set of places {w,w1, w2}. Let f , f1 be matching functions in
E(w1, w2,G(AF ), 1), E(w1, w2,H1(AF ), 1), respectively, whose local components at
all the places outside of S are spherical. By (4.3) and the usual cancellation, we obtain:
(5.21) 2
∑
Π′∈P+(S)
〈Π′, f〉E,S =
∏
v∈S
〈π1,v, f1,v〉+
∏
v∈S
〈π˜1,v, f1,v〉 .
For v = w1, w2, we have by construction Ov = Uv ◦ NE/F for some character Uv of
F×v . Hence,
π1,v = π(Xv)⊗1 Uv ◦NE/F = Uvπ(Xv)⊗1 1,
π˜1,v = Uv I(1, Ev)⊗1 Xv.
The local packet {Πv} consists of the inequivalent tempered constituents Π+v , Π−v of 1 ⋊
Uvπ(Xv). By Lemma 5.23, we have:
〈π1,v, f1,v〉 = ǫ+v
〈
Π+v , fv
〉
Ev + ǫ
−
v
〈
Π−v , fv
〉
Ev .(5.22)
Here, ǫ+v , ǫ−v = ±1. They appear because each twisted character in Lemma 5.23 may
differ from the corresponding character here by a sign. Since f1,v is elliptic and π˜1,v is
parabolically induced, the term
∏
v∈S 〈π˜1,v, f1,v〉 in (5.21) vanishes.
Let v be still w1 or w2. Let Πv = 1 ⋊ π(OvXv) = 1 ⋊ Uvπ(Xv). Let A be the
intertwining operator in HomGv(Πv, EvΠv) defined in Section 5.1.1. By Lemma 5.3, the
twisted character 〈Πv, fv〉A is zero for all elliptic test function fv on Gv . Since Πv =
Π+v + Π
−
v , the twisted character 〈Π+v , fv〉A must be equal to −〈Π−v , fv〉A for all elliptic
fv. Hence, there exists a constant ξv = ±1 such that 〈Π+v , fv〉Ev = ξv 〈Π−v , fv〉Ev , and
〈π1,v, f1,v〉 = ǫ+v
〈
Π+v , fv
〉
Ev + ǫ
−
v ξv
〈
Π+v , fv
〉
Ev .
Since 〈π1,v, f1,v) 6= 0 for a general elliptic test function f1,v, the twisted character
〈Π+v , fv〉Ev is nonzero. Moreover, the sign ǫ+v must be equal to ǫ−v ξv . There is therefore a
constant ǫ = ±1 such that
〈π1,v, f1,v〉 = 2 ǫv
〈
Π+v , fv
〉
Ev .
We conclude that the equation (5.21) is equivalent to
(5.23) 2 〈Π+w2 , fw2〉Ew2
·
 ∑
Π′∈P+({w,w1})
∏
v∈{w,w1}
〈Π′v, fv〉Ev + ξw2
∑
Π′∈P−({w,w1})
∏
v∈{w,w1}
〈Π′v, fv〉Ev

= 2 ǫw2
〈
Π+w2 , fw2
〉
Ew2
·
∏
v∈{w,w1}
〈π1,v, f1,v〉 .
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Hence, ∑
Π′∈P+({w,w1})
∏
v∈{w,w1}
〈Π′v, fv〉Ev + ξw2
∑
Π′∈P−({w,w1})
∏
v∈{w,w1}
〈Π′v, fv〉Ev
= ǫw2
∏
v∈{w,w1}
〈π1,v, f1,v〉 .
By repeating the same argument for the placew1, we conclude that there are constants
ξ+, ξ− = ±1 such that
ξ+
〈
Π+w , fw
〉
Ew + ξ
− 〈Π−w , fw〉Ew = 〈π1,w, f1,w〉 .
By the symmetry between π1,w = π(χ) ⊗1 θ and π˜1,w = π(θ) ⊗1 χ, we conclude that
there are constants ξ˜+, ξ˜− = ±1 such that
ξ˜+
〈
Π+w , fw
〉
Ew + ξ˜
− 〈Π−w , fw〉Ew = 〈π˜1,w, f1,w〉 .
Since π1,w ≇ π˜1,w, the ordered couple (ξ+, ξ−) is equal to neither (ξ˜+, ξ˜−) nor
(−ξ˜+,−ξ˜−), or else we would have 〈π1,w, f1,w〉 = ±〈π˜1,w, f1,w〉.
For ∗ = +/−, let ρ(E)∗w be the operator in Hom(Π∗w, EwΠ∗w) restricted from ρ(E).
The proposition now follows on letting A∗ = ξ∗ ρ(E)∗w and ǫ = ξ+/ξ˜+. 
5.5. Character Identities for Stable Packets
5.5.1. Lifting from H1. Let K/k be the quadratic field extension corresponding to ε
via local class field theory.
Let χ be a character of K× such that χ 6= σχ. From [ST, Prop. 4.8], the induced
(local) representation νε⋊ ν−1/2π(χ) of G is reducible of length 2. Its constituents con-
sist of a nontempered quotient, denoted by L
(
νε, ν−1/2π(χ)
)
, and a square integrable
subrepresentation, which we denote here by δ
(
νε, ν−1/2π(χ)
)
.
5.25. Lemma. Let L denote the local representation L
(
νε, ν−1/2π(χ)
)
of G. There exists
an intertwining operator A ∈ HomG(L, εL), and a nonzero constant c, such that the
following identity holds for matching functions f ∈ C(G), f1 ∈ C(H1) :
〈L, f〉A = c 〈12,k ⊗1 χ, f1〉 .
PROOF. Construct a totally imaginary number field F and a quadratic extension E of
F such that: (i) There exists a finite place w of F such that Fw = k, (ii) w is prime in E,
(iii) Ew = K. We identify the generator σ of Gal(K/k) with that of Gal(E/F ).
Let V be the set of places of F . Let V un(E/F ) ⊂ V be the set of finite places which
are unramified in E.
Let E be the quadratic character of CF corresponding to the extension E/F . In par-
ticular, Ew = ε. We consider G as an F -group, and H1, H2 as the elliptic E-endoscopic
groups of G over F .
Construct a character X of CE with Xw = χ.
Let {Π} =⊗v{Πv} be the stable quasi-packet
{L
(
νE , ν−1/2π(X )
)
}
of G(AF ) (see Section 4.3.1, [F4, Prop. V. 10.10]). It lifts to the Langlands quotient
representation J
(
ν1/2π (X ) , ν−1/2π (X )) of GL(4,AF ). Here, by abuse of notation we
let ν denote also the normalized absolute value function on AF . The local components of
{Π} are as follows:
5.5. CHARACTER IDENTITIES FOR STABLE PACKETS 111
• If Ev 6= 1 and Xv 6= σXv , then the local quasi-packet {Πv} consists of
L(νvEv, ν−1/2v π(Xv)),
the unique nontempered quotient of νvEv ⋊ ν−1/2v π(Xv). In particular, {Πw} is
the singleton consisting of L. Since L(νvEv, ν−1/2v π(Xv)) is the unique nontem-
pered quotient of the Ev-invariant νvEv ⋊ ν−1/2v π(Xv), it is Ev-invariant.
• If Ev 6= 1, and Xv = Uv ◦ NE/F for some character Uv of CF , then {Πv} is the
quasi-packet
{L(νvEv, Ev ⋊ Uvν−1/2v ), δ−(Evν1/2v St2,v, ν−1/2v Uv)}.
By Lemma 5.14, each member of {Πv} is Ev-invariant.
• If v splits into two places v1, v2 of E, then {Πv} is the singleton consisting of
the irreducible representation X1/X2 ⋊ X2 12,Fv . Here, Xi := Xvi (i = 1, 2),
and 12,Fv is the trivial representation of GL(2, Fv).
It follows from the above remarks that each member of {Π} is E-invariant. Hence,
for each Π′ ∈ {Π}, 〈Π′, f〉E is the product
∏
v∈V 〈Π′v, fv〉Ev of twisted local characters.
Here, 〈Π′v, fv〉Ev := tr Π′v(fv)ρ(E)v , where ρ(E)v is the local intertwining operator in
HomGv(Π
′
v, EvΠ′v) restricted from ρ(E).
Let w1, w2 be two (finite) places, different from w, which are prime in E.
Let S0 be the (finite) set of bad places forX . That is, it is the union of V −V un(E/F )
and the places v ∈ V un(E/F ) for which Xv is ramified. In particular, since Xw 6= σXw,
the place w lies in S0. Let S = S0 ∪ {w1, w2}.
The split central character of π1 is X|CF . Let f ∈ E(w1, w2,G(AF ),X|CF ), f1 ∈
E(w1, w2,H1(AF ),X|CF ) be matching functions whose local components at the places
outside of S are spherical.
Since {Π} is stable, each representation Π′ ∈ {Π} occurs with multiplicity one in the
discrete spectrum of G. Here, we are assuming that the multiplicity one property holds for
GSp(2).
By Claim 4.34 and the stability of {Π}, the following twisted trace identity holds:
(5.1)
∑
Π′∈{Π}
〈Π′, f〉E,S =
1
2
〈12 ⊗1 X , f1〉S +
1
2
〈12 ⊗1 σX , f1〉S .
By the matching condition on the functions f and f1, the terms 〈12 ⊗1 X , f1〉S and
〈12 ⊗1 σX , f1〉S have equal contribution. For each Π′ ∈ {Π}, Π′w is equal to L =
L(νε, ν−1/2π(χ)). Hence, (5.1) is equivalent to ∑
Π′∈{Π}
〈Π′, f〉E,S−{w}
 · ǫ(Π′) · 〈L, fw〉Ew = ∏
v∈S
〈12,Fv ⊗1 Xv, f1,v〉 .
Here, ǫ(Π′) = ±1. It appears in the equation because, for two distinct members Π′, Π′′
of {Π}, the local intertwining operators ρ(E)w for L as a component of Π′ and for L as a
component of Π′′ may differ by a sign.
Fixing the local components of the test functions at each place in S−{w}, the lemma
follows. 
Let χ be a character of K× such that χ 6= σχ. Let L = L(νε, ν−1/2π(χ)). Let
δ = δ(νε, ν−1/2π(χ)).
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5.26. Proposition. There exist intertwining operators AL in HomG(L, εL), and Aδ in
HomG(δ, εδ), such that the following identities hold for matching functions:
〈L, f〉AL = 〈12,k ⊗1 χ, f1〉 ,
〈δ, f〉Aδ = 〈St2,k ⊗1 χ, f1〉 .
PROOF. Let I = νε⋊ ν−1/2π(χ). Thus, I = δ + L.
Let A be the operator in HomG(I, εI) defined in Section 5.1.1. By Proposition 5.6,
we have:
〈I, f〉A =
〈
I(ν1/2, ν−1/2)⊗1 χ, f1
〉
.
Since δ is the unique subrepresentation of I , and L is the unique quotient, the operator
A induces operators A|δ in HomG(δ, εδ) and A|L in HomG(L, εL). We have therefore:
(5.2) 〈I, f〉A = 〈δ, f〉A|δ + 〈L, f〉A|L =
〈
I(ν1/2, ν−1/2)⊗1 χ, f1
〉
.
By Lemma 5.25, there exist a constant c and an operator AL ∈ HomG(L, εL) such
that
(5.3) 〈L, f〉AL = c 〈12,k ⊗1 χ, f1〉 .
The operator AL differs from A|L by at most a sign. Absorbing any negative sign into the
constant c if necessary, we may assume AL = A|L.
Since
I(ν1/2, ν−1/2)⊗1 χ = 12,k ⊗1 χ+ St2,k ⊗1 χ,
by (5.2) and (5.3) we have:
〈δ, f〉A|δ − 〈St2,k ⊗1 χ, f1〉 = (1− c) 〈12,k ⊗1 χ, f1〉 .
The right-hand side of the above equation consists of a nontempered representation, while
the representations which appear on the left are square integrable. The central exponents
of a square integrable representation all decay. By the linear independence of central ex-
ponents (see [FK, Sect. 21]), we conclude that c = 1.
Hence,
〈L, f〉AL = 〈12,k ⊗1 χ, f1〉 , 〈δ, f〉A|δ = 〈St2,k ⊗1 χ, f1〉 .
Let Aδ = A|δ . The proposition follows. 
5.27. Proposition. Let τ be an irreducible, cuspidal, non-K-monomial, admissible repre-
sentation of GL(2, k), χ be a character ofK×, such that: There does not exist a character
ε′ of k× such that σχ/χ = ε′ ◦ NK/k and τ ∼= ε′τ . There exist a collection [π] of
distinct ε-invariant, cuspidal, admissible representations of G, and an operator A(π′) in
HomG(π
′, επ′) for each π′ ∈ [π], such that the following holds for matching functions:∑
π′∈[π]
〈π′, f〉A(π′) = 〈τ ⊗1 χ, f1〉 .
PROOF. Construct a totally imaginary number field F and a quadratic extension E of
F such that: (i) There exists a place w of F such that Fw = k; (ii) w is prime in E, with
Ew = K. We identify the generator σ of Gal(K/k) with that of Gal(E/F ).
Let E be the quadratic character of CF corresponding to E/F . Thus, Ew = ε. We
view G as an F -group, and H1, H2 as the elliptic E-endoscopic groups of G over F .
Let w1, w2 be two (finite) places, different from w, which are prime in E.
Construct a character X of CE such that:
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• Xw = χ;
• Xwi 6= σXwi (i = 1, 2);
• Xv is unramified for each finite place v 6= w,w1, w2.
Construct a cuspidal automorphic representation T of GL(2,AF ) such that:
• Tw = τ ;
• Twi = St2,wi (i = 1, 2);
• Tv is unramified for each finite place v 6= w,w1, w2.
In particular, since τ is not K-monomial, T is not E-monomial.
Let π1 be the automorphic representation T ⊗1 X of H1(AF ). Let σπ1 be T ⊗1 σX .
Let V be the set of places of F .
Let {Π} = ⊗v∈V {Πv} be the global packet of G(AF ) whose global datum is the
lift of the global datum parametrizing π1 (see Section 4.1.1.1). By Lemma 4.20, {Π} is
a stable packet. Hence, each representation Π′ ∈ {Π} occurs with multiplicity one in
the discrete spectrum of G. Here, we are assuming that GSp(2) has the multiplicity one
property.
Let {Π}E denote the set of E-invariant representations in {Π}. For each Π′ ∈ {Π}E ,
the character 〈Π′, f〉E is a product
∏
v∈V 〈Π′v, fv〉Ev of twisted local characters.
For a finite set of places S, let {Π}ES denote the set of representations in {Π}E which
have the same unramified local component Π0v at each finite place v /∈ S.
Let V un(E/F ) ⊂ V be the set of finite places which are unramified in E. Let S0 =
V − V un(E/F ). Let S = S0 ∪ {w,w1, w2}. Then, π1,v is unramified for each place
v /∈ S.
Let ω be the split central character of π1. Let f and f1 be matching functions in
E(w1, w2,G(AF ), ω) andE(w1, w2,H1(AF ), ω), respectively, such that their local com-
ponents at the finite places outside of S are spherical.
By Proposition 4.19 and the stability of {Π}, the following twisted trace identity holds:
(5.4)
∑
Π′∈{Π}ES
〈Π′, f〉E,S =
1
2
〈π1, f1〉S +
1
2
〈σπ1, f1〉S .
The matching condition on f and f1 implies that 〈π1, f1〉S and 〈σπ1, f1〉S have equal
contribution to the trace identity. Consequently, (5.4) is equivalent to
(5.5)
∑
Π′∈{Π}ES
〈Π′, f〉E,S = 〈π1, f1〉S =
∏
v∈S
〈π1,v, f1,v〉 .
Since F is totally imaginary, and Tv is unramified for each finite place v 6= w,w1, w2,
the representation π1,v is parabolically induced for each place v in S − {w,w1, w2}. For
i = 1, 2, the representation π1,wi is equal to St2,wi ⊗1 Xwi . By Propositions 5.6, 5.26,
Lemma 5.12, and the linear independence of characters, the local components at each place
v ∈ S − {w} of the representations in {Π}ES are all equal to the same representation Π0,v .
Hence, the (S − {w})-components of (5.5) cancel up to a sign. That is, there exists a
set
{
ǫ(Π′) = ±1 : Π′ ∈ {Π}ES
}
such that∑
Π′∈{Π}ES
ǫ(Π′) 〈Π′w, fw〉Ew = 〈π1,w, f1,w〉 .
The signs ǫ(Π′) appear because, for a place v ∈ S − {w,w1, w2} (resp. v = w1, w2), the
twisted character in Proposition 5.6 (resp. Proposition 5.26) may differ from 〈Π′v, fv〉Ev
by a sign.
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For Π′ ∈ {Π}E , let ρ(E)|Π′, w denote the operator in HomGw(Π′w, EwΠ′w) which is
defined by the restriction of ρ(E) to Π′. Let
[π] =
{
Π′w : Π
′ ∈ {Π}ES
}
.
Since the local components at each place v 6= w of the representations in {Π}ES are all
equal to the same representation, the elements in [π] are distinct.
Since π1,w is cuspidal, its central exponents are equal to zero. Hence, by the linear
independence of central exponents ([FK, Sect. 21]), every representation in [π] is cuspidal.
For each π′ = Π′w in [π], let A(π′) = ǫ(Π′) · ρ(E)|Π′, w. The proposition follows. 
5.5.1.1. Some Additional Twisted Character Identities for H1. Using the global char-
acter identities listed in Section 4.5, we list the following local character identities. We
skip their proofs, which are no different in nature from what we have encountered so far.
For an ε-invariant representation π of G, we let A be the (unique up to a sign) nontrivial
intertwining operator in HomG(π, επ).
(1) Let θ, χ be characters of K× such that θχ = µ ◦ NK/k for some character µ of
k×.
Suppose σχ/χ does not factor through NK/k. Then, π (σχ/χ) is cuspidal,
and the following holds for matching functions:〈
π
(
σχ
χ
)
⋊ µ, f
〉
A
= 〈π(θ)⊗1 χ, f1〉 .
If σχ/χ = ε′ ◦ NK/k for some nontrivial quadratic character ε′ of k×, then
the following holds for matching functions:
〈ε′ × ε′ε⋊ µ, f〉A = 〈π(θ)⊗1 χ, f1〉 .
(2) Let K′ 6= K be a quadratic extension of k. Let ε′ be the quadratic character of
k× corresponding to K′/k via local class field theory.
Let χ be a character of K× such that σχ/χ = ε′ ◦ NK/k. In particular,
χ 6= σχ.
Let θ be a character of K′× which is not fixed by the action of Gal(K′/k).
Let µ be a character of K′× which satisfies µ ◦ NKK′/K′ = χ ◦ NKK′/K. Here,
KK′ is the compositum of K and K′.
Let πK′(θ), πK′(µθ) be the K′-monomial representations associated with θ,
µθ, respectively.
The following holds for matching functions:
〈εε′ ⋊ πK′(µθ), f〉A = 〈πK′(θ)⊗1 χ, f1〉 .
5.5.2. Lifting from H2. Let ν, νK be the normalized absolute value functions on the
p-adic fields k,K, respectively. Let 12,l (l = k,K) denote the trivial representation of
GL(2, l). Let St2,l denote the Steinberg representation of GL(2, l).
For a nontrivial quadratic character ζ of k×, and a cuspidal ζ-invariant representation
τ of GL(2, k), let L = L(ζν, ν−1/2τ) denote the unique nontempered quotient of the
induced representation ζν ⋊ ν−1/2τ of G. Let δ = δ(ζν, ν−1/2τ) denote the unique
square integrable subrepresentation of ζν ⋊ ν−1/2τ .
Let χ be a character ofK× such that χ 6= σχ and σχ/χ = ε′◦NK/k for some nontrivial
quadratic character ε′ of k×. Thus, the ε-invariant representation π(χ) is also ε′-invariant
([LL]).
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5.28. Lemma. Let ζ = ε′ or ε′ε. There exists an operator A in HomG(L, εL), and
a nonzero constant c, such that the following holds for matching functions f ∈ C(G),
f2 ∈ C(H2) :
〈L, f〉A = c 〈χ12,K ⊗2 χ|k× · ζ, f2〉 .
PROOF. This is due to Claim 4.35. The proof is otherwise identical with that of
Lemma 5.25, and we skip it. 
5.29. Proposition. Let ζ = ε′ or ε′ε. If the extension K/k is unramified, then there exist
operators AL in HomG(L, εL), and Aδ in HomG(δ, εδ), such that the following identities
hold for matching functions:
〈L, f〉AL = 〈χ12,K ⊗2 χ|k× · ζ, f2〉 ,
〈δ, f〉Aδ = 〈χSt2,K ⊗2 χ|k× · ζ, f2〉 .
PROOF. Since K/k is unramified, νK is equal to ν ◦ NK/k. By Proposition 5.8, we
have:〈
εζν ⋊ ν−1/2π(χ), f
〉
A
= 〈L, f〉A + 〈δ, f〉A =
〈
χI(ν
1/2
K , ν
−1/2
K )⊗2 χ|k× · ζ, f2
〉
.
Here, A is the intertwining operator defined in Section 5.1.1. Using Lemma 5.28, the
proposition follows from the same argument used in the proof of Proposition 5.26. 
For a representation τ of GL(2,K), let στ denote the following GL(2,K)-module on
the space of τ :
στ : (gij) 7→ τ((σgij)), ∀(gij) ∈ GL(2,K).
5.30. Proposition. Let τ be an irreducible, cuspidal, admissible representation ofGL(2,K)
such that: (i) τ ≇ στ , and (ii) ωτ = µ ◦ NK/k for some character µ of k×. There exist
a collection [π] of distinct ε-invariant, cuspidal, admissible G-modules, and an operator
A(π′) in HomG(π′, επ′) for each π′ ∈ [π], such that the following holds for matching
functions: ∑
π′∈[π]
〈π′, f〉A(π′) = 〈τ ⊗2 µ, f2〉 .
PROOF. Construct a totally imaginary number field F and a quadratic extension E of
F such that: (i) There is a finite place w of F such that Fw = k; (ii) w is prime in E, with
Ew = K. We identify the generator σ of Gal(K/k) with that of Gal(E/F ).
Let E be the quadratic character of CF corresponding toE/F . View G as an F -group,
and H1, H2 as the elliptic E-endoscopic groups of G over F .
Let V be the set of places of F . Let V un(E/F ) ⊂ V be the set of finite places which
are unramified in E.
Let w1, w2 be two finite places, different from w, which are unramified, prime in E.
Construct a character U of CF such that: (i) Uw = µ; (ii) Uw1 = Uw2 = 1; (iii) Uv is
unramified for each finite place v 6= w,w1, w2.
Construct a cuspidal automorphic representation T of GL(2,AE) with the following
properties:
• ωT = U ◦NE/F ;
• Tw = τ ;
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• For i = 1, 2, the representation Twi is equal to χwiSt2,wi , where χwi is a char-
acter of E×wi such that: (i) χwi 6= σχwi , and (ii) χ2wi = 1;
• Tv is unramified for each finite place v 6= w,w1, w2.
Let π2 be the cuspidal automorphic representation T ⊗2U of H2(AF ). Its local component
at w is π2,w = τ ⊗2 µ. Let σπ2 = σT ⊗2 U .
Since the number field F is totally imaginary, π2,v and σπ2,v are fully induced for each
archimedean place v.
Let {Π} = ⊗v∈V {Πv} be the global packet of G(AF ) whose global datum is the
lift of the global datum parametrizing π2. Since all the cases of lifting to the unstable
(quasi-)packets of G(AF ) have been accounted for, the packet {Π} is stable. Hence, each
representation Π′ ∈ {Π} occurs with multiplicity one in the discrete spectrum of G (that
is, assuming that the multiplicity one property is valid for GSp(2)).
Let {Π}E denote the set of representations in {Π} which are E-invariant. For each
Π′ in {Π}E , the twisted character 〈Π′, f〉E is a product
∏
v∈V 〈Π′v, fv〉Ev of twisted local
characters.
For a finite set of places S, let {Π}ES denote the set of representations in {Π}E whose
local components at each place v /∈ S are the same unramified representation Π0v.
Let S0 = V − V un(E/F ). Let S = S0 ∪ {w,w1, w2}. Let ω be the split cen-
tral character of π2. Let f and f2 be matching functions in E(w1, w2,G(AF ), ω) and
E(w1, w2,H2(AF ), ω), respectively, such that fv, f2,v are spherical for each place v /∈ S.
By Proposition 4.30 and the stability of {Π}, the following trace identity holds:
(5.6)
∑
Π′∈{Π}ES
〈Π′, f〉E,S =
1
2
〈π2, f2〉S +
1
2
〈σπ2, f2〉S .
The matching condition on f, f2 implies that 〈π2, f2〉S = 〈σπ2, f2〉S . Hence, (5.6) is
equivalent to
(5.7)
∑
Π′∈{Π}ES
〈Π′, f〉E,S = 〈π2, f2〉S =
∏
v∈S
〈π2,v, f2,v〉 .
For each place v ∈ S − {w,w1, w2}, the representation π2,v is fully induced. For
v = w1, w2, it is equal to χvSt2,v ⊗2 1. By Propositions 5.8, 5.29, and Lemma 5.13, and
by the linear independence of characters, we conclude that the local components at each
place v ∈ S − {w} of the representations in {Π}ES are all equal to the same representation
Π0,v.
Hence, as in the proof of Proposition 5.27, the (S − {w})-components of (5.7) cancel
up to a sign. That is, there exists a set
{
ǫ(Π′) = ±1 : Π′ ∈ {Π}ES
}
such that∑
Π′∈{Π}ES
ǫ(Π′) 〈Π′w, fw〉Ew = 〈π2,w, f2,w〉 .
For eachΠ′ in {Π}ES , let ρ(E)|Π′, w denote the operator in HomGw(Π′w, EwΠ′w) which
is defined by the restriction of ρ(E) to Π′. Let
[π] =
{
Π′w : Π
′ ∈ {Π}ES
}
.
Since the local components at each place v 6= w of the representations in {Π}ES are all
equal to the same representation, the elements in [π] are distinct.
Since π2,w is cuspidal, its central exponents are equal to zero. Hence, by the linear
independence of central exponents ([FK, Sect. 21]), every representation in [π] is cuspidal.
For each π′ = Π′w in [π], let A(π′) = ǫ(Π′) · ρ(E)|Π′, w. The proposition follows. 
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5.5.2.1. Some Additional Twisted Character Identities for H2. Let µ be a character
of k×. The induced representation ε ⋊ µ12,k of G is irreducible ([ST, Prop. 4.8]). It is
ε-invariant because ε⊗(ε⋊µ12,k) = ε⋊εµ 12,k is equivalent to ε−1⋊εεµ 12,k = ε⋊µ12,k.
5.31. Claim. Suppose the characters µ and ε are unramified. There exists an intertwining
operator A in HomG(ε ⋊ µ12,k, ε⋊ εµ 12,k) such that the following holds for matching
functions f ∈ C(G), f2 ∈ C(H2) :
〈ε⋊ µ12,k, f〉A =
〈(
µ ◦NK/k
)
12,K ⊗2 µ2ε, f2
〉
.
PROOF. Construct a totally imaginary number field F and a quadratic extension E of
F such that: (i) There exists a finite place w of F such that Fw = k; (ii) w is prime in E,
with Ew = K. We identify the generator σ of Gal(K/k) with that of Gal(E/F ).
Let V be the set of places of F . Let V un(E/F ) ⊂ V be the set of finite places which
are unramified in E.
Let E be the quadratic character of CF corresponding to E/F . We view G as an
F -group, and H1, H2 as the elliptic E-endoscopic groups of G over F .
Let w1, w2 be two (finite) places, different from w, which are prime in E.
Construct a character U of CF such that: (i) Uw = µ, and (ii) Uv is unramified for
each finite place v 6= w,w1, w2.
Let 12 be the trivial representation of GL(2,AF ). Let T be the following representa-
tion of the Heisenberg parabolic subgroup P of G(AF ):
T = E ⊗ U 12 :
( a ∗ ∗ ∗
g2 ∗
det g2
a
)
7→ E(a)U(det g2).
Let Π = E ⋊ U12, the representation of G(AF ) parabolically induced from T .
• At a place v where Ev is trivial, Πv is reducible, with two nontempered con-
stituents Π+v = L(νv, 1 ⋊ ν
−1/2
v Uv) and Π−v = L(ν1/2v St2,Fv , ν−1/2v Uv) ([ST,
Lemma 3.8]).
• If Ev 6= 1, then Πv is irreducible. We put Π+v := Πv and Π−v := 0.
In particular, Πw is by construction irreducible and unramified.
Let {Π} = ⊗v∈V {Π+v ,Π−v } be the set of irreducible automorphic constituents of
Π. That is, an irreducible constituent Π′ of Π is a member of {Π} if and only if Π′v is
unramified for almost all v.
The representation Π is E-invariant. The operator IP,T (E), defined in Section 3.1.1,
intertwines Π with EΠ. For an irreducible constituent Π′ of Π, and a test function f on
G(AF ), put 〈Π′, f〉E := tr Π′(f)IP,T (E). It is a product
∏
v∈V 〈Π′v, fv〉Ev of twisted
local characters.
Let 12,E be the trivial representation of GL(2,AE). Let π2 be the representation(U ◦NE/F )12,E⊗2U2E ofH2(AF ). In particular, π2,w is equivalent to (µ◦NK/k)12,K⊗2
µ2ε.
Let S0 = V − V un(E/F ). Let S1 = S0 ∪ {w1, w2}. Then, Πv and π2,v are un-
ramified for each place v /∈ S1. The split central character of π2 is equal to U2E . Let
f ∈ E(w1, w2,G(AF ),U2E) and f2 ∈ E(w1, w2,H2(AF ),U2E) be matching functions
such that fv, f2,v are spherical for each v /∈ S1. By Claim 4.38, the following holds:
(5.8)
∏
v∈S1
(〈
Π+v , fv
〉
Ev −
〈
Π−v , fv
〉
Ev
)
=
∏
v∈S1
〈π2,v, f2,v〉 .
For each Π′ in {Π}, Π′w is equal to Πw = ε ⋊ µ12,k. Let S = S1 ∪ {w}. Let f , f2
be matching functions with elliptic components at w1, w2, and spherical components at all
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the places outside of S. Applying (5.8) to S, we obtain:
(5.9) 〈Πw, fv〉Ew
∏
v∈S1
(〈
Π+v , fv
〉
Ev −
〈
Π−v , fv
〉
Ev
)
= 〈π2,w, f2,w〉
∏
v∈S1
〈π2,v, f2,v〉Ev .
By (5.8), the S1-components of the above equation cancel; hence,
〈πw, fw〉Ew = 〈π2,w, f2,w〉 .
Let A be the operator in HomGw(Πw, EwΠw) which is induced from IP,T (E). The claim
follows. 
5.32. Corollary. Suppose the extension K/k is unramified. Let µ be an unramified char-
acter of k×. Let π be the induced representation ε⋊µ St2,k of G. There exists an operator
A in HomG(π, επ) such that the following holds for matching functions:
〈π, f〉A =
〈(
µ ◦NK/k
)
St2,K ⊗2 µ2ε, f2
〉
.
PROOF. We have:(
µ ◦NK/k
)
I(ν
1/2
K , ν
−1/2
K ) =
(
µ ◦NK/k
)
12,K +
(
µ ◦NK/k
)
St2,K.
Since the extensionK/k is unramified, ε is an unramified character of k×, and νK is equal
to ν ◦NK/k. The corollary then follows from Proposition 5.8 and the previous claim. 
5.33. Proposition. Let τ be an irreducible, cuspidal, non-K-monomial representation of
GL(2, k). Let π be the induced representation ε ⋊ τ of G. There exists an operator A in
HomG(π, επ) such that the following holds for matching functions:
〈π, f〉A =
〈
BK/kτ ⊗2 ωτε, f2
〉
.
PROOF. Construct a totally imaginary number field F and a quadratic extension E of
F such that: (i) There exists a finite place w of F such that Fw = k; (ii) w is prime in E,
with Ew = K. We identify the generator σ of Gal(K/k) with that of Gal(E/F ).
Let E be a quadratic character of CF corresponding to E/F . We consider G as an
F -group, and H1, H2 as the elliptic E-endoscopic groups of G over F .
Let V be the set of places of F . Let V un(E/F ) ⊂ V be the set of finite places which
are unramified in E.
Let w1, w2 be two (finite) places, different from w, which are unramified, prime in E.
Construct a cuspidal automorphic representation T of GL(2,AF ) such that:
• Tw = τ ;
• Twi = St2,Fwi (i = 1, 2);• Tv is unramified for each finite place v.
Let π2 = BE/FT ⊗2 ωT E . It is a cuspidal automorphic representation of H2(AF ),
with π2,w = BK/kτ ⊗2 ωτε.
Let Π be the G(AF )-module E⋊T . It is parabolically induced from the representation
Ω = E ⊗T of the Heisenberg parabolic subgroup P of G(AF ). In particular, Πw = ε⋊ τ .
Since F is totally imaginary, Tv is a fully induced representation of GL(2,C) for
each archimedean place v. For each finite place v 6= w,w1, w2, the representation Tv
is by construction unramified, hence fully induced. Therefore, by [ST, Thm 4.2], [ST,
Lemma 3.4], and [ST, Prop. 4.8], the representation Πv is irreducible for each place v.
Consequently, Π is irreducible.
The operator IP,Ω(E), defined in Section 3.1.1, intertwines Π with EΠ. For a test
function f on G(AF ), put 〈Π, f〉Ev := tr Π(f)IP,Ω(E). It is a product
∏
v∈V 〈Πv, fv〉Ev
of twisted local characters.
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Let S0 = V −V un(E/F ). Let S = S0∪{w,w1, w2}. The central character of Π and
the split central character of π2 are both equal to ωT E . Let f in E(w1, w2,G(AF ), ωT E)
and f2 in E(w1, w2,H2(AF ), ωT E) be matching functions such that fv, f2,v are spherical
for each place v /∈ S.
By Claim 4.38, we have:
(5.10)
∏
v∈S
〈Πv, fv〉Ev =
∏
v∈S
〈π2,v, f2,v〉 .
Note that since Π is irreducible, the term Π−v in Claim 4.38 is zero for each place v.
By Proposition 5.8, Lemma 5.13, and Corollary 5.32, the (S0∪{w1, w2})-components
of (5.10) cancel up to a sign ǫ = ±1. Hence,
(5.11) 〈Πw, fw〉Ew = ǫ 〈π2,w, f2,w〉 .
Let IP,Ω(E)w ∈ HomGw(Πw, EwΠw) be the operator induced from IP,Ω(E). Let A =
ǫ · IP,Ω(E)w . The proposition follows. 

APPENDIX A
Summary of Global Lifting
A.0.2.2. Notation:
• E/F a quadratic extension of number fields, σ the generator of Gal(E/F ).
• For a number field Q, CQ denotes the ide`le class group of Q, ĈQ the set of
(unitary) characters of CQ, and 12,Q the trivial representation of GL(2,AQ).
• ε a character of CF , with ε 6= 1 = ε ◦NE/F .
• For an automorphic representation τ of GL(2,AE), π(τ) denotes the automor-
phic GL(4,AF )-module associated with τ via the twisted endoscopic lifting
from RE/FGL(2) to GL(4). RE/F denotes restriction of scalars from E to
F .
• A(GL(2)) denotes the set of equivalence classes of automorphic representa-
tions of GL(2,AF ). For τ ∈ A(GL(2)), BE/F τ denotes the automorphic
GL(2,AE)-module obtained from τ via base change.
In the following tables, each entry in the second row is a (pseudo-)(quasi-)packet of the
group above it in the first row. Two (quasi-)packets belong to the same row if the global
datum parametrizing one is the lift of the global datum parametrizing the other via the L-
group embedding associated with their corresponding groups (see Section 4.1.1.1).
A.1. Unstable (quasi-)packets of G
(1) τ ∈ A(GL(2)) cuspidal non-E-monomial, or one dimensional:
GL(4) G H1 H2
I(τ, ετ) [τ, ετ ] τ ⊗1 1 BE/F τ ⊗2 ωτ
[τ, ετ ] is the unstable (quasi-)packet which lifts to I(τ, ετ) of GL(4,AF ) (see
Section 4.3.1).
REMARK: The above table also covers representations of the form τ ⊗1 χ,
with χ = σχ, because by Hilbert 90 χ = µ ◦ NE/F for some µ ∈ ĈF , and
τ ⊗1 µ ◦NE/F = µτ ⊗1 1.
(2) θ, χ ∈ ĈE ; none of θ, χ, θχ, θ σχ is fixed by σ.
{π(θ)⊗1χ} denotes the set of the packets π(θ)⊗1χ, π(θ)⊗1 σχ, π(χ)⊗1 θ,
π(χ)⊗1 σθ.
GL(4) G H1
I(π(θχ), π(θ σχ)) [π(θχ), π(θ σχ)] {π(θ)⊗1 χ}
A.2. Stable (quasi-)packets
Every ε-invariant stable (quasi-)packet of G(AF ) is lifted exclusively from either H1
or H2.
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A.2.1. Stable (quasi-)packets lifted from H1 via ξ1 : LH1 →֒ LG.
(1) τ ∈ A(GL(2)) cuspidal; χ ∈ ĈE with χ 6= σχ.
GL(4) G H1
π
(
χBE/F τ
)
ξ∗1(τ ⊗1 χ) τ ⊗1 χ, τ ⊗1 σχ
ξ∗1(τ ⊗1 χ) denotes the packet of G(AF ) which is the lift of τ ⊗1 χ. All of its
members are cuspidal.
(2) χ ∈ ĈE with χ 6= σχ.
GL(4) G H1
J(ν1/2π(χ), ν−1/2π(χ)) L(εν, ν−1/2π(χ)) 12,F ⊗1 χ,
12,F ⊗1 σχ
REMARK: Since µ12,F ⊗1 χ = 12,F ⊗1 (µ ◦ NE/F )χ, ∀µ ∈ ĈF , the table
above covers all cases of τ ⊗1 χ where τ is a one dimensional representation of
GL(2,AF ).
A.2.2. Stable (quasi-)packets lifted from H2 via ξ2 : LH2 →֒ LG.
(1) τ ∈ A(RE/FGL(2)) cuspidal; µ ∈ ĈF with ωτ = µ ◦NE/F .
GL(4) G H2
π(τ) ξ∗2(τ ⊗2 µ) τ ⊗2 µ,στ ⊗2 µ
ξ∗2(τ ⊗2 µ) denotes the packet of G(AF ) which is the lift of τ ⊗2 µ. All of its
members are cuspidal.
(2) χ ∈ ĈE , ε′ 6= ε ∈ ĈF , with (i) ε′ 6= (ε′)2 = 1, (ii) σχ/χ = ε′ ◦ NE/F ;
ζ ∈ {ε′, εε′}.
GL(4) G H2
J(ν1/2π(χ), ν−1/2π(χ)) L(εζν, ν−1/2π(χ)) χ12,E ⊗2 χ|CF · ζ,
σχ12,E ⊗2 χ|CF · ζ
Each ε-invariant, discrete spectrum, automorphic representation of G(AF ) with two ellip-
tic local components appears in exactly one of the tables in Sections A.1 and A.2.
A.3. Induced representations
(1) µ ∈ ĈF .
GL(4) G H1 H2
I(µ, µ, εµ, εµ) ε× ε⋊ µ µI(1, 1)⊗1 1
(
µ ◦NE/F
)
I(1, 1)⊗2 µ2
(2) µ ∈ ĈF ; θ, χ ∈ ĈE ; with (i) θ 6= σθ, (ii) χ 6= σχ, (iii) θχ = µ ◦NE/F .
(a) χ2 6= σχ2.
GL(4) G H1
I (µπ(σχ/χ) , µ, µε) π(σχ/χ)⋊ µ π(θ)⊗1 χ, π(θ) ⊗1 σχ
(b) ∃ ε′ ∈ ĈF with (i) ε′ 6= (ε′)2 = 1, (ii) σχ/χ = ε′ ◦NE/F .
GL(4) G H1
I(µ, µε′ε, µε, µε′) ε′ × ε′ε⋊ µ π(θ)⊗1 χ
(3) θ ∈ ĈE with θ 6= σθ.
GL(4) G H1
I(π(θ), π(θ)) 1⋊ π(θ) π(θ) ⊗1 1
I(π(θ), π(θ)) ε⋊ π(θ) I(1, 1)⊗1 θ, I(1, 1)⊗1 σθ
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(4) [E′, F ] = 2, E′ 6= E, with Gal(E′/F ) = 〈σ′〉.
ε′ ∈ ĈF with ε′ 6= ε′ ◦NE′/F = 1.
χ ∈ ĈE ; µ, θ ∈ ĈE′ ; (i) σχ/χ = ε′◦NE/F , (ii) µ◦NEE′/E′ = χ◦NEE′/E ,
(iii) µθ 6= σ′(µθ).
GL(4) G H1
I(πE′(µθ), επE′(µθ)) εε
′ ⋊ πE′(µθ) πE′(θ)⊗1 χ
(5) τ ∈ A(GL(2)) cuspidal non-E-monomial.
GL(4) G H2
I(τ, ετ) ε⋊ τ BE/F τ ⊗2 ωτε
(6) µ ∈ ĈF .
GL(4) G H2
I(µ, µ, εµ, εµ) 1× ε⋊ µ (µ ◦NE/F ) I(1, 1)⊗2 µ2ε
Each parabolically induced G(AF )-module which contributes discretely to the fine χ-
expansion of the ε-twisted trace formula of G(AF ) appears in exactly one of the tables in
Section A.3.

APPENDIX B
Fundamental Lemma
Let F be a p-adic field. Let ε be a character of F× with ε2 = 1. To prove the
Fundamental Lemma in the context of G and H1, H2, by [H2] it suffices to prove it for
the case where F has odd residual characteristic, and then only for the unit elements in
the Hecke algebras of the groups, when ε 6= 1 and also when ε = 1. Moreover, we may
assume that ε is an unramified character. The case of ε = 1 is straightforward, given the
results of [F3]. Hence, in this chapter we assume that F has odd residual characteristic,
and that ε is nontrivial.
We fix once and for all an element A ∈ F× − F×2 such that FA := F (
√
A) is the
unramified quadratic extension of F which corresponds to ε via local class field theory.
Consider G = GSp(2) as an F -group. Let G = G(F ). Recall the definitions in Chapter
2 of the elliptic ε-endoscopic groups of G:
(1) H1 = H1(F ) = {(g, ξ) ∈ GL(2, F )× F×A : det g = NFA/Fx}.
(2) H2 = H2(F )
= {(g, c) ∈ GL(2, FA)× F×}/{(diag(z, z),NFA/F z−1) : z ∈ F×A }.
Let R be the ring of integers in F . Fix a uniformizer ̟ of F . Let K be the maximal
compact, hyperspecial subgroup G(R) of G. Let 1K in C∞c (G) be the characteristic
function of K . Let dg be the Haar measure on G for which the volume of K is one. For
a function f ∈ C∞c (G), define the ε-twisted orbital integral of f at an element δ ∈ G as
follows:
Oδ(f) =
∫
ZG(δ)\G
f(g−1δg)ε(g) dg.
Here, ZG(δ) is the centralizer of δ in G.
For i = 1, 2, the group Hi is defined over R. Let Ki = Hi(R). Let dhi be the Haar
measure on Hi for which Ki has volume one. Let 1Ki ∈ C∞c (Hi) be the characteristic
function of Ki. For H = H1 or H2, fH ∈ C∞c (H), and δH ∈ H , let
OδH (fH) =
∫
ZH (δH)\H
fH(h
−1δHh) dh,
SOδH (fH) =
∑
δ′H
OδH (fH).
Here, the sum in the second expression is over representatives δ′H of the F -conjugacy
classes within the stable conjugacy class of δH .
B.1. Theorem. Let i = 1, 2. For a regular element δ ∈ G and a G-regular δi in Hi which
is a norm of δ, there exists a choice of transfer factor ∆(δi, δ) ∈ C such that the following
holds:
SOδi(1Ki) =
∑
δ′
∆(δi, δ
′)Oδ′(1K).
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The sum on the right is over representatives δ′ of the F -conjugacy classes within the the
stable conjugacy class of δ.
REMARK. Since Oδ′(1K) is equal to zero if δ is not stably conjugate to an element in K ,
it suffices to prove the theorem for the elements δ which lie in K .
We shall prove the theorem only for the elliptic regular elements. For elements which
lie in parabolic subgroups, the theorem reduces via Harish-Chandra descent (see, for ex-
ample, [H]) to the Fundamental Lemma for lower rank groups.
An element g ∈ G is called absolutely semisimple if gm = 1 for some integer m
prime to the residual characteristic of F . An element g is called topologically unipotent
if g(qN ) converges to 1 as the integer N approaches infinity. Here, q is the cardinality of
the residue field of F . By an extension of a theorem of Kazhdan’s ([F3, Prop. I. H. 1]), an
element δ ∈ K decomposes uniquely as δ = su = us, where s is absolutely semisimple,
u is topologically unipotent, and s, u ∈ K .
With regard to proving Theorem B.1, we restrict further our attention to the ellip-
tic regular elements which are topologically unipotent. For elements whose absolutely
semisimple parts are nontrivial, the method of semisimple reduction ([F3, Part. III]) re-
duces the theorem to the Fundamental Lemma for lower rank groups.
B.0.0.1. Notation.
• For a field k and an element B ∈ k×, let kB denote the possibly trivial field
extension k(
√
B) of k.
• Let GL(2, k)kB denote the subgroup {g ∈ GL(2, k) : det g ∈ NkB/kk×B} of
GL(2, k).
• For ξ = a+ b√B ∈ k×B , a, b ∈ k, put
φk:B(ξ) := φB(ξ) :=
(
a bB
b a
)
.
Observe that if [kB : k] = 2, then detφB(ξ) = NkB/kξ for all ξ ∈ k×B .
• For ρ ∈ k×, ξ ∈ kB , put
φk:Bρ (ξ) := φ
B
ρ (ξ) :=
(
a bBρ
b/ρ a
)
.
• Let T ρB denote the maximal torus {φBρ (ξ) : ξ ∈ k×B} in GL(2, k). It is elliptic if
[kB : k] = 2.
• Let L = kB(
√
ξ), where ξ ∈ k×B . For l = α+ β
√
ξ ∈ L×, α, β ∈ kB , put
φk:B:ξ(l) :=
(
φB(α) φB(β)φB(ξ)
φB(β) φB(α)
)
.
• For ( a bc d ) , ( x yz t ) ∈ GL(2), put
[
(
a b
c d
)
, ( x yz t )] :=
(
a b
x y
z t
c d
)
∈ GL(4).
B.1. Norm Correspondence—Elliptic Elements
We now describe the norm correspondence between the elliptic regular elements of G
and the elliptic G-regular elements of H1, H2. But first, we need to classify the stable
conjugacy classes of the elliptic regular elements of the groups. This is equivalent to
classifying the stable conjugacy classes of the elliptic maximal tori. We list below the
B.1. NORM CORRESPONDENCE—ELLIPTIC ELEMENTS 127
representatives of these stable conjugacy classes. Moreover, we list the conjugacy classes
within each stable conjugacy class.
B.1.1. Elliptic Tori of G. The ε-twisted orbital integral of a function on G at an
element δ ∈ G is zero if Zδ(G) is not contained in the kernel of ε. In fact, as we shall
see, elliptic G-regular elements of the ε-endoscopic groups can be the norms of only those
elliptic regular elements in G whose centralizers are contained in ker ε. Thus, for our
purpose, it suffices to list only the stable conjugacy classes of the elliptic tori which lie in
ker ε.
Recall that FA is the quadratic extension of F which corresponds to ε via local class
field theory. The stable conjugacy classes of the elliptic tori of G are computed in [F3,
Sect. I. C]. The representatives of those classes which lie in the kernel of ε are as follows:
• TI,A =
{[
φA(γ), φA(ζ)
]
: γ, ζ ∈ F×A ; NFA/F γ = NFA/F ζ
}
;
• TIII,A,AD ={[
φA(γ), φAD(ζ)
]
: γ ∈ F×A , ζ ∈ F×AD; NFA/F γ = NFAD/F ζ
}
,
D,AD ∈ F× −AF×2;
• TIII,D,AD ={[
φD(γ), φAD(ζ)
]
: γ ∈ F×D , ζ ∈ F×AD; NFD/F γ = NFAD/F ζ
}
,
D,AD ∈ F× −AF×2;
• TIV,A,D =
{
φF :A:D(l) : l ∈ L×; NL/FA l ∈ F×
}
,
L = FA(
√
D), D ∈ F×A − F×A
2
.
Note that TIII,A,AD and TIII,D,AD are distinct cases, forA depends on ε and is not arbitrary.
With the exception of TI,A, the conjugacy class of each elliptic maximal torus listed
above are stable. In the case of TI,A, there are two conjugacy classes within the stable
conjugacy class, described as follows:
For ξ = a+ b
√
A ∈ F×A (a, b ∈ F ), put φA̟(ξ) :=
(
a b̟A
b/̟ a
)
. Put
T̟I,A :=
(
1
1
̟
1
)−1
TI,A
(
1
1
̟
1
)
=
{
[φA(γ), φA̟(ζ)] : NFA/F γ = NFA/F ζ
}
.
From [F3, Sect. I. C], the tori TI,A and T̟I,A are representatives of the conjugacy classes
within the stable conjugacy class of TI,A.
B.1.2. Elliptic Tori of H1. There are two stable conjugacy classes of elliptic tori in
H1. They are represented by the following tori:
• T1,A = {(φA(γ), ζ) : γ, ζ ∈ F×A ; NFA/F γ = NFA/F ζ} ;
• T1,AD = {(φAD(γ), ζ) : γ ∈ F×AD, ζ ∈ F×A ; NFAD/F γ = NFA/F ζ} ,
D,AD ∈ F× −AF×2.
An element of H1 has the form (g, ζ) ∈ GL(2, F ) × F×A , with det g = NFA/F ζ.
Suppose two elements (g, ζ), (g′, ζ′) in H1 are stably conjugate to each other. Then, ζ =
ζ′. Since H1(F¯ ) = GL(2, F¯ ) × F¯× × F¯×, and there is no distinction between stable
conjugacy and F -conjugacy for GL(2), the elements g, g′ are conjugate via some element
of GL(2, F ).
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Let GL(2, F )FA denote the subgroup of elements in GL(2, F ) whose determinants lie
in NFA/FF
×
A . We have an exact sequence:
1→ GL(2, F )FA → GL(2, F ) det−−→ F×/NFA/FF×A → 1.
Since [F× : NFA/FF
×
A ] = 2, GL(2, F )
FA is a subgroup of index 2 in GL(2, F ). Thus,
there are at most two conjugacy classes within the stable conjugacy class of each element
g ∈ GL(2, F )FA .
B.2. Claim. A regular element δ1 = (φA(γ), ζ) ∈ T1,A is stably conjugate but not conju-
gate to δ̟1 = (φA̟(γ), ζ).
PROOF. Since φA̟(γ) = ( 1 ̟ )
−1
φA(γ) ( 1 ̟ ), it is clear that δ1 is stably conjugate
to δ̟1 . Suppose g is an element in GL(2, F ) such that g−1φA(γ)g = φA̟(γ). Then,
g ( 1 ̟ ) commutes with φA(γ); hence, g ( 1 ̟ ) = ( x Azz x ) for some x, z ∈ F . The de-
terminant of g is therefore equal to ̟−1(x2 − z2A), which does not lie in NFA/FF×A ,
for x2 − z2A lies in NFA/FF×A , while ̟ does not because FA/F is unramified. Hence,
g /∈ GL(2, F )FA , which implies that δ̟1 is not conjugate to δ1 in H1. 
B.3. Corollary. The conjugacy class of the tori in H1 which are stably conjugate but not
conjugate to T1,A is represented by
T̟1,A :=
{(
φA̟(γ), ζ
)
: γ, ζ ∈ F×A ; NFA/F γ = NFA/F ζ
}
.
B.4. Claim. The conjugacy class of T1,AD is stable.
PROOF. Suppose an element δ′ = (t′, ζ) in H1 is stably conjugate to the element
δ = (φAD(ξ), ζ) ∈ T1,AD, where NFAD/F ξ = NFA/F ζ. There exists g in GL(2, F )
such that t′ = g−1φAD(ξ)g. Since GL(2, F ) is the disjoint union of GL(2, F )FA and
GL(2, F )FAdiag(1, ̟), we may assume that g = diag(1, ̟). Since by assumption the
residual characteristic of F is odd, and FA/F is unramified, the extension FAD/F is
ramified. Hence, there exists an element γ ∈ F×AD such that NFAD/F γ = ̟−1. Since
φAD(ξ) commutes with φAD(γ), t′ is equal to(
φAD(γ)g
)−1 · φAD(ξ) · (φAD(γ)g) .
The element φAD(γ)g, having determinant 1, lies in GL(2, F )FA ; hence, δ′ is conjugate
to δ in H1. 
B.1.3. Elliptic Tori ofH2. For an elementD ∈ F×A , and l = α+β
√
D ∈ FA(
√
D)×
(α, β ∈ FA), put
φFA:D(l) :=
(
α βD
β α
)
∈ GL(2, FA).
A maximal elliptic torus in H2 has the following form:
T2,D =
{(
φFA:D (l) , c
)
: l ∈ E×, c ∈ F×} ,
where D ∈ F×A − F×A
2
and E = FA(
√
D). There are 3 possibilities for D:
• D ∈ F× −AF×2; hence, E/F is Galois, biquadratic.
• D /∈ F×, E/F cyclic of degree 4.
• D /∈ F×, E/F non-Galois, with Galois closure E˜ ofE over F . Then, the Galois
group Gal(E˜/F ) is equivalent to D4, the dihedral group of order 8.
Since H2 is a quotient group of GL(2, FA)×F×, there is no distinction here between
conjugacy and stable conjugacy.
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B.1.4. Norm Correspondence—Explicit Description. We now use the results in
Section 2.4 to describe explicitly the norm correspondence between elliptic regular ele-
ments.
The groups of F¯ -points of H1, H2 are as follows:
H1(F¯ ) = {(g, α, β) ∈ GL(2, F¯ )× F¯× × F¯× : det g = αβ},
H2(F¯ ) =
(
GL(2, F¯ )×GL(2, F¯ )× F¯×) /{(αI2, βI2, (αβ)−1) : α, β ∈ F¯×}.
Recall the definitions of N1,N2:
N1 : H1(F¯ ) ∋ (diag(a, λ/a); b, λ/b) 7→ diag(b, a, λ/a, λ/b) ∈ G(F¯ ),
N2 : H2(F¯ ) ∋ (diag(a, b), diag(c, d), 1) 7→ diag(ac, ad, bc, bd) ∈ G(F¯ ).
By definition, an element δi ∈ Hi(F ) (i = 1, 2) is a norm of an element δ ∈ G(F ) if δi is
conjugate to a diagonal element ti in Hi(F¯ ), and δ to a diagonal element t in G(F¯ ), such
that t = Ni(ti).
For an algebraic group H, and elements g, h ∈ H(F¯ ), we write g ∼ h if g, h are
conjugate under H(F¯ ).
B.1.4.1. Matching T1,A. Let σ be the generator of Gal(FA/F ). Put γ¯ := σγ for
γ ∈ FA.
B.5. Claim. Let γ, ζ be elements in F×A −F× such that NFA/F γ = NFA/F ζ. The element
δ1 =
(
φA(γ), ζ
)
in T1,A is a norm of [φA(ζ), φA(γ)] ∈ TI,A.
PROOF. The element (φA(γ), ζ) is conjugate to (diag(γ, γ¯); ζ, ζ¯) in H1(F¯ ). We
have:
N1 : (diag(γ, γ¯); ζ, ζ¯) 7→ diag(ζ, γ, γ¯, ζ¯).
The element diag(ζ, γ, γ¯, ζ¯) is conjugate to δ in G(F¯ ). 
It is clear from the proof of the claim that(
φA(γ), ζ
)
,
(
φA(γ), ζ¯
)
,
(
φA(ζ), γ
)
,
(
φA(ζ), γ¯
) ∈ T1,A
are all norms of δ. If γ 6= ζ, ζ¯ , the elements listed above are not stably conjugate to one
another. This is an example of a norm correspondence which is not one to one.
B.1.5. Matching T1,AD. Let D be an element of F× − AF×2. Recall our notation:
FAD = F (
√
AD), FD = F (
√
D). Let E be the biquadratic extension F (
√
D,
√
A) of F .
Suppose Gal(E/F ) = 〈σ, τ〉, such that FA = Eτ , FD = Eσ, and FAD = Eστ . Here
Eµ denotes the subfield of E fixed by µ ∈ Gal(E/F ). Thus, Gal(FD/F ) = 〈τ〉 = 〈στ〉,
Gal(FA/F ) = 〈σ〉 = 〈τσ〉, and Gal(FAD/F ) = 〈σ〉 = 〈τ〉.
B.6. Claim. Let ζ be an element of F×AD − F×, γ an element of F×A − F×, such that
NFAD/F ζ = NFA/F γ. The element δ1 = (φAD(ζ), γ) in T1,AD is a norm of δ =
[φA(γ), φAD(ζ)] ∈ TIII,A,AD.
PROOF. Consider δ1, δ as elements in H1(F¯ ), G(F¯ ), respectively. We have:
δ1 ∼ (diag(ζ, τζ); γ, σγ) N17−→ diag(γ, ζ, τζ, σγ) ∼ δ.
The element δ lies in TIII,A,AD because
detφAD(ζ) = NFAD/F ζ = NFA/F γ = detφ
A(γ).

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Observe that the elements (φAD(ζ), γ) and (φAD(ζ), σγ) in T1,AD, though not stably
conjugate to each other, are both norms of [φA(γ), φAD(ζ)] ∈ TIII,A,AD.
B.1.6. Matching T2,D, Biquadratic Case. Let D be an element in F× − AF×2.
Then, E = FA(
√
D) is a Galois, biquadratic extension of F . Suppose Gal(E/F ) =
〈σ, τ〉, such that FD = Eσ , EA = Eτ , and FAD = Eστ . Then, Gal(FD/F ) = 〈τ〉 =
〈στ〉, Gal(FA/F ) = 〈σ〉 = 〈τσ〉, and Gal(FAD/F ) = 〈σ〉 = 〈τ〉.
B.7. Claim. For c ∈ F× and l ∈ E×, the element δ2 = (φFA:D(l), c) in T2,D is a
norm of δ = [φF :D(cζ′), φF :AD(cζ)] ∈ TIII,D,AD, where ζ′ = NE/FD l = lσl and ζ =
NE/FAD l = lστl.
PROOF. Recall that H2(F¯ ) a quotient of GL(2, F¯ )×GL(2, F¯ )× F¯×. The image of
δ2 in H2(F¯ ) is represented by (φFA:D(l), c σφFA:D(l), 1).
Suppose l = α + β
√
D for some α, β ∈ FA. Since D ∈ F× and σ
√
D =
√
D, the
element (φFA:D(l), c σφFA:D(l), 1) is equal to((
α βD
β α
)
, c
(
σα σβD
σβ σα
)
, 1
)
∼ (diag(l, τ l), diag(cσl, cτσl), 1) ∈ H2(F¯ ),
which maps via N2 to
diag(clσl, clτσl, cτl · σl, τ l · τσl) = diag(cζ′, cζ, cτζ, cτζ′)
∼ δ = [φF :D(cζ′), φF :AD(cζ)].
Since detφF :D(cζ′) = c2NE/F l = detφF :AD(cζ), the element δ lies in TIII,D,AD. 
If l /∈ F×D , the regular elements (φFA:D(l), c), (σφFA:D(l), c) ∈ T2,D, which are
not stably conjugate to each other, are both norms of the (possibly singular) element
[φF :D(cζ′), φF :AD(cζ)] ∈ TIII,D,AD.
B.1.7. Matching T2,D, Non-Biquadratic Case. Let D be an element in F×A −F×A
2
.
Let E˜ be the Galois closure of E = F (
√
D) over F . Let σ be the element of order 4
in Gal(E˜/F ) defined by σ
√
A = −√A, σ√D = √σD, σ2√D = −√D, σ3√D =
−
√
σD. In particular, Gal(FA/F ) is generated by the restriction of σ to FA.
B.8. Claim. For c ∈ F× and l ∈ E×, the element δ2 = (φFA:D(l), c) in T2,D is a norm
of δ = φF :A:D(clσl) ∈ TIV,A,D.
PROOF. The image of δ2 in H2(F¯ ) is represented by (φFA:D(l), c σφFA:D(l), 1).
Suppose l = α+ β
√
D for some α, β ∈ FA. Then, δ2 is equal to((
α βD
β α
)
, c
(
σα σβσD
σβ σα
)
, 1
)
∼ (diag(l, σ2l), diag(cσl, cσ3l), 1) ∈ H2(F¯ ).
We have:
N2 : (diag(l, σ
2l), diag(cσl, cσ3l), 1) 7→ diag(clσl, clσ3l, cσ2l · σl, cσ2l · σ3l)
∼ δ = φF :A:D(clσl).
Since NE/FA lσl = lσl · σ2l · σ3l ∈ F σA = F , δ lies in TIV,A,D. 
If l /∈ F×D , the elements (φFA:D(l), c) and (σφFA :D(l), c) ∈ T2,D are not stably
conjugate to each other, but they are both norms of the element φF :A:D(clσl) in TIV,A,D.
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B.1.7.1. Summary. In summary, the norm correspondence between the stable conju-
gacy classes of the elliptic regular elements is as follows (bar denotes action of σ):
(1) Case of H1
T1,A ∋

(φA(γ),ζ),
(φA(γ),ζ¯),
(φA(ζ),γ),
(φA(ζ),γ¯)
←→ [φA(γ), φA(ζ)] ∈ TI,A.
T1,AD ∋
{
(φAD(ζ),γ),
(φAD(ζ),γ¯)
}
←→ [φA(γ), φAD(ζ)] ∈ TIII,A,AD.
(2) Case of H2
D ∈ F× −AF×2:
T2,D ∋
{
(φFA:D(l), c),
(σφFA:D(l), c)
}
←→ [φD(clσl), φAD(clστl)] ∈ TIII,D,AD.
D ∈ F×A − F×A
2
:
T2,D ∋
{
(φFA:D(l), c),
(σφFA:D(l), c)
}
←→ φF :A:D(clσl) ∈ TIV,A,D.
B.2. Comparison of Orbital Integrals
Recall that ε is the nontrivial, unramified, quadratic character of F×, and FA is the
quadratic, unramified extension of F . It corresponds to ε via local class field theory. We
fix a uniformizer ̟ in the ringer of integers R of F . Since FA/F is unramified, ̟ is also
a uniformizer for FA.
Let K = G(R), Ki = Hi(R) (i = 1, 2).
For H = G, H1, or H2, fix a pair (B,T), where T is the maximal diagonal torus
of H, and B is the upper triangular Borel subgroup of H containing T. Let ∆ be the set
of roots of H with respect to (B,T). We define the discriminant DH(δ) of an element
δ ∈ H(F ) as follows:
DH(δ) :=
∏
α∈∆
|α(tδ)− 1|F¯ .
Here, | · |F¯ is the unique absolute value on F¯ extending the normalized p-adic absolute
value on F , and tδ is an element in T(F¯ ) which is conjugate to δ in H(F¯ ). The discrimi-
nant DH(δ) is independent of the choice of tδ. Note that DH(δ) = 0 if δ is not regular.
For a p-adic field k with ring of integers Rk, each element x ∈ k× may be written as
x = u̟ordkxk , where u is a unit in Rk, ̟k is a uniformizer of k, and ordkx is an integer.
The function ordk : k× → Z is independent of the choice of ̟k. Let q be the cardinality
of the residue field R/(̟) of F . Put ord := ordF . Let RFA be the ring of integers of FA.
For elements g, h in a group, put
Int(g)h := ghg−1.
B.2.1. Comparison for T1,A, TI,A.
B.2.1.1. Stable Orbital Integral—T1,A.
B.9. Claim. Let ζ, ξ be elements in R×FA − R× such that NFA/F ζ = NFA/F ξ. Suppose
ζ = a+ b
√
A, where a, b ∈ F . Let δ1 = (φA(ζ), ξ) ∈ T1,A. The following equality holds:
SOδ1(1K1) =
q + 1
q − 1q
ord b − 2
q − 1 .
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PROOF. Let GL(2, F )FA be the subgroup of elements in GL(2, F ) whose deter-
minants lie in NFA/FF
×
A . Let K ′ = GL(2, R). Since FA/F is unramified, K ′ is a
maximal compact subgroup in GL(2, F )FA . The group K1 = H1(R) is then equal to(
K ′ ×R×FA
)′
:= {(g, γ) ∈ K ′ ×R×FA : det g = NFA/F γ}.
For ρ ∈ F×, put φAρ (α) := Int(diag(1, ρ−1))φA(α). There are two conjugacy classes
within the stable conjugacy class of δ1. One is represented by δ11 := δ1, and the other by
δ̟1 :=
(
φA̟(ζ), ξ
)
.
For ρ ∈ {1, ̟}, put
T ρ1 := ZH1(δ
ρ
1) = {(φAρ (α), β) : NFA/Fα = NFA/Fβ}.
Put T1 := T 11 = T1,A. Let dh denote the fixed Haar measure dh1 on H1.
By definition,
SOδ1(1K1) =
∑
ρ∈{1,̟}
∫
Tρ1 \H1
1K1(h
−1δρ1h) dh.
The quotient T ρ1 \H1 is equal to T ρA\GL(2, F )FA , where T ρA := {φAρ (γ) : γ ∈ F×A }.
From [F3, p. 30], we have the decomposition
GL(2, F ) =
⋃˙
j≥0
T ρA
(
1 0
0 ̟j−ord ρ
)
K ′,
where the disjoint union is over all nonnegative integers j. Since K ′ is a subgroup of
GL(2, F )FA , and ̟ /∈ NFA/FF×A , the above decomposition implies that
GL(2, F )FA =
⋃˙
j−ord ρ even≥0
T ρA
(
1 0
0 ̟j−ord ρ
)
K ′.
Let δ′1 be the GL(2, F )-component φA(ζ) of δ1. Put δ′1
̟
:= φA̟(ζ). For any h =
(h′, γ) ∈ H1, the element Int
(
h−1
)
δ1 lies in K1 if and only if Int
(
h′−1
)
δ′1 lies in K ′.
The stable orbital integral SOδ1(1K1) is therefore equal to∫
TA\GL(2,F )FA
1K′(Int(h
′−1)δ′1) dh
′ +
∫
T̟A \GL(2,F )FA
1K′(Int(h
′−1)δ′1
̟
) dh′
=
∑
j even≥0
∫
K′∩Int(diag(1,̟−j))TA\K′
1K′
(
Int
(
k−1
(
1
̟−j
))
δ′1
)
dk
+
∑
j odd ≥0
∫
K′∩Int(diag(1,̟1−j))T̟A \K′
1K′
(
Int
(
k−1
(
1
̟−j
))
δ′1
)
dk.
Here, dk is the Haar measure on K ′ such that K ′ has volume one.
For a nonnegative integer j, let
RFA(j) = {a+ b
√
A : a, b ∈ F ; |a| ≤ 1, |b| ≤
∣∣̟j∣∣ = q−j}.
Then, the group K ′ ∩ Int (( 1
̟−j
))
TA is isomorphic to RFA(j)×.
Hence, for ρ ∈ {1, ̟} we have:[
K ′ ∩ TA : K ′ ∩ Int
((
1
̟ord ρ−j
))
T ρA
]
= [R×FA : RFA(j)
×].
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Consequently,
SOδ1(1K1) =
∑
j even≥0
[R×FA : RFA(j)
×]1K′
((
a bA̟j
b̟−j a
))
+
∑
j odd ≥0
[R×FA : RFA(j)
×]1K′
((
a bA̟j
b̟−j a
))
=
∑
j≥0
[R×FA : RFA(j)
×]1K′
((
a bA̟j
b̟−j a
))
.
(B.1)
Since FA/F is unramified, the cardinality qFA of the residue field RFA/(̟) is q2.
The index [R×FA : RFA(j)
×] is therefore equal to
[R×FA : 1 +̟
jRFA ] / [RFA(j)
× : 1 +̟jRFA ]
=
(qFA − 1)qj−1FA
(q − 1)qj−1 =
{
1 if j = 0,
(q + 1)qj−1 if j > 0.
Since 1K′
((
a bA̟j
b̟−j a
))
is zero unless j ≤ ord b, we conclude that
SOδ1(1K) = 1 +
q + 1
q
ord b∑
j=1
qj =
q + 1
q − 1q
ord b − 2
q − 1 .

B.2.1.2. Twisted Orbital Integral—TI,A.
Notation:
• [( a bc d ) , ( x yz t )] := ( a bx yz t
c d
)
.
• C0 := {[g1, g2] : g1, g2 ∈ GL(2, F ); det g1 = det g2} ⊂ G.
• C′0 = (GL(2, F )×GL(2, F ))′
:= {(g1, g2) ∈ GL(2, F )×GL(2, F ) : det g1 = det g2} .
• TA := {φA(ξ) : ξ ∈ F×A }.
• For ρ ∈ F×, put T ρA := Int(diag(1, ρ−1))TA, and
T ′ρ := (TA × T ρA)′ := {(t1, t2) ∈ TA × T ρA : det t1 = det t2} ⊂ C′0.
• For ρ ∈ F×, put φAρ (γ) := Int(diag(1, ρ−1))φA(γ). Put
Tρ := T
ρ
I,A :=
{[
φA(α), φAρ (β)
]
: NFA/Fα = NFA/Fβ
} ⊂ G.
• Put K0 := (GL(2, R) × GL(2, R))′, where the prime denotes equal determi-
nants.
• For an integer m, put Km := {(g, h) ∈ C′0 : g − ehe ∈ ̟mM2(R)}. Here,
M2(R) denotes the set of all 2 × 2 matrices with coefficients in R, and e :=(
1
−1
) ∈ GL(2, F ).
Let ξ, ζ be elements in R×FA−R× such that ξ 6= ζ or σζ, andNFA/F ξ = NFA/F ζ. Let
δ be the regular element [φA(ξ), φA(ζ)] in TI,A. Let δ̟ be the element [φA(ξ), φA̟(ζ)]. It
is stably conjugate but not conjugate to δ. We assume that δ is topologically unipotent.
Suppose ξ = a1 + b1
√
A, ζ = a2 + b2
√
A, where ai, bi (i = 1, 2) are elements in F ,
with bi 6= 0. Let Ni = ord bi. Let X = ord (a1 − a2).
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B.10. Claim. The sum Oδ(1K) +Oδ̟ (1K) of ε-twisted orbital integrals is equal to
(−q)N1(−q)X
[
(q + 1)qN2 − 2
q − 1
]
.
PROOF. We make use of the following decomposition of G ([F3, Lemma I. J. 1], see
also [We]):
GSp(2, F ) =
⋃˙
m≥0
C0z(m)K.
Here, the disjoint union is over nonnegative integers m, and
z(m) :=

1 0 ̟−m 0
0 1 0 ̟−m
0 0 1 0
0 0 0 1
 .
Put KC0m := C0 ∩ z(m)Kz(m)−1. For ρ ∈ {1, ̟}, put δρ := [φA(ξ), φAρ (ζ)]. we
have:
Oδρ(1K) =
∫
Tρ\G
1K(g
−1δρg)ε(g) dg
=
∑
m≥0
|K|
∫
Tρ\C0/C0∩z(m)Kz(m)−1
1K(z(m)
−1g−1δρgz(m))ε(gz(m)) dg
=
∑
m≥0
∫
Tρ\C0/C0∩z(m)Kz(m)−1
1K(z(m)
−1g−1δρgz(m))ε(g) dg
=
∑
m≥0
∫
Tρ\C0/KC0m
1
K
C0
m
(g−1δρg)ε(g) dg.
Note that ε is trivial on K because it is unramified. Also, |K| = 1 by our choice of
measure.
Let
C′0 = {(g1, g2) ∈ GL(2, F )×GL(2, F ) : det g1 = det g2} .
Let e =
(
1
−1
)
, w = ( 11 ) ∈ GL(2, F ). For an integer m, define an isomorphism
φm : C
′
0 → C0 as follows:
φm((g1, g2)) =
(
1
1
̟m
̟m
)
[g1, ew g2 we]
(
1
1
̟m
̟m
)−1
.
For ρ ∈ {1, ̟}, let δ′ρ = (φA(ξ), φAρ (ζ)) ∈ C′0. Let T ′ρ = ZC′0(δ′ρ). For an integer
m ≥ 0, let δρ,m = φ−1m (δρ) ∈ C′0. Let Tρ,m = ZC′0(δρ,m).
Let
Km = {(g1, g2) ∈ C′0 : g1 − e g2 e ∈ ̟mM2(R)},
where M2(R) is the set of 2 × 2 matrices with coefficients in R. Then, φm maps Km
isomorphically onto KC0m ([F3, p. 38]).
Let K0 = (GL(2, R)×GL(2, R))′
:= {(g1, g2) ∈ GL(2, R)×GL(2, R) : det g1 = det g2}.
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Then, [K : KC0m ] = [K0 : Km]. We have:
(B.2) Oδρ(1K)
=
∑
m≥0
[K0 : Km]
∫
Tρ,m\C′0
1φm(Km)
(
φm(g
′)−1δρφm(g′)
)
ε(φm(g
′)) dg′.
By abuse of notation, for g′ = (g1, g2) ∈ C′0, let ε(g′) denote the value of ε(φm(g′)).
It is equal to ε(det g1) = ε(det g2) and is independent of m.
We change variables g′ 7→ (( 1 0
0 ̟−m
)
,
(
1 0
0 ̟−m
)
we
)
g′. Since
ε
(((
1 0
0 ̟−m
)
,
(
1 0
0 ̟−m
)
we
))
= ε(det
(
1 0
0 ̟−m
)
) = ε(̟)m = (−1)m,
the expression (B.2) is equal to
(B.3)
∑
m≥0
[K0 : Km]
∫
Tρ′\C′0
1Km(g
′−1δ′ρ g
′)ε
(((
1 0
0 ̟−m
)
,
(
1 0
0 ̟−m
)
we
)
g′
)
dg′
=
∑
m≥0
(−1)m[K0 : Km]
∫
Tρ′\C′0
1Km(g
′−1δ′ρ g
′)ε(g′) dg′.
For ρ ∈ {1, ̟}, we have the following decomposition of C′0 ([F3, p. 45]):
C′0 =
⋃˙
r∈Rρ
T ′ρ · r ·K0 ,
where
Rρ :=
{
rj1,j2,ǫ =
(
̟−⌊j1/2⌋
(
1 0
0 ̟j1
)
, φAρ (ǫ
′)̟−⌊(j2−ord ρ)/2⌋
(
1 0
0 ǫ̟j2−ord ρ
) )}
.
Here, (i) j1, j2 are nonnegative integers, with j1− j2+ord ρ even; (ii) ǫ is a representative
in R× of a class in R×/R×2; (iii) ǫ′ is an element of R×FA such that NFA/F ǫ′ = ǫ.
Let RT ′ρ = K0 ∩ T ′ρ. The sum (B.3) is then equal to∑
m≥0
(−1)m[K0 : Km]
∑
r∈Rρ
[RT ′ρ : T
′
ρ ∩ rK0r−1]ε(r)
∫
K0
1Km(k
−1r−1δ′ρrk)dk.
For r = rj1,j2,ǫ ∈ Rρ, we have
ε(r) = ε
((
̟−⌊j1/2⌋
(
1 0
0 ̟j1
)
, φAρ (ǫ
′)̟−⌊(j2−ord ρ)/2⌋
(
1 0
0 ǫ̟j2−ord ρ
) ))
= ε
(
det
(
̟−⌊j1/2⌋
(
1 0
0 ̟j1
)))
= (−1)j1 .
Thus, Oδρ(1K) is equal to
(B.4)
∑
m≥0
(−1)m[K0 : Km]
∑
j1,j2≥0;
j1−j2+ord ρ even
(−1)j1 [RT ′ρ : T ′ρ ∩ rK0r−1]
·
∫
K0
1Km(k
−1r−1δ′ρrk)dk.
Hence, the sum describing the ε-twisted orbital integral Oδρ(1K) is quite similar to
that describing its nontwisted counterpart in [F3]. They are identical but for the factors
(−1)m, (−1)j1 which appear above in the ε-twisted case.
The quantities [RT ′ρ : T
′
ρ ∩ rK0r−1] and [K0 : Km]
∫
K0
1Km(k
−1r−1δ′ρrk)dk are
computed in [F3, Sect. II. C]. Recall that ξ = a1+b1
√
A, ζ = a2+b2
√
A, andNi = ord bi
(i = 1, 2), X = ord (a1 − a2). We follow the notation in [F3] and let N = min(N1, N2),
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νi = Ni − ji. Let δ(m = 0) be 0 if m 6= 0, and 1 if m 6= 0. Let δ(m ≥ 1) be 0 if m < 1,
and 1 if m ≥ 1. It follows from [F3, Sect. II. C] that Oδ(1K) + Oδ̟ (1K) is the sum of
the following three quantities:
I.
(B.5)
N∑
m=0
(−1)m (δ(m = 0) + δ(m ≥ 0)(1− q−2)q3m)[
N1−1∑
ν1=m
N2−1∑
ν2=m
(
q + 1
q
)2
(−q)N1−ν1 qN2−ν2
+
N1−1∑
ν1=m
q + 1
q
(−q)N1−ν1 +
N2−1∑
ν2=m
q + 1
q
qN2−ν2 + 1
]
,
II.
(B.6)
N−1∑
0=ν
2N−ν∑
m=ν+1
(−1)m 1
2
(
q + 1
q
)2
(−q)N1−νqN2−ν2qm+2ν ,
III.
(B.7)
X−N∑
m=N+1
(−1)m q + 1
q
q2N+m+
N−1∑
ν=0
X−ν∑
m=2N−ν+1
(−1)m 1
2
(
q + 1
q
)2
(−q)N−νqN−ν2qm+2ν .
The sum I + II + III has the same form as the sum on [F3, p. 60] (even though they describe
orbital integrals for different groups). There, it is computed to be
(−q)N1(−q)X
[
((q + 1)qN2 − 2
q − 1
]
.
The proof of Claim B.10 is now complete. 
B.2.1.3. Transfer Factor—T1,A, TI,A. Let ξ, ζ be distinct elements in F×A −F× such
that ξ 6= ζ, σζ. Let δ be the element [φA(ξ), φA(ζ)] in TI,A ⊂ G. Let δ1 = (φA(ξ), ζ) ∈
T1,A ⊂ H1. Then, δ is regular and δ1 is a norm of δ.
There are two conjugacy classes in the stable conjugacy class of δ. One is represented
by δ, and the other by δ̟ := [φA(ξ), φA̟(ζ)]. Since we are proving the matching of
orbital integrals for the unit elements in the Hecke algebras, we may assume without loss
of generality that δ1 ∈ K1 and δ ∈ K , or in other words ξ, ζ ∈ R×FA −R×.
Extend ε to F×A by letting ε(x) = (−1)ordFAx for all x ∈ F×A . We define the transfer
factors for the pairs (δ1, δ) and (δ1, δ̟) as follows:
∆(δ1, δ) = ∆(δ1, δ̟) = ε
((
(ξ + σξ)− (ζ + σζ)
)(ξ − σξ
2
√
A
))(
DG(δ)
DH1(δ1)
)1/2
.
We do not explain here why the above expression constitutes a transfer factor. For those
interested in further details, [LS] and [H2] are both useful sources on transfer factors.
Suppose ξ = a1 + b1
√
A, ζ = a2 + b2
√
A, where ai, bi ∈ F (i = 1, 2). Let
Ni = ord bi. Let X = ord (a1 − a2).
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B.11. Claim. The following holds:
∆(δ1, δ) = ∆(δ1, δ̟) = (−q)−N1−X .
PROOF. The proof is a straightforward computation, and we skip it. 
B.12. Proposition. The following identity holds:
SOδ1(1K1) = ∆(δ1, δ)Oδ(1K) + ∆(δ1, δ̟)Oδ̟ (1K).
PROOF. This follows from Claims B.9, B.10, and B.11. 
Let δ˜1 = (φA(ξ), ζ) ∈ T1,A, i.e. we swap ξ and ζ in δ1. Then, δ˜1 is not stably
conjugate to δ1, but it is also a norm of δ = [φA(ξ), φA(ζ)]. We define the transfer factors
for the pairs (δ˜1, δ) and (δ˜1, δ̟) as follows:
∆(δ˜1, δ) = ∆(δ1, δ), ∆(δ˜1, δ̟) = −∆(δ1, δ).
B.13. Proposition. The following holds:
SOδ˜1(1K1) =
∑
ρ∈{1,̟}
∆(δ˜1, δρ)Oδρ(1K).
PROOF. Put Ousδ (1K) := Oδ(1K)−Oδ̟ (1K). Thus,∑
ρ∈{1,̟}
∆(δ˜1, δρ)Oδρ(1K) = ∆(δ˜1, δ)O
us
δ (1K).
It follows from (B.4) that Ousδ (1K) is equal to
=
∑
rj1,j2,ǫ;
j1+j2 even
ε(r)[RT ′ : T
′ ∩ rK0r−1]
∑
m≥0
(−1)m[K0 : Km]
·
∫
K0
1Km(k
−1r−1δ′rk) dk
−
∑
rj1,j2,ε;
j1+j2 odd
ε(r)[RT ′̟ : T
′
̟ ∩ rK0r−1]
∑
m≥0
(−1)m[K0 : Km]
·
∫
K0
1Km(k
−1r−1δ′̟rk) dk
=
∑
ρ∈{1,̟}
∑
rj1,j2,ǫ;
j1+j2+ord ρ even
(−1)j1+j2ε(r)[RT ′ρ : T ′ρ ∩ rK0r−1]
∑
m≥0
(−1)m[K0 : Km]
·
∫
K0
1Km(k
−1r−1δ′rk) dk.
Hence, the quantity Ousδ (1K) is obtained from
∑
ρ∈{1,̟}Oδρ(1K) on multiplying
each summand in the expressions (B.5) through (B.7) by
(−1)j1+j2 = (−1)N1−ν1+N2−ν2 .
In other words, Ousδ (1K) is equal to the sum of the following three quantities:
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I.
(B.8)
N∑
m=0
(−1)m (δ(m = 0) + δ(m ≥ 0)(1− q−2)q3m)[
N1−1∑
ν1=m
N2−1∑
ν2=m
(
q + 1
q
)2
qN1−ν1(−q)N2−ν2
+
N1−1∑
ν1=m
q + 1
q
qN1−ν1 +
N2−1∑
ν2=m
q + 1
q
(−q)N2−ν2 + 1
]
,
II.
(B.9)
N−1∑
0=ν
2N−ν∑
m=ν+1
(−1)m 1
2
(
q + 1
q
)2
qN1−ν(−q)N2−ν2qm+2ν ,
III.
(B.10)
X−N∑
m=N+1
(−1)m q + 1
q
q2N+m+
N−1∑
ν=0
X−ν∑
m=2N−ν+1
(−1)m 1
2
(
q + 1
q
)2
qN−ν(−q)N−ν2qm+2ν .
The sum of the above quantities is the same as
∑
ρ∈{1,̟}Oδ˜ρ(1K), where
δ˜ = [φA(ζ), φA(ξ)],
i.e., δ with the two GL(2, F )-components swapped.
By Claims B.10 and B.11, we have
Ousδ (1K) =
∑
ρ∈{1,̟}
Oδ˜ρ(1K) = (−q)N2+X
[
((q + 1)qN1 − 2
q − 1
]
,
∆(δ˜1, δ) = (−q)−N2−X .
By Claim B.9, the stable orbital integral SOδ˜1(1K1) is equal to
q + 1
q − 1q
N1 − 2
q − 1 .
The proposition follows. 
REMARK: Since δ = [φA(ξ), φA(ζ)] is conjugate to δ˜ = [φA(ζ), φA(ξ)], it seems
contradictory that
∑
ρ∈{1,̟}Oδρ(1K) should differ from
∑
ρ∈{1,̟}Oδ˜ρ(1K). However,
note that we have chosen [φA(ξ), φA̟(ζ)] to be the representative of the conjugacy class,
different from that of δ, in the stable conjugacy class of δ. In other words, the choice of
the representative involves a bias towards the second component of [φA(ξ), φA(ζ)]. More
concretely, there exists an element g ∈ G such that δ˜ = g−1δg, but [φA(ζ), φA̟(ξ)] is not
conjugate to [φA(ξ), φA̟(ζ)] via the same g.
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B.2.2. Comparison for T1,AD, TIII,A,AD. Let D be an element in F× − AF×2 ∪
F×2. Note that since by assumption FA/F is unramified, A lies in R× − R×2. Let
E = FA(
√
D) = F (
√
A,
√
D). Suppose Gal(E/F ) = 〈σ, τ〉, such that FA = Eτ ,
FAD = E
σ
, and Gal(FA/F ) = 〈σ〉, Gal(FAD/F ) = 〈τ〉. Since by assumption the
residual characteristic of F is odd, the quadratic extensions FD/F , FAD/F are ramified.
For a p-adic field k, let Rk denote the ring of integers in k. Let ̟ be a uniformizer of
F .
Since FAD/F and FD/F are ramified, without loss of generality we assume that
AD = −̟, D = −A−1̟. We let ̟AD =
√−̟ be the uniformizer of FAD , thus
NFAD/F ̟AD = ̟. (We may also let
√−A−1̟ be the uniformizer of FD , but we do not
use it in this section).
Let ξ be an element in R×FA , ζ an element in R
×
FAD
, such that ξ, ζ /∈ R×, and
NFA/F ξ = NFAD/F ζ. Let
δ1 = (φ
AD(ζ), ξ) ∈ T1,AD ∩K1,
δ = [φA(ξ), φAD(ζ)] ∈ TIII,A,AD ∩K.
Then, δ is regular, and δ1 is a norm of δ. Recall from Section B.1 that the respective
conjugacy classes of δ1, δ are stable. We assume that δ is topologically unipotent.
Suppose ξ = a1 + b1
√
A, ζ = a2 + b2
√
AD, where ai, bi ∈ F (i = 1, 2). Let
Ni = ord bi. Let X = ord (a1 − a2).
B.2.2.1. Stable Orbital Integral—T1,AD.
B.14. Claim. The stable orbital integral Oδ1(1K1) is equal to
qN2+1 − 1
q − 1 .
PROOF. Recall that GL(2, F )FA denotes {g ∈ GL(2, F ) : det g ∈ NFA/FF×A }.
Since the field extension FA/F is unramified, K ′ = GL(2, R) is a maximal compact
subgroup in GL(2, F )FA .
Let
TFAAD = {φAD(γ) : γ ∈ F×AD; NFAD/F γ ∈ NFA/FF×A } ⊂ GL(2, F )FA .
For a nonnegative integer j, put rj = φAD(̟−jAD)
(
1
̟j
)
. Lemma I. I. 1 of [F3] implies
that GL(2, F )FA decomposes as follows:
(B.11) GL(2, F )FA =
⋃˙
j≥0
TFAAD · rj ·K ′.
Let
RFAD (j) = {a+ b
√
AD : a, b ∈ F ; |a| ≤ 1, |b| ≤
∣∣̟j∣∣ = q−j}.
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We have K ′ ∩ r−1j TFAADrj = K ′ ∩ r−1j TADrj ∼= RFAD (j)×, and [R×FAD : RFAD (j)×] is
equal to qj for all nonnegative integers j ([F3, Sect. I. I.]). Hence,
Oδ1(1K1) =
∫
T1,AD\H1
1K1(h
−1δ1h) dh
=
∫
T
FA
AD\GL(2,F )FA
1K′(h
−1φAD(ξ)h) dh
=
∑
j≥0
∫
K′∩ Int(r−1j )T
FA
AD\K′
1K′
(
Int
(
k−1r−1j
)
δ′1
)
dk
=
∑
j≥0
[R×FAD : RFAD (j)
×]1K′
((
1
̟j
)−1
φAD(ξ)
(
1
̟j
))
=
∑
j≥0
qj · 1K′
((
a bAD̟j
b̟−j a
))
=
N2∑
j=0
qj =
qN2+1 − 1
q − 1 .

B.2.2.2. Twisted Orbital Integral—TIII,A,AD. Recall: ξ = a1 + b1
√
A ∈ R×FA , ζ =
a2 + b2
√
AD ∈ R×FAD , Ni = ord bi (i = 1, 2), X = ord (a1 − a2). Recall that δ =
[φA(ξ), φAD(ζ)] ∈ TIII,A,AD.
B.15. Claim. The ε-twisted orbital integral Oδ(1K) is equal to
(−q)N1+X
(
qN2+1 − 1
q − 1
)
.
PROOF. As before, C′0 denotes the group (GL(2, F ) × GL(2, F ))′, and K0 denotes
(GL(2, R)×GL(2, R))′, where the prime indicates equal determinants. Recall thatKm :=
{(g, h) ∈ C′0 : g − ehe ∈ ̟mM2(R)}, e := diag(1,−1).
Let δ′ = (φA(ξ), φAD(ζ)). Let
T ′ = ZC′0(δ
′) = {(φA(α), φAD(β)) : α ∈ F×A , β ∈ F×AD; NFA/Fα = NFAD/Fβ}.
Repeating the procedure used to compute the orbital integral in the case of TI,A, we obtain:
(B.12) Oδ(1K) =
∑
m≥0
(−1)m[K0,Km]
∫
T ′\C′0
1Km(g
−1δ′g) dg.
Recall that ̟AD is a uniformizer of FAD such that NFAD/F ̟AD = ̟. From [F3,
Sect. II. G], we have the decomposition
C′0 =
⋃˙
r∈R
T ′ · r ·K0.
Here, R is a set indexed by the couplets of nonnegative integers j1, j2, and the classes in
R×/R×2. For a representative ǫ ∈ R× of a class in R×/R×2, let ǫ′ be an element in F×A
such that NFA/F ǫ′ = ǫ−1. For an integer j, let sj be 0 if j is even, 1 if j is odd. The set R
consists of the elements
rj1,j2,ǫ =
(
φA(ǫ′)̟−⌊j1/2⌋
(
1 0
0 ǫ̟j1
)
, φAD(̟
−j2+sj1
AD )
(
1 0
0 ̟j2
)) ∈ C′0,
Let RT ′ = T ′ ∩K0. Then, (B.12) is equal to
(B.13)
∑
r∈R
[RT ′ : T
′ ∩ rK0r−1]ε(r)
∑
m≥0
(−1)m[K0 : Km]
∫
K0
1Km(k
−1r−1δ′rk) dk.
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The quantities [RT ′ : T ′ ∩ rK0r−1] and [K0 : Km]
∫
K0
1Km(k
−1r−1δ′rk) dk are
computed in [F3, p. 64]. Moreover,
ε
(
φA(ǫ′)̟−⌊j1/2⌋
(
1 0
0 ǫ̟j1
)
, φAD(̟
−j2+sj1
AD )
(
1 0
0 ̟j2
))
= ε
(
det
(
̟−⌊j1/2⌋
(
1 0
0 ̟j1
)))
= (−1)j1 .
It follows that (B.13) has the same form as 1/2 times the sum on page 78 of [F3], which is
computed there to be
2 (−q)N1+X
(
qN2+1 − 1
q − 1
)
.

B.2.2.3. Transfer Factor—T1,AD, TIII,A,AD. Recall: ξ = a1 + b1
√
A ∈ R×FA , ζ =
a2 + b2
√
AD ∈ R×FAD , Ni = ord bi (i = 1, 2), X = ord (a1 − a2). Recall that δ1 =
(φAD(ζ), ξ) ∈ T1,AD and δ = [φA(ξ), φAD(ζ)] ∈ TIII,A,AD.
Recall that E = F (
√
A,
√
D). We extend ε to E× by letting
ε(x) =
(√−1)ordE x , ∀x ∈ E×.
We define the transfer factor ∆(δ1, δ) as follows:
ε
((
(ξ + σξ)− (ζ + τζ)
)
·
(
ξ − σξ
2
√
A
))(
DG(δ)
DH1(δ1)
)1/2
.
B.16. Proposition. The following equality holds:
Oδ1(1K1) = ∆(δ1, δ)Oδ(1K).
PROOF. This follows from Claims B.14, B.2.2.2, and the fact that
∆(δ1, δ) = (−q)−N1−X .

B.2.3. Comparison for T2,D, TIII,D,AD. LetD be an element in F×−AF×2∪F×2.
The quadratic extensions FD/F , FAD/F are ramified, for the residual characteristic of F
is odd and FA/F is unramified.
Let E be the biquadratic extension F (
√
A,
√
D) of F . The quadratic extensions
E/FD, E/FAD are unramified. Suppose Gal(E/F ) = 〈σ, τ〉, such that FA = Eτ , FD =
Eσ, and FAD = Eστ . Thus, Gal(FA/F ) = 〈σ〉 = 〈στ〉, Gal(FD/F ) = 〈τ〉 = 〈τσ〉, and
Gal(FAD/F ) = 〈σ〉 = 〈τ〉.
For a p-adic field k, let Rk denote the ring of integers in k. Let R = RF .
Let l be an element in R×E−R× such that NE/FD l, NE/FAD l /∈ F×. Let ξ = NE/FD l,
ζ = NE/FAD l. Let c be an element in R×.
Suppose l = α+ β
√
D for some α, β ∈ FA. Put
φFA:D(l) :=
(
α βD
β α
)
∈ GL(2, FA).
Recall that K2 = H2(R). Let
δ2 =
(
φFA:D(l), c
)
∗ ∈ T2,D ∩K2,
where (φFA:D(l), c)∗ denotes the image of (φFA:D(l), c) in H2. It is a norm of the regular
element
δ = c
[
φD(ξ), φAD(ζ)
] ∈ TIII,D,AD ∩K.
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The conjugacy classes of δ2 and δ are stable. We assume that δ is topologically unipotent.
We depart from the previous notation and let q be the cardinality of the residue field of
FA. Let q0 be the cardinality of the residue field of F . Since FA/F is unramified, q = q20 .
Let n = ordFAβ. Suppose ξ = NE/FD l = a1 + b1
√
D, and ζ = NE/FAD l =
a2 + b2
√
AD, where ai, bi ∈ F (i = 1, 2). Let Ni = ordF bi. Let Bi be the unit in R×
such that bi = Bi̟Ni . Let N = min(N1, N2). Let X = ord (a1 − a2).
B.2.3.1. Stable Orbital Integral—T2,D.
B.17. Claim. The stable orbital integral Oδ2(1K2) is equal to
qN+1 − 1
q − 1 .
PROOF. By [F3, Lemma I. I. 2], we have:
Oδ2(1K2) =
qn+1 − 1
q − 1 .
By [F3, Lemma II. L. 1], n is equal to N . 
B.2.3.2. Twisted Orbital Integral—TIII,D,AD. Let κ be the (unique) nontrivial qua-
dratic character of the group R×/R×2.
B.18. Claim. The ε-twisted orbital integral Oδ(1K) is equal to
2κ(B1B2)(−1)N1q1+N1+N20
(
qN+1 − 1
q − 1
)
.
PROOF. Fix an element ǫ0 ∈ R× −R×2. Without loss of generality, we may assume
that A = ǫ0, D = −ǫ0̟, and AD = −̟. We fix uniformizers ̟D =
√−ǫ0̟, ̟AD =√−̟ for FD, FAD , respectively. Thus, NFD/F̟D = ǫ0̟, and NFAD/F̟AD = ̟.
Let
C′0 = {(g1, g2) ∈ GL(2, F )2 : det g1 = det g2},
K0 = {(k1, k2) ∈ GL(2, R)2 : det k1 = det k2}.
Let K ′ = GL(2, R). For D′ = D,AD, let
TD′ = {φD
′
(γ) : γ ∈ F×D′} ⊂ GL(2, F ).
We have the decompositions
GL(2, F ) =
⋃˙
j1≥0
TD
(
1
̟j1
)
K ′ =
⋃˙
j2≥0
TAD
(
1
̟j2
)
K ′.
Hence, each element g ∈ C′0 may be written as
g = (t1, t2) ·
(
φD(̟−j1D )
(
1
(ǫ0̟)
j1
)
, φAD(̟−j2AD )
(
1
̟j2
) ) · (k1, k2),
where (t1, t2) ∈ TD × TAD, and (k1, k2) ∈ GL(2, R)2, such that det(t1k2) is equal to
det(t2k2). If det k1 6= det k2, we may multiply k1 by diag(x, x) from TD, for some
x ∈ R×, such that det k1 and det k2 differ by ǫ0 ∈ R× −R×2.
Let s(ǫ) be 0 if ǫ = 1, 1 if ǫ = ǫ0. Let R be the set of elements in C′0 of the form:
rj1,j2,ǫ =
(
φD
(
̟
−j1−s(ǫ)
D
)(
1
ǫ·(ǫ0̟)j1
)
, φAD
(
̟
−j2−s(ǫ)
AD
) (
1
̟j2
) )
,
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where j1, j2 range over nonnegative integers, and ǫ over the set {1, ǫ0}. Then, C′0 decom-
poses as follows:
(B.14) C′0 =
⋃˙
ǫ∈{1,ǫ0}
⋃˙
j1,j2≥0
T · rj1,j2,ǫ ·K0.
Let T = TIII,D,AD. Recall that we put
C0 := {[g1, g2] : g1, g2 ∈ GL(2, F ); det g1 = det g2} ⊂ GSp(2, F ).
It is isomorphic to C′0 via [g1, g2]→ (g1, g2). By abuse of notation, we let T and δ denote
also their images in C′0.
For m ∈ Z, recall that
Km := {(g, h) ∈ C′0 : g − ehe ∈ ̟mM2(R)}, e = diag(1,−1).
Let RT = T ∩K . By the same technique used in the case of TI,A, we have:
(B.15) Oδ(1K) =
∑
m≥0
(−1)m
∑
j1,j2≥0
∑
ǫ=1,ǫ0
ε(r)
· [RT : T ∩ rK0r−1]
∫
Km\K0
1Km(k
−1r−1δrk) dk.
Here, r is the abbreviation of rj1,j2,ǫ.
Recall that ξ = a1 + b1
√
D, ζ = a2 + b2
√
AD, where bi = Bi̟Ni , Bi ∈ R×,
Ni ∈ Z. For nonnegative integers j1 and j2, let ν1 = N1 − j1 and ν2 = N2 − j2. Let
D1 = D and D2 = AD. For r = rj1,j2,ǫ, we have:
r−1δr =
((
a1 b
′
1D
′
1
b′1 a1
)
,
(
a2 b
′
2D
′
2
b′2 a2
))
,
where
b′1 = (B1̟
ν1) /
(
ǫǫj10
)
, D′1 = D1ǫ
2 · (ǫ0̟)2j1 .
b′2 = B2̟
ν2 , D′2 = D2̟
2j2 .
Put Rm := R/ (̟mR). For a ∈ R, let a¯ denote its image in Rm. Following the same
argument in [F3, p. 64], ∫
Km\K0 1Km(k
−1r−1δrk) dk is equal to the cardinality of
Lm,r :=
{
x = ( x1 x2x3 x4 ) ∈ SL(2, Rm) :
(
a1 b′1D
′
1
b′1 a
′
1
)
( x1 x2x3 x4 ) = (
x1 x2
x3 x4 )
(
a2 b′2D
′
2
b′2 a
′
2
)}
.
Recall that X = ord (a1 − a2). Transcribing Lemma II. G. 3 of [F3] to the current
situation, the following holds:
B.19. Claim. The set Lm,r (r = rj1,j2,ǫ) is nonempty precisely when the following condi-
tions are satisfied:
(1) 0 ≤ m ≤ X.
(2) ν1, ν2 ≥ 0.
(3) m ≤ ν1 if and only if m ≤ ν2.
(4) If ν1 < m or ν2 < m, then ν1 = ν2; we denote the common value by ν.
(5) If ν < m, then (B1/ǫǫj10 )/B2 ∈ R×2.
(6) If ν < m, then m ≤ 2Ni − ν + ordDi (i = 1, 2).
REMARK. The only differences between the above conditions and those in Lemma II. G.
3 of [F3] are item 5 and the definition of D′i (i = 1, 2).
Recall that q0 is the cardinality of the residue field of F .
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B.20. Claim. If Lm,r is nonempty, then
#Lm,r =

1 if m = 0,
(q20 − 1)q3m−10 if 1 ≤ m ≤ ν1 (equivalently: 1 ≤ m ≤ ν2),
2qm+2ν0 if ν < m.
PROOF. This follows from Lemma II. G. 3 of [F3]. 
B.21. Claim. For r = rj1,j2,ǫ, the following holds:
[RT : T ∩ rK0r−1] = qj1+j20 .
PROOF. For k = FD or FAD , and a nonnegative integer j, put Rk(j) := R +̟jRk.
The group RT = T ∩ K is isomorphic to
(
R×FD ×R×FAD
)′
, where the prime indicates
equal determinants. The computation of [RT : T ∩ rK0r−1] is equivalent to computing
the cardinality of the kernel in the short exact sequence
1→ (R×FD ×R×FAD )′/(RFD(j1)× ×RFAD (j2)×)′
→ (R×FD ×R×FAD) / (RFD (j1)× ×RFAD (j2)×)
→ (R×FD ×R×FAD) /[ (R×FD ×R×FAD)′ (RFD (j1)× ×RFAD (j2)×) ]→ 1.
As shown in [F3, Lemma I. I. 2], for k = FD , FAD ,
[R×k : Rk(j)
×] = [R×k : 1 +̟
jRk]/[R
× : 1 +̟jR] = qj0.
Hence, the cardinality of the middle term of the sequence is qj1+j20 . The image in the short
exact sequence is isomorphic via NFD/F ×NFAD/F to
(B.16) (NFD/FR×FD ×NFAD/FR×FAD) /{
x ·NFD/FRFD (j1)× × x ·NFAD/FRFAD (j2)× :
x ∈ NFD/FR×FD ∩ NFAD/FR×FAD
}
.
Since the field extensions FD/F and FAD/F are ramified, we have
NFD/FR
×
FD
= NFAD/FR
×
FAD
= R×
2
.
Consequently, the set (B.16) has cardinality 1. The claim follows. 
Rearranging the terms in (B.15), and noting that ε(rj1,j2,ǫ) is equal to
ε
(
det
(
φD(̟−j1D )φ
D
(
̟
−s(ǫ)
D
))
· (ǫ0̟)j1
)
= ε
(
(ǫ0̟)
s(ǫ)
)
= (−1)s(ǫ),
the expression (B.15) is the sum of the following two quantities:
∑
ǫ=1,ǫ0
(−1)s(ǫ)
∑
0≤ν1≤N1
0≤ν2≤N2
qN1−ν1+N2−ν20
1 + (1− q−20 )min(ν1,ν2)∑
m=1
q3m0
 ,(B.17)
∑
ǫ=1,ǫ0
(−1)s(ǫ)qN1+N2−2ν0
∑
0≤ν≤N
∑
ν<m≤X−ν
(−1)mLm,rj1,j2,ǫ .(B.18)
Here, ν is the common value of ν1 and ν2 when ν1 = ν2 < m.
The second sum in (B.17) is independent of ǫ; hence, (B.17) is equal to zero.
In (B.18), suppose Lm,r 6= 0. Since ν < m, by Claim B.19 we have B1/(B2ǫǫj10 ) ∈
R×2. If B1/B2 lies in R×
2
, then since ǫ0 ∈ R× − R×2, j1 is even or odd depending on
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(in that order) ǫ being 1 or ǫ0. If B1/B2 /∈ R×2, then j1 is odd or even depending on (in
that order) ǫ being 1 or ǫ0. Recall that κ is the character of R× which is 1 at squares and
−1 otherwise. Thus, (−1)s(ǫ) is equal to κ(B1B2)(−1)j1 if Lm,rj1,j2,ǫ 6= 0.
By the comments above and Claim B.20, we conclude that
Oδ(1K) = κ(B1B2)
∑
0≤ν≤N
(−1)N1−νqN1+N2−2ν0
∑
ν<m≤X−ν
(−1)m2qm+2ν0
= 2κ(B1B2)(−1)N1qN1+N20
∑
0≤ν≤N
(−1)ν
∑
ν<m≤X−ν
(−q0)m
= 2κ(B1B2)(−1)N1q1+N1+N20
1
q0 + 1
∑
0≤ν≤N
[
(−q0)Xq−ν0 − qν0
]
= 2κ(B1B2)(−1)N1q1+N1+N20
1
q20 − 1
((−1)XqX−N0 − 1)(qN+10 − 1).
By Lemma II. L. 1 of [F3], X = 2N + 1. Hence,
Oδ(1K) = 2κ(B1B2)(−1)N1q1+N1+N20
(
(q20)
N+1 − 1
q20 − 1
)
= 2κ(B1B2)(−1)N1q1+N1+N20
(
qN+1 − 1
q − 1
)
.

B.2.3.3. Transfer Factor—T2,D, TIII,D,AD. We define the transfer factor ∆(δ2, δ) to
be
1
2
κ
(
ξ − τξ
2
√
D
· ζ − στζ
2
√
AD
)
ε
(
ξ − τξ
2
√
A
)(
DG(δ)
DH2(δ2)
)1/2
.
B.22. Claim. The following holds:
∆(δ2, δ) =
1
2
κ(B1B2)(−1)N1q−1−N1−N20 .
PROOF. Note that by hypothesis ξ = NE/FD l = lσl and ζ = NE/FAD l = lστl,
where l ∈ R×E . The claim then follows from a straightforward computation. 
B.23. Proposition. The following identity holds:
Oδ2(1K2) = ∆(δ2, δ)Oδ(1K).
PROOF. This follows from Claims B.17, B.18, and B.22. 
B.2.4. Comparison for T2,D, TIV,A,D. LetD be an element in F×A −F×A
2∪F×. Let
E = FA(
√
D) = F (
√
D). Let E˜ be the Galois closure of E over F . Then, Gal(E˜/F ) =
Gal(E/F ) is cyclic of order 4 if E/F is Galois, and Gal(E˜/F ) = D4 if E/F is non-
Galois.
Let σ be the element in Gal(E˜/F ) defined by σ
√
A = −√A, σ√D = √σD,
σ2
√
D = −√D, σ3√D = −√σD. Note that σ is of order 4, and it generates Gal(E/F )
if E/F is Galois. Moreover, Gal(FA/F ) is generated by the restriction of σ to FA.
Let q be the cardinality of the residue field of FA. Let q0 be the cardinality of the
residue field of F . Since by assumption FA/F is unramified, q = q20 . We fix a uniformizer
̟ for both F and FA.
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Let l be an element in R×E − R×FA , and c an element in R×. Suppose l = α + β
√
D,
where α, β ∈ FA. Let
δ2 = (φ
FA:D(l), c)∗ :=
((
α βD
β α
)
, c
)
∗
∈ T2,D ∩K2.
Here, lower ∗ indicates image in H2.
For an element γ = a + b/
√
A ∈ F×A , with a, b ∈ F , put γ :=
(
a b/A
b a
)
. Suppose
lσl = ξ1 + ξ2
√
D, with ξ1, ξ2 ∈ FA. Let
δ = c
(
ξ1 ξ2D
ξ2 ξ1
)
∈ TIV,A,D ∩K.
The element δ is regular, and δ2 is a norm of δ. The conjugacy classes of δ2 and δ are
stable. We assume that δ is topologically unipotent.
Let n = ordFAβ, and N = ordFAξ2. Let B be the element in R×FA such that ξ2 =
B̟N .
B.2.4.1. Stable Orbital Integral—T2,D.
B.24. Claim. The stable orbital integral Oδ2(1K2) is equal to
• (q + 1)q
n − 2
q − 1 if E/FA is unramified,
• q
n+1 − 1
q − 1 if E/FA is ramified.
PROOF. This follows from Lemma I. I. 2 of [F3]. 
B.2.4.2. Twisted Orbital Integral—TIV,A,D. Let κ be the nontrivial quadratic charac-
ter of the group R×FA/R
×
FA
2
.
B.25. Claim. The ε-twisted orbital integral Oδ(1K) is equal to
• (−q)N
(
(q + 1)qN − 2
q − 1
)
if E/FA is unramified,
• −2κ(B) (−q)Nq0
(
qN+1 − 1
q − 1
)
if E/FA is ramified.
PROOF. Let
CA = GL(2, FA)
′ := {g ∈ GL(2, FA) : det g ∈ F×},
CA =
{(
α β
γ η
)
:
(
α β
γ η
) ∈ CA} .
For a nonnegative integer m, let um =
(
1 0 0 ̟−m/A
0 1 0 0
0 0 1 0
0 0 0 1
)
. Let
Km = GL(2, RFA(m))
′,
KAm = CA ∩ umKu−1m .
Here, RFA(m) := R+ (̟m
√
A)R, and the prime indicates determinant in F×.
For a = a1 + a2/
√
A, b = b1 + b2/
√
A, c = ... ∈ F×A , put
φ
(
a b
c d
)
:=

a1 a2/A b2 b1
a2 a1 b1A b2
c2/A c1/A d1 d2/A
c1 c2/A d2 d1
 .
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We define an isomorphism φm : CA → CA as follows:
φm :
(
α β
γ η
) 7→ φ(( 1 00 A̟m ) ( 1 0−1 1 ) ( 1 00 √A) ( α βγ η ) ( 1 00 1/√A) ( 1 01 1 ) ( 1 00 1/(A̟m) )) .
In particular, φm maps Km isomorphically onto KAm ([F3, Lemma I. J. 3]).
We have the disjoint decomposition ([F3, Lemma I. J. 1]):
(B.19) G =
⋃˙
m≥0
CAumK.
Let T = TIV,A,D. Noting that ε(um) = 1, we have:
Oδ(1K) =
∫
T\G
1K(g
−1δg)ε(g) dg
=
∑
m≥0
|K|G
∫
T\CA/CA∩umKu−1m
1K(u
−1
m h
−1δhum)ε(hum) dh
=
∑
m≥0
|K|G
∫
T\CA/KAm
1KAm(h
−1δh)ε(h) dh.
(B.20)
Let δ′ be the element in CA such that φ(δ′) = δ. Let T ′ = ZCA(δ′). For m ≥ 0, let
δm = φ
−1
m (δ) ∈ CA. Let Tm = ZCA(δm) = φ−1m (T ). We rewrite (B.20) as follows:
(B.21) Oδ(1K) =
∑
m≥0
|K|G
∫
Tm\CA/Km
1φm(Km)(φm(h
′)−1δφm(h′))ε(φm(h′))dh′.
Here, h′ denotes the element in CA such that φm(h′) = h ∈ CA.
The similitude factor of φ(h′) is (det h′)−1; hence,
ε(φm(h
′)) = ε((deth′)−1) = ε(deth′).
We change variables h′ 7→ ( 1 01 1 )
(
1 0
0 1/(A̟m)
)
h′. The expression (B.21) becomes∑
m≥0
|K|G |Km|−1CA
∫
T ′\CA
1Km(h
′−1δ′h′)ε(A̟m)ε(det h′) dh′.
Since FA/F is unramified, ε(A) is equal to one. Consequently, ε(A̟m) = (−1)m
for each nonnegative integer m.
Let T˜ ′ be the centralizer of δ′ in GL(2, FA). It contains T ′. Let
K ′ = GL(2, RFA)
′ =
{
k ∈ GL(2, RFA) : det k ∈ F×
}
,
T ′0 = T
′ ∩K ′.
Suppose E/FA is unramified. Since
GL(2, FA) =
⋃˙
j≥0
T˜ ′ · ( 1
̟j
) ·GL(2, RFA),
the group CA decomposes as follows ([F3, Lemma II. M. 3]):
CA =
⋃˙
j,ǫ
T ′ · rj,ǫ ·K ′.
The disjoint union is over nonnegative integers j and ǫ ∈ R×FA/R×FA
2 if j ≥ 1. Here,
rj,ǫ = tǫ
(
1 0
0 ǫ̟j
)
, where tǫ is an element in T˜ ′ such that det tǫ = ǫ−1.
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By the above decomposition of CA, the twisted orbital integral Oδ(1K) is equal to
(B.22)∑
m≥0
(−1)m
∑
r=rj,ǫ
ε(det r)[T ′0 : T
′ ∩ rK ′r−1] · [K0 : Km]
∫
K0
1Km(k
−1r−1δ′rk)dk.
Since FA/F is unramified, ε(rj,ǫ) is equal to (−1)j . Thus, Oδ(1K) is equal to
(B.23)∑
m≥0
(−1)m
∑
r=rj,ǫ
(−1)j[T ′0 : T ′ ∩ rK ′r−1] · [K0 : Km]
∫
K0
1Km(k
−1r−1δ′rk) dk.
Recall: δ = c
(
ξ1 ξ2D
ξ2 ξ1
)
∈ T , N = ordFAξ2. Let X = ordFA(ξ1 − σξ1).
By the computation of [T ′0 : T ′ ∩ rK ′r−1], [K0 : Km]
∫
K0
1Km(k
−1r−1δ′rk) dk in
[F3, Sect. II. M], and (B.23), the twisted orbital integral Oδ(1K) is equal to the sum of the
following two quantities if E/FA is unramified:
I.
∑
m=0
1 +
q + 1
q
∑
1≤m≤N
(−q0)3m
∑
ν=m
1 +
q + 1
q
∑
m≤ν<N
(−q)N−ν
 ,
II.
∑
0≤ν<N
q + 1
q
(−q)N−ν
∑
ν<m≤X−ν
(−q0)mqν .
The sum I is equal to
(B.24) (−q)
N
1− q0
(
1−
(
q + 1
q0
)
qN0 + q
−1
0
)
,
and the sum II is equal to
(B.25) (q + 1)(−q)
N
(q0 + 1)(1− q0)q0
(
qX−N+10 − qX+10 + qN0 − 1
)
.
From [F3, Sect. II. M], since δ is topologically unipotent, X is equal to 2N . Hence,
Oδ(1K) = I + II is equal to
=
(−q)N
1 − q0
(
1−
“
q+1
q0
”
qN0 +q
−1
0 +
q+1
(q0+1)q0
qX−N+10
− q+1
(q0+1)q0
qX+10 +
q+1
(q0+1)q0
qN0 − q+1(q0+1)q0
)
=
(−q)N
1 − q0
1
(q0 + 1)q0
((q + 1)(−q2N+10 − 1) + q20 + 2q0 + 1)
=
(−q)N
−(q − 1)
1
q0
((q + 1)(−qNq0)− q − 1 + q + 2q0 + 1)
= (−q)N
[
(q + 1)qN − 2
q − 1
]
.
This completes the proof of the claim for the case where E/FA is unramified.
Now, suppose E/FA is ramified. Recall that we have fixed a uniformizer ̟ for both
F and FA. Since E/FA is ramified, and D ∈ F×A − F×, there exists an element ǫ0 ∈
R×FA − R×FA
2 ∪ F× such that D = −ǫ0̟. Then, NE/FA
√
D = ǫ0̟, and the element
t0 = φ
FA:D(
√
D) ∈ T˜ ′ has determinant ǫ0̟.
The group CA has a disjoint decomposition as follows:
CA =
⋃˙
j,ǫ
T ′ · rj,ǫ ·K ′,
B.2. COMPARISON OF ORBITAL INTEGRALS 149
where j ranges over the nonnegative integers, and ǫ over the set {1, ǫ0}. Here, rj,ǫ is an
element in T˜ ′
(
1
(ǫ0̟)
j/ǫ
)
such that det rj,ǫ =
{
1 if ǫ = 1,
̟ if ǫ = ǫ0.
The twisted orbital integral Oδ(1K) may then be expressed as the sum
(B.26)∑
m≥0
(−1)m
∑
r=rj,ǫ
(−1)s(ǫ)[T ′0 : T ′ ∩ rK ′r−1] · [K0 : Km]
∫
K0
1Km(k
−1r−1δ′rk)dk,
where s(ǫ) is equal to 0 if ǫ = 1, 1 if ǫ = ǫ0.
Recall that δ = c
(
ξ1 ξ2D
ξ2 ξ1
)
∈ CA. Its preimage under φ in CA is the element
δ′ = c φFA:D(ξ1 + ξ2
√
D). Recall that B is the element in R×FA such that ξ2 = B̟
N
(N = ordFAξ2).
For a nonnegative integer j, let ν = N − j. Then,
r−1j,ǫ δ
′rj,ǫ =
(
ξ1 ξ
′
2D
′
ξ′2 ξ1
)
,
where ξ′2 = (Bǫ/ǫ
j
0)̟
ν
, D′ = (D/ǫ2)(ǫ0̟)2j .
Let X = ordFA(ξ1 − σξ1). By the same argument used in the proof of Lemma II. M.
6 in [F3], the integral ∫K0 1Km(k−1r−1j,ǫ δ′rj,ǫk) dk is nonzero precisely when 0 ≤ ν ≤ N
and 0 ≤ m ≤ X . Moreover, if m > ν, then ν +m ≤ X and ǫj0 lies in BǫR×FA
2
.
For ν < m ≤ X − ν, the condition ǫj0 ∈ BǫR×FA
2 implies that j is even if Bǫ ∈ R×FA
2
,
and odd otherwise. Thus, ǫ ∈ {1, ǫ0} depends on j. Moreover, (−1)s(ǫ) is equal to
κ(B)(−1)j , where κ is the nontrivial quadratic character of the group R×FA/R×FA
2
.
The quantities [T ′0 : T ′ ∩ rK ′r−1] and [K0 : Km]
∫
K0
1Km(k
−1r−1δ′rk) dk are
computed in [F3, Sect. II. M]. Recall that q0 is the cardinality of the residue field of F ,
and q = q20 that of FA. The twisted orbital integral Oδ(1K) is equal to the sum of the
following:
(1)
∑
ǫ=1, ǫ0
(−1)s(ǫ)
∑
0≤ν≤N
qN−ν ,
(2)
∑
ǫ=1, ǫ0
(−1)s(ǫ)
∑
0≤ν≤N
qN−ν(q + 1)
q
∑
1≤m≤ν
(−q0)3m,
(3)
∑
0≤ν≤N
κ(B)(−q)N−ν
∑
ν<m≤X−ν
2(−q0)mqν
= 2κ(B)(−q)N∑0≤ν≤N (−1)ν∑ν<m≤X−ν(−q0)m.
The first two sums are zero, for their inner sums are independent of ǫ. The twisted orbital
integral Oδ(1K) is therefore equal to the third sum, which is
2κ(B)(−q)N (−q0)
(
(−1)XqX−N0 − (−1)XqX+10 + qN+10 − 1
q − 1
)
.
From [F3, Sect. II. M], X = 2N + 1; hence,
Oδ(1K) = −2κ(B)(−q)Nq0
(
q2N+20 − 1
q − 1
)
= −2κ(B)(−q)Nq0
(
qN+1 − 1
q − 1
)
.

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B.2.4.3. Transfer Factor—T2,D, TIV,A,D. Recall: l = α + β
√
D ∈ R×E , c ∈ R×,
lσl = ξ1 + ξ2
√
D. We let δ2 be the element
(
φFA:D(l), c
)
∗ in T2,D. It is a norm of
δ = c
(
ξ1 ξ2D
ξ2 ξ1
)
∈ TIV,A,D. Recall that n = ordFAβ, N = ordFAξ2, and ξ2 = B̟N ,
with B ∈ R×FA .
Suppose E/FA is unramified. We extend ε to E× by letting ε(x) = (−1)ordEx for all
x ∈ E×. We define the transfer factor for (δ2, δ) as follows:
∆(δ2, δ) = ε
(
ξ − σ2ξ
2
√
D
)(
DG(δ)
DH2(δ2)
)1/2
.
B.26. Proposition. The following identity holds:
Oδ2(1K2) = ∆(δ2, δ)Oδ(1K).
PROOF. By Lemma M. II. 1 of [F3], we have n = N . The proposition then follows
from Claims B.24 and B.25. 
Suppose E/FA is ramified. Let εE/FA be the quadratic character associated with the
extension E/FA. We define the transfer factor for (δ2, δ) as follows:
∆(δ2, δ) = −1
2
εE/FA
(
lσl − σ2lσ3l
2
√
D
)(
DG(δ)
DH2(δ2)
)1/2
.
B.27. Proposition. The following identity holds:
Oδ2(1K2) = ∆(δ2, δ)Oδ(1K).
PROOF. Note that (lσl − σ2lσ3l)/(2√D) is equal to ξ2 = B̟N . Recall that D =
−ǫ0̟, where ǫ0 ∈ R×FA − R×FA
2
. The element ξ2 ∈ F×A may be written as ξ2 =
Bǫ−N0 (ǫ0̟)
N
. The element ǫ0̟ = NE/FA
√
D is a norm from E× but ǫ0 is not. More-
over, since R×FA ∩ NE/FAE× = R×FA
2
, the restriction of εE/FA to R
×
FA
coincides with κ.
Hence, εE/FA(ξ2) = (−1)Nκ(B).
The Jacobian factor (DG(δ)/DH2(δ2))
1/2 is equal to
|ξ2
√
D|F¯ = |ξ2|FA |D|
1/2
FA
= q−Nq−1/2 = q−Nq−10 .
By Lemma II. M. 1 of [F3], n = N . The proposition then follows from Claims B.24
and B.25. 
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